FUNDAMENTAL EQUATIONS FOR SURFACES IN ANTI DE SITTER SPACES

CHRISTOPHER BAROT, MARCOS C. DE LIMA AND NICHOLAS PIZZO

ABSTRACT. We prove an analogue of Bonnet’s theorem in Anti de Sitter spaces endowed with an
exotic metric tensor. We prove that necessary and sufficient conditions to characterize a surface in
AdS space, up to left translation, are given by Gauss and Codazzi equations in the first and second
fundamental forms as well as information about lapse and shift functions.

1. INTRODUCTION

Three-dimensional versions of Gravity theory constitute a beautiful and complex research theme
which combines theoretical elements from General Relativity, Riemann surface theory - including
Teichmiiller spaces apparatus, and analytical techniques involving harmonic maps. Witten’s work
(see [16]) laid down the basis for an impressive amount of work about physics and geometry
of (2 + 1)-gravity modeled upon Anti de Sitter (AdS) spaces. For instance, we should mention
the extremely geometric in nature construction in [2] of the BTZ black-holes solutions for three-
dimensional gravity with a negative cosmological constant. The initial value formulation for this
theory in terms of an ADM formalism is nicely presented in references as [1], [8], [11], [13] and [14].
Quite naturally, this formalism is based on the existence of an initial Riemann surface where are
defined a set of data as the induced metric, its Lie derivative in the form of the extrinsic curvature
and lapse and shift data satisfying constraint and dynamical equations which are deduced using
the Gauss and Codazzi equations.

Our aim in this paper is to establish the fundamental equations for surface theory in exotic AdS
spaces. Considering the same background manifold, we define an one-parameter family of metrics
gr, T > 0, in AdS space, one of these corresponding to the usual metric induced by embedding
in R%2. These metrics are solutions for a (2 + 1)-dimensional Einstein’s equation with negative
cosmological constant —72 and an energy-momentum tensor which is non-zero for 7 # 1. The
fundamental equations we refer to are integrability conditions for the existence of a space-like
isometrically immersed surface in AdS space with prescribed extrinsic curvature.

These exotic AdS spaces are all endowed with a time-like Killing vector field whose flow lines
form a congruence of geodesics. The Hopf fibration over the Poincaré disc may be used to make
explicit the fact that the metrics g, are stationary with non-integrable rest spaces. Tangential and
normal components of this Killing vector field over an space-like Cauchy surface determine the
lapse and shift data.

We are able to prove (Theorems 5.1 and 5.2 in Section 5) that the integrability conditions we
alluded to are Gauss and Codazzi equations and other two additional conditions relating the in-
duced metric, the extrinsic curvature and the prescribed lapse and shift data. In this sense, we are
motivated by the versions of Bonnet’s theorem which recently appeared in the literature as may
be seen in references [3], [10], [9], [7], [6] and [4], among others.

Further investigation topics which have been currently investigated by the authors are solving
for analytic data the initial value problem for (2 + 1)-gravity in exotic AdS spaces and construct
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the analogues of BTZ black-hole modeled in these spaces. The integrability conditions for minimal
and mean curvature surfaces have been recently closely examined in [5], where they are reduced
to the solving a non-linear sigma model.

This paper has the following presentation: in Sections 2 and 3 we establish some basic geomet-
ric facts for surfaces in AdS spaces and its physical counterparts. In Section 4, we prove a sequence
of necessary conditions relating the intrinsic and ambient geometries all of them satisfied by an
immersed surface in an AdS space. The equations in this section are presented in such a way that
in Section 5 are restated as integrability conditions. This section is devoted to the proof of the ex-
istence theorems 5.1 and 5.2. The paper ends with an appendix containing a technical proposition
used in the core of the proof of the theorems.

The authors would like to thank the Departmento de Mathematica at Universidade Federal do
Ceara for their hospitality. We would also like to thank Maria Helena Noronha for organizing the
program as well as our advisor Jorge H. S. de Lira for his immense efforts in helping us with this
project. Christopher Barot and Nicholas Pizzo were supported by NSF grant OISE: 0526008 while
Marcos C. de Lima was supported by CNPq.

