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ABSTRACT. In these paper we derive several simple conditions for the existence
of a limit of solutions to a regularized boundary-value problem, in particular if
the equation is of the form F(D?u) = 0 where F is convex. In addition, we an-
alyze the behavior of the free-boundary problem F(D?u) = 0 with prescribed
boundary values in a region. We determine that if the equation has a special
divergence structure and satisfies a multiplier condition for the inner-product
of 9 Vu with the vector potential, then u satisfies a special free-boundary
condition.

1. INTRODUCTION

An important class of free-boundary problems are the following over-determined
elliptic problems. Given 2 C R", 92 a smooth compact hypersurface in R™, a
nonnegative function f : R” — R and a postive function g : Q — R, an important
question is whether one can find another compact hypersurfce I' = 99’ C €, such
that it is possible to solve the overdetermied elliptic boundary value problem

F(D*u) =0 in Q\
u=f on 02
u=0 and u, =gon I’

where u, is the normal derivative of u related to I' and F' is an elliptic operator,
either in divergence form, or not. For example, systems of the above form appear
in flame propagation problems.

In this paper we consider problems relating to a perturbation technique to con-
struct possible solutions of such a problem. A possible solution of it will be obtained
as the limit of the approximating regularized problem

F(D*uc) = Be(ue) in Q

ue = f on 01,
where (.(z) = ef(z/€) for some non-negative 8 € C°([0,1]) extended to be zero
outside of [0,1]. Sequences of approximating solutions as ¢ — 0% to the above
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system have been considered previously in the work of Professors Teixeira and
Moreira at Universidade Federal do Ceara. The connection of the first section to
this problem is highly technical and hence will be omitted, but the relation of the
latter material is much more direct.

2. HOMOGENIZATION ISSUES

We begin by letting F': Sym(n) — R be some operator, where Sym(n) denotes
the n X n real symmetric matrices. Additionally, throughout this paper we assume
F(0) = 0. Let P be the diagonalized form of any symmetric matrix P’, and let
P = P™ + P~, where the only nonzero entries of PT and P~ are the positive
and negative eigenvalues of P, respectively. We say that F' is elliptic if there exist
A > X > 0 such that

F(N 4 P) < F(N)+A[[P*|| = X||P7|

)

for all N,P € Sym(n). Note the norms can be any fixed norm on Sym(n) (e.g.
the Frobenius norm or the Euclidian operator norm). We call A, A the ellipticity
constants. It is an immediate consequence of the definition that F'(N + P) > F(N)
if P is positive.

We now prove several elementary properties of elliptic operators.

Proposition 2.1. If F € Sym(n) is linear and positive for every non-negative
matriz, then F is elliptic.

Proof. Since F' is linear, we have F(N + P) = F(N) + F(P*) + F(P~). Thus,
proving the ellipticity of F' reduces to proving F(PT)+F(P~) < A[|[PT||=X|| P
So it suffices to prove there exist constants A > X > 0 such that F(PT) < A||PY||
and F(—P~) > M ||P~||. Since P* and —P~ are both non-negative and F is linear,
proving these two inequalities is equivalent to showing that there exist constants
A > X > 0such that 0 < A < F(P) < A on the set A ={P: P € Sym(n), P is
non-negative, and ||P|| = 1}.

The existence of the desired constants now follows because the set A is compact.
This is seen most easily using the Frobenius norm on Sym(n) (i.e. thinking of
Sym(n) as a subset of R"* and giving it the induced metric). Then A is bounded
by definition and closed because it is the intersection of the two closed sets of the
unit sphere in R™ and the non-negative matrices. Now take A and A to be the
infimum and supremum, respectively, of F' on A. It follows immediately from their
definition that A > A. Furthermore, A > 0 because F' > 0 on A by assumption. In
greater detail, A > 0 because F' > 0 on A, and if A = 0 then by compactness there
would exist P € A such that F(P) = 0, a contradiction. This completes the proof
that F' is elliptic.

O

We will be interested in taking the limit of elliptic operators in a manner similar
to approximations to a delta function. To do this, we define the following notation.

