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Abstract

We show that Calabi Conjecture on minimal hypersurfaces of R, n > 4
holds in the class of minimal hypersurfaces with Ricci curvature with strong
quadratic decay.

1 Introduction

Eugenio Calabi [2], in mid 1960s made two conjectures about complete minimal
hypersurfaces in R™. He conjectured that the complete minimal hypersurfaces of
R™ are unbounded and in a second and stronger statement he conjectured that the
complete minimal non-flat hypersurfaces of R™ have unbounded projection on every
(n — 2)-dimensional subspace. See also [?], [3]. It is well known that these two
conjectures are false, after the examples of Nadirashvili [8] and Jorge-Xavier [6].
The purpose of this paper is to show that the Calabi conjectures hold in the class
of complete minimal hypersurfaces with Ricci curvature with strong quadratic decay
in R”, n > 4. Recall that a complete Riemannian manifold M is said to have Ricci
curvature with strong quadratic decay if

Ricy(z) = —c*[1 + piy (2)log® (pur(x) + 2)]

where pjys is the distance function on M to a fixed point xy and ¢ = ¢(xg) > 0 is a
constant depending on xy. We prove the following theorem.

Theorem 1. Let ¢ : M — R™ be a complete hypersurface with Ricci curvature with
strong quadratic decay and mean curvature H. If (M) C Bge(R) x R"™2 then

1
H>— >0 1
S&pl |_(n—1)R>0 (1)
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Remark 1.1. Theorem (1) does not imply Calabi’s second conjecture in the class of
complete minimal hypersurfaces with Ricci curvature with strong quadratic decay for
n = 3 although implies Calabi first conjecture, (that was proved by Chen-Xin in [7]).
However, in dimension n > 5, it proves a stronger statement than Calabi’s second
conjecture.

Notice that Theorem 1 is a consequence of the following more general theorem which
generalizes the main theorem proved in [1].

Theorem 2. Let N be a complete n-dimensional Riemannian manifold with radial
sectional curvature bounded Ky < k above along the geodesics issuing from a point
zo. Let ¢ : M — N x R be a complete m-dimensional immersed submanifold such
that o(M) C By(R) x R!, | < m—1, where By(R) is the geodesic ball in N centered
at zo and radius R, R < min{injy (zo), 7/2vVk}. Assume that w/2vk = oo if k < 0.
Then

. If M has Ricci curvature with strong quadratic decay then

(m—1)

H| > R); 2
sup [ H| = === p(R); (2)
—1—1
ii. If |H| < u,u(R) then M is non-parabolic;
m

where p is given in (8).
The following result is a corollary of the proof of Theorem (2).

Theorem 3. Let N be a complete n-dimensional Riemannian manifold with sectional
curvature bounded Ky < k. Let ¢p : M — N X R! be a complete m-dimensional
immersed submanifold with bounded mean curvature |H| < (m —1—1). Let K be a
compact subset of (M) with piecewise smooth boundary (possibly empty) such that
Ry < min{injy (zx), 7/2VE}. Assume that w/2vk = oo if k < 0 then we have that

V0ly—1(0K)

UOlm(K) = (m -1 1)M(RK) - mS}\14p |H‘ (3)

Where Ry is the radius of the compact set p1(K), xk is its barycenter and p, :
N x Rl — N is the projection on the first factor.
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2 Preliminaries

Let ¢ : M — N be an isometric immersion of a m-dimensional Riemannian
manifold M into a n-dimensional complete Riemannian manifold N. Consider a
smooth function g: N — Rand f =gop: M — R. Let ¢ € M and XY € T, M.
Identifying X with dp(X), we have

(grad f, X) = df (X) = dg(X) = (grad g, X). (4)
Therefore,
grad g = grad f + (grad g)* (5)

)* is perpendicular to T, M.

where (grad g

Let V and V be the Riemannian connection on M and N respectively, and let o
be the second fundamental form. Using the equations (4) and (5) we have:

Hess f(q)(X,Y) = Hess g(¢(¢))(X,Y) + (grad g, a(X, Y)) (o) (6)

Taking the trace in (6) with respect to an orthonormal basis {e; };=1, ., for T,M,
we have that

Af(g) =Y Hess g(p(q))(es, &) + (grad g, H), (7)
i=1
where H is the mean curvature vector, with ||H|| = m|H|. Both of the above two

formulas are proved in [5].
Now we are going to remind two well known results. The first one is the Hessian
Comparison Theorem.

Theorem 4. Let M be a complete Riemannian manifold and p(x) = disty(x, zo) be
the distance function to xo € M. Let v be a minimizing geodesic joining xo and x.
Let K., be the radial sectional curvatures of M along v, let k = sup K., and let pu(p)
be the function defined below.

V—k - coth(v/—k - p(x)), if k<0
u(p) = 1/p(x), if k=0 (8)

VE-cot(Vk-p(x)), if k>0 andp<n/2VE.
Then the Hessian of p satisfies
Hess p(x)(X, X) = pu(p(x)).| X|*, Hess p(x)(v',7') = 0,

where X is any vector in T, M perpendicular to v'(p(x)).