2. ADS SPACE

Anti de Sitter (AdS) space is modeled as the universal cover of the hyperquadric M in R* de-
fined in terms of linear coordinates by ¢(x,y,u,v) = 1, where

Q(xay,uﬂ)) = 1’2 +y2 _u2 - UQ'

It is easily seen that M is a three-dimensional differentiable manifold which may be identified to
the Lie group

_ _{ = W a2 ]2 —
SUl’l = {Z— ( O 3 ) c GL(Q,(C) : ‘Z| |w\ = 1}

after identifying points (z,y,u,v) € M with the pair of complex numbers z = = + iy, w = u + iv.
The Lie algebra su; ; of SU; ; is spanned by the tangent vectors

(2.1) §1=(8_0i>7 §2=<(1)(1)), §3:<—0i8>’

which generate the left-invariant vector fields

(2.2) Z e SUuy v Zs €Tz5U 1, i=1,2,3.

Given a positive constant 7 € R, one defines the Lorentzian metric in su; ; determined by
(2.3) (s1,600) = =72, (s2,%2) = (s,58) = 1, (si,55) =0, if i#7j.

We then define a left-invariant Lorentzian metric tensor g, = (-, -) in SU; ; by imposing
24) (Zsis Zsj) = (sissj)

what implies that the left-invariant vector fields

1
(2.5) E, = ;ZQ, Ey=2Z¢, E3=Zg

form, at each point, an orthonormal basis with respect to this Lorentzian metric. We denote by V
and R the Levi-Civita connection and curvature tensor associated to this metric.
The matrix Lie bracket in SU ; is determined by the split-quaternionic algebraic relations

(2.6) [s1,52] = 2¢3, [s2,53) = —2¢1, [s3,61] = 2¢0.
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For 7 = 1, the metric we defined above corresponds to that one obtained by restricting the qua-
dratic form ¢ to TM. In this case, M is then isometrically embedded in R* endowed with the flat
metric ¢ with signature (+ + ——). This is no longer true for 7 # 1 as we easily verify by means of
Gauss-Codazzi equations.

Fixed the frame {E,}3_,, one computes the curvature tensor using the structural constants
which appear in

2.7) [Ea, By = ogy Ee,

that is,

(2.8) o3y ==, oks=-27, o2 :g
. 12= 7 02 ¢ O3 =

Let {#2}3_, be the coframe dual to {E,}3_,. The connection forms associated to these frames are
defined by

(2.9) VE, = E, 0.
These forms satisfy the first structural equation
(2.10) do* + 62 A 6° = 0.

By Koszul’s formula, one has

1
(2.11) 0y = 57&90,
where
(2.12) The = Oty + Ope + Ty

Then, one gets

(2.13) 01— 62 — 765, 6L — 6% — —767, %:—@:—é—ﬂ%
The curvature 2-forms

(2.14) Of = 0*(R(-,-)es)

satisfy the second structural equations

(2.15) doy + 02 N0y = ©5.

Hence, one has

1
(2.16) Of = — (178, + ToT5)0° N O°
b 4 be'cd ec'bd
and then
(2.17) 0l =02 = 120" 762,
(2.18) O = 0% = —720' A ¢?,

(2.19) 07 = —03 = (312 —4)0> A 6>
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3. SURFACES IN ADS SPACES

3.1. Further geometric facts. Since we are dealing with a three-dimensional ambient, it holds that
the curvature is entirely encoded in Ricci tensor. It follows from (2.17)-(2.19) that the Ricci tensor

(3.1) R(V,W) = 0*(R(V, E))W) = ©3(V, E,)0"(W), V,W € [(TM),
has components
R(Ey,Ey) = =272, R(Es, Es)=4-27%, R(E3 E3)=4-27°
R(El,Eg) = R(El,Eg) = R(E2,E3) =0.
Therefore, the scalar curvature is
(3.2) R = —R(Ey,E)) + R(Fy, E5) + R(E3, E3) = 8 — 272,

Hence, the metric (2.3)-(2.4) satisfies the following version of (2 + 1)-dimensional Einstein’s equa-
tion

(33) Rv.w) - 2

where the energy-momentum tensor 7' is the rank two covariant tensor
T(V, W) = 6 (V)6* (W)
and the constant —72 plays the role of a cosmological constant. The tensor 7 is divergence-free. In
fact, in Lemma 2 we prove that
(3.4) VvE, =1V x B,
where we are considering the Lorentzian cross product defined by
(3.5) [Eq, Eb] = 2E, X Ej,.
Using these expressions, one computes
VTV, W) = V(T(V,W)) = T(Vy V, W) = T(V, Yy W)
= (V.VvE)W, Ei) + (Vv E, WHV, Ey)
= 7(V x E,,W)XV, Ey)

(V.W) = —72(V,W) +4(1 - 7)T(V, W),

what implies that
(3.6) Ve, T(E,,W)=0, a=1,23.