Definition 2.2. : Let F' : Sym(n) — R be elliptic, A € Sym(n), and define for
each € > 0,

€

We further define F*(A) = lim,_ o+ Fc(A) if the limit exists.

FL(A) = cF (1A) .
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The next several propositions prove some elementary properties of {F¢} ., and
F*. In particular, we give proofs (which are all simple computations) that {Fe} .
shares the same ellipticity constants as F', that if F' is homogeneous that F* = F,
and the partial converse that if F* exists then it is homogenous of degree 1 for
positive multipliers.

Proposition 2.3. F, is elliptic with the same ellipticity constants as F, namely
A

Proof. For two matrices N, P as defined above, we have:

F.N + P)— F.(N) = ¢F (1(]\1 4 P)> e CN)

= (tovem)-r(tn)]

< H1p+ A 1PH]
€ €

= A[PT = AP
|
Proposition 2.4. Assume F is homogeneous. Then F* exists, and in fact, F* = F.

Proof. Consider F; for any € > 0:
A
F. =¢F () =F(A),
€

where the final equality follows since F' is homogeneous. Thus, since this is true for
all €, then
lir% F.(A)=F(A) = F*(A).

O

Theorem 2.5. If F* exists, then F* is homogeneous of degree one for positive
multipliers, i.e. F*(cA) = cF*(A) for ¢ > 0.

Proof. First, let A € Sym(n), and fix o > 0. Since F.(A) — F*(A) as € — 0, then
it follows that

(2.1) Fo(A) — F*(A) as ae — 0.

Next, applying F; to f, we have

A A
F, () — F* () as € — 0.
o o

But this remains true if we multiply by a:

aF, <A> — aF” <A> as e — 0.
o o

At the same time
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Comparing (2.1) and (2.2), we have, by uniqueness of the limit, that F*(A4) =
aF*(g). But the proof would not change for any real number in place of «, and
therefore F'* is homogeneous. O

Proposition 2.6. F and F. are Lipschitz continuous with Lipschitz constant A.

Proof. By Proposition 2.3, we know F. has the same ellipticity constants as F.
This implies, for any two symmetric matrices A, B, ||F.(A) — F.(B)|| < A||A — B]|.
To see this, let A, B,C' € Sym(n) such that A = B+ C, so ||A— B|| = ||C||. Then,

F(B+C) - F(B) < A|CT]| = AllC]

< AJ|lCT|
(2.3) < Al
Similarly,
F(B)—F(B+C)=F(B+C)—C)—F(B+C)
< AT = AllCT]
< AfCT|
(2.4) < A||C]].
By (2.3) and (2.4), we have ||[F(A) — F(B)|| < A||A - B||. O

Proposition 2.7. If F is convex, then F, — F as ¢ — 0.
Proof. Fix A € Sym(n). Since F is convex, F(AA) < AF(A) for all A € [0,1]. If
€1 < €2, then

F.(A) = &F (1(A)> — & F (61 : 1A) <eaF (1(A)) = F,, (A).

€2 €2 €1 €1

Thus, the sequence F.(A)} is nondecreasing as € — 0. Also, the set {F.(A4)} is
bounded, because F' is Lipschitz continuous:

IE(A)] = [IFe(A) = F(0)]] < KI[A]l.
We conclude that F¢(A) is a bounded monotonous sequence, and so it converges. [

Theorem 2.8. If F.(A) — F*(A) pointwise as ¢ — 0, then F. — F* uniformly on
compact subsets.

Proof. Let K C Sym(n) be compact and S = {F,,}. Then Proposition 2.3 implies
S is equicontinuous and pointwise bounded in K. To see this, for any A € Sym(n)
and a given n > 0, consider the ball B(A4, 7). Then for every B € B(A4,n),

||Fe(A) = Fe(B)|| < Al|A - B|

for every € > 0. This proves equicontinuity, and the same inequality with B = 0
shows that {F.} is pointwise bounded. Next, by the Ascoli-Arzeld Theorem, every
sequence {F,} C S has a subsequence that converges uniformly in K. But uniform
convergence guarantees pointwise convergence, and since F;, — F*, the limit of the
uniformily convergent subsequence must be F™*.