Last, the proof of our results uses the Omori-Yau Maximum Principle, proved in [9],
[10] generalized in [4] and [?].



Theorem 5. (Omori-Yau Mazimum Principle) Let M be a complete Riemannian
manifold with Ricci Curvature with strong quadratic decay. Let f be a C? function
bounded above on M. Then for any sequence £, — 0 of positive numbers there exists
a sequence of points x, € M such that:

i limy oo f(zr) = supy, f
ii. |grad f(zy)| < g
iii. ANf(zg) < e

Remark 2.1. [t is clear from the proof of the Omori-Yau Mazimum Principle that
f is allowed to be C° in a set of measure zero. For instance, f can be the distance
function to a point vy € M, which is C* in M \ (cut locus(zo) U {zo}) and C° in
cut locus(xg) U {xo}.

3 Proof of the Results

Let us begin with M an immersion as in the Theorem (2) and let g : N x R! — R be
defined by g(x,y) = pn(z), where py : N — R is given by py(x) = disty(zo, x), let
f=gop: M —R,qapoint of M and p = m(¢(q)) € N, where p; : N x R' — N
is the projection on the first factor. Likewise, p, : N x R — R! is the projection on
the second factor.

Consider an orthonormal basis {gradpy, 6%2, s 8%} for T, N and an orthonormal
D ) ) o d )
basis {5 ..., ;- } for Tpo(papR' = R'. Then we have {gradpy, g5 s 5g-s50 -+ o

an orthonormal basis for T, (N x R'). Now taking {e1, €, ..., €,,} an orthonormal
basis for T,M we can write, for each i € {1, ..., m},

R B,
oA pN+j:2aJaej+ 7t

Jj=1

The Levi-Civita connection V of N x R! decomposes as V = V¥ + VE'. We have
that Hessyyp pr (e, €;) = (VY gradpn, e;) + <V]§:grade, e;) = Hessy pn(ei,€;). To
simplify the notation let us call V¥ = V.

Hessyxmt pn(€is €)= 0i(Virad pygrad py, €;) + Z aij<v%grad PN €i)
=2 !
! (9)
+ Z b2]<v%grad PN 6i>7
J

=1

Notice that

Vgrad pNgrad PN = 0 and <vaigrad PN, 6i> =0.
tj



So the equality in (9) becomes

Hessy gt piv (€5, €7) Z“w {az (Vg grad py.grad py)
Jj=2

0
+ ;azk V a grad pNaae >

0
+ szk V 5 grad PN 5 8t >]

However have that (V 2 grad pn,grad py) =0 = (V 0 grad PN 3e 29_Y therefore,

0
HeSSNXRl PN 6“61 ;az] Zazk v 8 gra’d PNs 7~ 80 >

But <V%grad PN 8§k> is zero if j # k and it is equal to Hessy pN(ai ai) if j = k.
Thus .
Hessy i p(ei, €;) = (alj) Hessy pn (5 0.9 ) (10)
d0;’ 00,

Jj=2

From the equations (7), (10) we can compute the Laplacian of f as follows

= (ai'>2HeSS P (p)(_7 _) + (grad g9, H>
ZZ J NNV 96, 06,

i=1 j=2

For the Theorem (4) we have

3

n

Z az] HeSSNx]Rl pN( Z azj (p))

i=1 j=2 =1 j=2

Therefore, using that [le;||* = 1 and (grad g,ﬁ> > —m|H]|, we find the following
inequality

Af(g) = plpn(p)) (m =D (@)= Z(bij)2> —m|H]. (11)

i=1 =1 j=1

Since that M has Ricci curvature with strong quadratic decay and that (M) is
cylindrically bounded, we can apply the Omori-Yau Maximum Principle to f. Hence,
given {ey }ren a sequence of positive numbers with e, — 0 there exists {xy }reny C M
such that

kh_}rgo flzg) = S}‘l/[p f,  AOf(zg) <er  and  |grad f(xy)| < ep. (12)



Notice that

a; = (e;, grad py) = (e;, grad f) + (e;, (grad g)*) < e,

SO

D ()? < m(er). (13)
i=1
On the other hand,
m m
DD ) =) () <1, (14)
i=1 j=1 j=1 i=1
since in:(b--)2 < |i|
i=1 Yoy
From (11), (12), (13) and (14), we have

ex > (m —m(ex)® = Dulpn(yr)) — m|H],

where y, = p1(p(zx)) € N. Making k — oo and using (12), the previous equation
becomes
(m —1)

m

supy|H| > u(R).

What proves item 7. of Theorem (2).

Using the equations (11) and (14), in addiction to Z(ai)Q < 1 and the fact that
i=1
1 is decreasing, we have the following inequality:

Af(g) = p(R)(m —1—1) — | H|.

If M has bounded mean curvature |H| < (m — 1 — 1) u(R)/m then f is a bounded
non-constant subharmonic function. And this says that M is non-parabolic. This
proves ii. of the Theorem (2).
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