Thus, equation (3.3) may be derived from a variational principle based on an Einstein-Hilbert
action. This genre of calculations may be found for the case 7 = 1 in [2], where one of the main
issues is to produce black-hole solutions for (2 + 1)-gravity through identifications provided by
ambient isometries generated by a time-like Killing vector field.

In our case, it is easily seen that E; is a time-like Killing vector field. Thus, M has a stationary
metric which may be described by means of the Hopf fibration 7 : SU;; — H?. The adjoint
representation Ad : SU; ;1 — O44 is a double covering map of the connected component of the
identity Oy of the Lorentz group. An orthonormal matrix A € O, is defined by the relation
ATnA =y where

n = diag(—1,1,1),
This implies that the following relations hold

(B7) —(A7)* + (AD)* + (A)* = =1, —(A3)* +(43)* +(43)* =1, —(A3)*+ (A5)" + (45)” =1
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and
141 2 42 343 _ e
(3.8) —A; Aj + A Aj + A5 Aj =0, if i#£j.

The formula (3.4) is interpreted as measuring expansion and twist of the congruence of time-like
geodesics in the direction of the vector field £ (see [15], p. 217).

3.2. Surfaces in AdS. We now consider a simply connected oriented surface ¥ and a space-like
isometric immersion f : ¥ — M. The immersed surface may be oriented by an unit time-like
vector field N. The metric induced in ¥ by f is denoted by I;. The second fundamental form is by
definition the symmetric rank two covariant tensor

(3.9) II;(V,W)=1I;(VyW,N), V,W eI (Tx).

The Weingarten map K is the (1, 1) tensor obtained by raising an index in /7. Hence, one has
(3.10) K;=-VN.

The extrinsic Gaussian curvature is

(3.11) Kext,p = det K.

Gauss and Codazzi equations are respectively written as

(3.12) (R(V,W)V,W) = (R(V, W)V, W) = IT(V,V)II;(W,W) — II;(V,W)?

and

(3.13) Vull;(V,W)—=VvII;(UW) = (RUV)N,W),

for any vector fields U, V,WW € I'(T'Y). Here, V and R are respectively the Riemannian connection
and the curvature tensor corresponding to the induced metric I; in X.

We fix a local orthonormal adapted frame {e,}3_,, that is, a local section of the frame bundle
*O4 4, so that e; is a time-like unit normal vector field along f. Let {w®}3_, be the coframe dual
to the adapted frame and let {wj'}3 ,_, be the connection forms associated to this coframe. Then,
one has

dw? 4+ wd Awb = 0.
Since w! = 0 along f one has w3 A w? + w} A w? = 0 and the Cartan’s lemma assures that
(314) wil = K¢2w2 + Kigwg, 1= 2, 3.
Thus, the first and second fundamental forms may be recovered in terms of these 1-forms as

=R+ ew?
and
IIf = K22w2 ® w? + 2K230.)2 (9 W + K33w3 (9 W,

The curvature forms calculated with respect to the adapted frame are defined by
(3.15) dwy +wd Awy = QF.
The form dw? is the intrinsic curvature form in the Riemannian manifold (X, I¢). Hence, applying
both sides of (3.15), when ¢ = 2 and b = 3, to the tangent vector fields es, e3, one deduces the
following alternative presentation of (3.12)

Kint - K = Kext,fv

where

Kint = dwg(eg,eg) and K = (R(es,e3)es,e3).
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Differentiating (3.14), one gets
(3.16) dwj +wj Aw! = VK;j Aw’

and then rearranging indices
1 .
dw; + w]l Aw! = 5(VKik(ej) — VEK;j(er))w’ A wk
what gives an alternative way of writing Codazzi’s equation (3.13), namely
1 ,
(3.17) Ql = 5(vmk(ej) — VEK;j(er))w Awh.