To conclude the proof we must now show that every sequence {F,,} C S con-
verges uniformly to F* in K. Let F,, be a sequence and suppose, for the sake of
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contradiction, that it does not converge unformly to F* in K. Then there exists
n > 0, such that

[P = F¥[| > 7

for all n, where the above norm is ||F|| := sup{||F(A4)||| A € K}. But we know
that {F,} has a subsequence that converges to F™*, which implies that there exists
N such that for all n > N

[P = F*[[ <.

But this is a contradiction, so we have uniform convergence. O

3. A GENERALIZATION OF THE FREE BOUNDARY CONDITION

We now compute a fairly general free boundary condition for the free boundary
problem stated in the introduction. We recall that free boundary problem was that
we were given F' : Sym(n) — R satisfying F(0) = 0, § € C°(R) with supp 8 C
[0, 1], 8 non-negative, and S(x) = €B(x/¢). Then the Free-boundary problems we
investigate are solutions u. to

F(D?u.) = Be(ue).

In this particular case we assume that F' has a hidden divergence structure in
the sense that there exists some function E of z, u, and Vu such that divE =
F(D?u) + G(Vu, z), where the G(Vu, z) encapsulates lower order terms.

To be specific, let E(z,u, Vu) be a vector valued function of z, u : R” — R, and
Vu. We further assume that E is differentiable, say C!, and that it is uniformly
Lipshitz continuous in Vu. We further suppose that for solutions u. of the singularly
perturbed equation F(D?u.) = ((u.) that the following condition is satisfied:

(Vogue, E(x,u, Vu)) = vy(z,u)0 (Vue, E(z,u, Vu))

for some vy(z,u) > 0 which is C'. This result is more general than is usually
required. We give an example of a class of functions it applies to after the proof.

Theorem 3.1. If ug is the limit of solutions u. to the Free Boundary problems
F(D*u) = B.(u), then

1

<Vu0, E(I,UO, Vu0)> = W

along the free boundary 0 {ug = 0}.

Proof. The computation consists of using the divergence theorem to obtain two
identities governing the behavior of ug along 0 {ug = 0} and then substituting one
equation into the other. The first equation is obtained by applying the divergence
theorem to u. and taking the limit as ¢ — 0% and the second from applying the
divergence theorem to ug directly.

For the remained of the proof, let B be a ball contained in the domain and
centered at a point of {ug = 0}. Further, let ¢ € C2°(B) and v denote the outward
normal vector to the boundary of any region of integration. (They are all sufficiently
regular for v to be well-defined.) Finally, we define C = B N {ug > 0}.
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By the divergence theorem, since ¢|gp = 0 we have
0 :/ pOgue (E, V)
aB
= / div (@O uE)
B

= / (8ku€ <V(,0, E> + <6)kVu€, E>) + QD@]CUE diV(E).
B

By the computation above, we have divE = F + G = F(D?u, Vu,z) + G(Vu, ).
Additionally, we recall that we have also assumed

(VOpue, E(x,u, Vu)) = y(x,u)0k (Vue, E(z,u, Vu)) .

Thus the final integral above equals

/ Okue (Vp, E) + oy(x,ue) Ok (Vue, EY + @Orue(F + G)
B

- /B Oy (Vp, B) — 0h(0(, 1)) (Vute, Y + puue (F + G).

Note that, as before, [, @OpucF = — [ Ok@Be(uc). Since Be(ue) — X{uy>0} in
2'(Q) and ue — ug in L*(Q), as € — 0T the above expression tends to

/ Orug (V(p, E> — 8k(cp'y(x, uo)) <V’LL0, E> — 8k90X{u0>0} + @OkuoG,
B

where E, F, and G are evaluated at ug and Vug instead of u. and Vu,. A simple
integration by parts shows [ Ok©X{uy>0}dT = [, 0ke = — [5o V. Since the
above integral is equal to 0 and ug = 0 on B N CY, we rearrange to obtain

/ Ouo (Vp, E) = / PV +/ Ok (py(x,up)) (Vug, E) — @0,uoG.
c ac c

We now go through a similar computation using ug. Noting that F(D?u, Vu, z) =
0 on C, we have