Gauss and Codazzi equations are used to deduce the constraint equations and dynamical equa-
tions in the Hamiltonian formalism of (2 + 1)-gravity. The initial value formulation of (2 + 1)-
gravity involve lapse and shift terms.

In our setting, these data concern the normal and tangential components of the flow lines of E;
crossing the initial surface ¥ transversely. We may write

E1:OéN—|—ﬁ

where a € C*°(X,R) and 8 € I'(T'M) are respectively the lapse and shift data.
In the case of the canonical metric 7 = 1, this formalism is well-developed in references as [2],
[13] and [14].

4. SOME AUXILIARY TENSORS

There exists amap A : ¥ — O, so that, fixing an arbitrary point « € ¥, the frames {E,}3_,
and {e,}3_, at f(x) are related by

@1 eq = Ey Al

where A(z) = (A})3 ,_,. The dual and connection forms are respectively related by

(4.2) w? = (A"1)ag°
and
(4.3) wi = A"1dA+ AT19A.

4.1. Christoffel tensor. In this section, we compute the o, -valued 1-form

Al —A2 a3 0 6, 6 Al Al Al
(44) N:=A71'9A = —AL AZ A3 0?2 0 62 A2 A2 A2
AL A2 A3 03 63 0 A3 A A3

One denotes by M? the minor of the matrix A obtained by suppression of the i-th row and j-th
column. We then verify using Cramer’s rule

(4-5) (A*1)§ _ (—1)i+jMij
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and det A =1 that
AM=A=X=0
M= = (2= (AT r(ATD (A3
M =N = (2 = n)(AT)30 — r(A7)36% — (A3,
M=M=
However, in view of (4.2), one deduces that
A= A2= A3 =0,
M= A =202 = AT+,

. 1
M= = —2(- - (ATt -

1
=M =20 - AT -t

However, motivated by the decomposition

(4.6) Er=e1 (A7)} +ea(A7N)] +es(A7)3,
———
lapse shift
we denote
(4.7) U= (A, UP=(A"N;, UP=(ahi
Therefore
0! = Ajw'+ Ajw? + Ajw® = (AW — (ATHiw? — (A7)

Ulw! — U?w? — U3wW?
With this notation, we have

Lemma 1. The form A\ = A~10 A satisfies

4.8) Al =M=\ =0,

4.9) gzxﬁzﬂ%—ﬂU&+T&7

(4.10) A}:ﬁ:—%%—ﬂU%—Tﬁ,
(4.11) g:—g:—m%—ﬂwx—ma

where U = (A~YH¢ and x = Utw! — Uw? — U3W3.
4.2. Curvature forms. We now determine {2, using the formula

(4.12) Q=A"'0A

— ) (A0 — T (AH36% — T(ATH)36°.
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Setting a = —720* A 0%,b = —720' A 63 and ¢ = (372 — 4)62 A 63, one has using again (4.5)

(4.13) O = Ada — A2b + Alc,
(4.14) Q3 = —Ala+ A3b — Aje,
(4.15) Q3 = Aja — ATb + Aje.

In view of (4.2) one has denoting 7 = w! Aw?, s = w! Aw? and t = w? A w3,
O N 0% = (ALAZ — ALAZ WP Aw? + (ATA2 — ALAD)W A WP + (A3A2 — ALADWE A W3
= M3w' Aw? + M3w' Awd + M3w? Aw?

(4.16) = Ajr— Ads — A3t

and similarly

(4.17) O N3 = —A2r + A3s + ATt
(4.18) 02 NG = —Alr + Als + Alt.

Hence, one obtains
Q3 = Aja — Ab+ Alc
= —T2A§(A§T’ — A3s — A3t) + T2A§(—A§T + A2s 4 At)
+AL(37% — 4)(—Adr 4+ Als + Alt)
= (=72((A3) + (A3) + 3(A3)%) + (A3)*)r + (T°(ASAZ + AZAS + 3A343) — 4A3A3)s
+(T?(A3AS + AZAT + 3A3A]) — 4A3AE
= (=721 4+ 4(A3)%) + 4(A3)>)r + (—T?(ALAL + 4ALAL) — 4ALAL)s
+(T2(ALAL 4 4ALA]) — 4AL AN
and using (3.8), one concludes that
0y = (4(43)°(1 = 7°) = 7°)r + (4(A5(A3) (1> = 1))s + (445 A} (> = 1))t.
Thus, denoting 7 = 1 7, it follows that
T
(4.19) Q3 = (AU 77 — 2wt Aw? —4UU3F70! A WP +4U3U P Tw? A WB.

We also deduce, following similar computations,

(4.20) 0 = —ArTUURw A w? 4+ (477(U?)? — 12w Aw? — 477U U202 A WP
and
(4.21) 02 = 477U U3 AW + AU U277 U U0 A w? — (477 (UD? + 12)w? A WB.

4.3. Relating Christoffel and curvature tensors. We define for further purposes the tensor
(4.22) Qp = dXy — Mg AXy + A8 Awp +wi A A,

We then prove

Lemma 2. The forms Q and Q defined respectively by (4.22) and (4.19)-(4.21) satisfy Q@ = Q.
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Proof. One has
By = e, (ATHL

Thus, denoting (A~1)¢ = U*,

VE; = Ve, U = (Vea)U® + e,dU% = e, (AU + wiU?).
On the other hand, given a vector field V, it follows from (2.13)

VvE: =T7(E:6°(V) — E36%(V))
However, Lorentzian cross product gives
V x By = (E20*(V) + E36°(V)) x By = —E360*(V) + E20°(V)
which implies that
(4.23) VvE, =7V x Ej.
Hence, one has
VvE, = 7V x (U4 eU? + e3U?) = 71U (eaw? (V) + e3w®(V)) x 1
= 1U%(erw' (V) 4 e3w?(V)) x ea + U3 (e10' (V) + eaw? (V) x e3
= 7e1(UA3(V) = U3 (V) + 1ex (U (V) — UBwt (V)
+res3 (Ut (V) = U (V).

Therefore, we have

(4.24) dU + wiU? + w3 U? = 1U%w® — 1U3W2,
(4.25) dU? + iU + wiU? = U — 7U3WY,
(4.26) dU? 4+ W3U + W3U? = 71Ut — 7U W2,
what is equivalent to

(4.27) dU" + (wy — Tw*)U? + (w3 + 7w U? = 0,
(4.28) dU? + (Wi — 1)U + (w3 + 7whU? =0,
(4.29) dU3 + (w3 + 7w?)Ut + (Wi — 7w )U? = 0.
One also computes

dot = —0In0%—0in0% =270 63

= 27(A3A3 — AZA3)w? Aw? + 27(ATAS — ASAD) W AWd + 27(ATAS — ASAD W AW?
= 2r(AHIA AW — 274720 AW+ 27(A7 D30 A W?
= 21U A WP — 270%0w A WP+ 2703w A WP

a1
One has, denoting 7 = ~ — 7,

A W) = A Awd = —27U20 A w3 + Twd A w?,
WAL =wi AN = 27U A wl + Twd Aw?,
ANAW)E =M Aw? =27U%0 Aw? — Tws AW,
WANE=wy A3 =270 Awg — Twi AW,
AW =M Awg = 27U%0 Aws — Twi Aw?,
)3

WAN3Z=w] AN =27U20 Awi — Twy AW

(
(
(
(
(
(
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Moreover
AANZ =AM AN = 472UV N0 — 277020 Aw' + 277010 A w? + 720t A WP,
AANE =XV AN2 = 472UUBO N0 — 277030 A 4 277U 0 AW + 7208 A w3,
AANZ =N AN = 472U%UB0 N O — 277030 A w? 4 277020 A WP + 720% A w3,
Finally, using (4.27)-(4.29), one gets
d\y = 27U3d0 + 270 A ((wi + Tw?)U + (w8 — 70")U?) — 7(w] Aw' + wi Aw?),
d\y = —27U%d0 — 279 A (0] — Tw?)U' + (w5 + 7w )U?) 4 7(wi Aw' +wi Aw?),
d\j = —27U'd0 — 279 A (w3 — Tw?)U? + (wi + Tw?)U?) T (wy A w? + wj Aw?).