/ POoRug (B, v) = / div(@0ruoE)
aC c
= / Orug (V(p, E> + (V@kuo, E> + goakuO(F + G)
c
= / Oruo (Vp, EY + py0k (Vug, E) + p0uoG
c

= / Oruo (Vp, EY — Ok () (Vug, E) + ©0,ueG + / oy (Vug, E) .
c acC

Substituting the expression for fc Orup (V, E) from the previous paragraph into
the above expression, we obtain the much simpler equality

/ @8ku0<E,y>:/ <puk+/ oy (Vu, E) v,
oC ocC oC

As before, Oxuor = Vuyy, so the above may be rearranged to

0:/60“‘“‘”) (Vu, E)) v



IRES: FORTALEZA, BRAZIL 20080VER-DETERMINED ELLIPTIC BOUNDARY-VALUED PROBLEMS AND HOMOGENIZATION

Since this holds for all ¢ € C°(B) and k =1,...,n, it follows that
0=1-(1—7)(Vu, E)

along the free boundary, or equivalently

1
<Vu, E> = ﬁ

along the free boundary.

4. FURTHER GENERALIZATIONS AND EXAMPLES

In this section several generalizations of the theorem in the previous section and
several examples of its use are given.

4.1. Example 1: We can weaken the hypotheses of the theorem in the previous
section by considering the case,

(Voku, E(z,u, Vu)) = y(z,u)0pw(z, u, Vu, E),

where w is a C' function which depends of z,u, Vu, E. It is more general, though
the computations are the same as in the proof of the previous theorem and we
obtain the following similar free-boundary condition

(Vug, E) =1+ yw.

This is more general than the previous theorem, and as an application we can
consider w = (Vu, E(x,u, Vu)). In this case, (VOyu, E) = v(z,u)0, (Vu, E), then
(Vuo, E) = 1+yw =1+ v(Vug, E), that is, (Vue, £) = 1/(1 — )

4.2. Example 2: An analogous calculation to the one done on the proof of theorem
3.1 can been done to generalize it in another direction. Suppose the following weaker
compatibility condition is satisfied:

1
(V) = =
where h has the same continuity hypothesis as G and vanishes in the region {uy =
0}. In this case, the same free boundary condition holds.
As an application of this generalization, suppose ¢(x, u, Vu) = A(x, u)Vu, where
A is a symmetric n x n matrix. So the equality ¢i(z,u, Vu) = Ag(x,u)Vu +
A(z,u)Vuy, and the symmetry A = AT imply

O((Vu, p)) = 2(Vug, p) + (Vu, A Vu).

(<Vuka 90> + h(x,u, Vu)),

Taking h(z,u, Vu) = (Vu, A Vu), we conclude from the last computation that the
free boundary condition is

(Vu, ¢) = (Vu, A(z,u)Vu) = 2.

And computing the divergence of ¢
legD = Z (ajl-)jui + T?"(ADzu).

,J

So this generalization applies to equations of the above form.
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4.3. Example 3. The most important example where this computation can be
applied is the Laplacian operator, where

o(Vu) = Vu
so that div p(Vu) = Aw.

This example can be generalized to the p-Laplacian, which has applications in
several fields, including glaciology, non-Newtonian fluid flow, and flow through
porous media. The p-Laplacian is the divergence of the following function:

©(Vu) = |VulP~2Vu

Taking the divergence, we see the associated PDE operator is
n
divy = F(Vu, D*u) = (p — 2)|VulP~* Z(Vu, Vu)u; + | VulP 2 Au.
i=1
So we can apply theorem 3.1 to a non-linear operator. As we have 9 (Vu, o(Vu)) =
p{p, Vuy), the p-laplacian satisfies the compatibility condition with v = 1%. So in
this example the free boundary condition is

(p, Vu) = |Vulf = %.along the free boudary

Notice that taking A=Id in the first example and p=2 in the second, we have the

Laplacian.
Therefore we can now solve the over-determined system:
Apu =0 in Q\Q
u = f on 02

u=0and [Vulf = -5 on 9