Therefore
ANy — (ANAN)Y = 27U3d0 + 472U U0 A 0 + 27U 0 A w? + 27020 A ws — 7(wh A w! + wd Aw?)
72w AW?
and
Qy=d\y — (AANS+ (AAw)s + (WA NS =27U3d0 — 720" AW
Thus,
(4.30) Qi = 41rUNURWE A WP — 477U 0B A WP+ (477 (U3)? — 72wt AW

One also has

(4.31) Qi = —417U U AW + (417 (U?)? — 72wt Aw® — 47702030 A W?

and

(4.32) Q% = (417 (UYH? = )2 A WP + 477U U0 Aw? — 417U 3w A W2,

This finishes the proof of the lemma. O
Using expressions (4.24)-(4.26), one deduces the following technical result.

Lemma 3. The map U € C* (X, R3) given by

(4.33) U(z) = (U'(z), —U*(x), —U(x))
satisfies the equation
(4.34) dU —Uw =UA,

what is equivalent to
dUY +wiU? + wilU® = \U? + AU,
dU? 4+ Q2U + W2U3 = XU + \2U3,
dU? + W3U + W3U? = MU + \3U2.
Proof. For proving this lemma, it suffices to verify that
MU? + MU = 70302 — 10203,
MU+ MUP = 70Ut — 10'UP,
MU+ NU? = —10?U + 10l U2,
what may be easily checked by the reader. O
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5. EXISTENCE OF AN ISOMETRIC IMMERSION

From now on, we determine sufficient conditions for the existence of an isometric space-like
immersion of an oriented simply-connected surface . in AdS space M endowed with the metric
tensor defined in Section 2.

We fix a Riemannian structure in 3 given by a metric tensor I. We also prescribe a rank two
symmetric tensor [/ € I'(T*Y ® T*Y). Let K be a (1,1) tensor field K defined by

(5.1) IN(V,W)=1(K(V),W), V,WeI(T%).
We consider a tangent vector field § € I'(T'Y) and a real function o € C*° (X, R) so that
(5.2) —a? +1(3,0) = —1.

We refer to o and 3 respectively as lapse and shift.

Let V be the Riemannian covariant derivative associated to I and denote by R the correspond-
ing curvature tensor. We denote by Kjy the intrinsic curvature in the Riemannian surface (%, I).
We also denote K., = det K. The complex structure in (3, I) is denoted in what follows by J.

Suppose that the equations

(5.3) Kint — Kext = 47707 + 77
and
(5.4) (Vv K)W — (VwK)V = dar?I1(JV,W)J B

hold, for any V, W € I'(T'Y). Suppose also that I, I], o and (3 satisfy the following set of additional
conditions

(5.5) oKV +VyB=1JV
and
(5.6) da(V)+1I(V, () = 7(JV, B)

We refer to these conditions (5.3)-(5.6) as integrability conditions. Then, we are able to state the
following

Theorem 5.1. Let ¥ be an oriented simply connected surface and consider a metric I in ¥, a symmetric
tensor field 11 € T'(T*X @ T*X), a vector field 3 € I'(TX) and a real function o € C*° (X, R) satisfying
the integrability conditions above. Then, there exists an isometric immersion f : ¥ — M so that

(5.8 II(V,W) = (Vv LW, N),

where V,W € I(TX) and x € ¥ +— N|y(y) € TpyM is an unit normal vector field along f. Moreover,
restricting the vector field F1, one has

(5.9) Eilf(@) = (@) Nl @) + B(x).

Before proving this theorem, we translate all relevant information about the data I, /7, o and
B for the language of moving frames. In terms of differential forms, the integrability conditions
determine an exterior differential system.
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Theorem 5.2. Let w' = 0,w?, w® and w = (wy)3 ,_, be 1-forms defined in 3> satisfying

(5.10) I=?®u’+uw®u?
and
(5.11) dw® 4+ wd Awb = 0.

Let U € C>°(X,R3) with components U(x) = (U'(z), —U?(z), —U3(x)). Let Q € A*(X, 04 ) be given
by

(5.12) O = 477U UBW? A WP — 477U U3 A w? + (477(UP)? — 72wt A w2,
(5.13) QL = 417U U Aw® + (477(U?)? — 72wl Aw® — 47702030 A W2,
(5.14) 02 = (=477 (UY)? = 72)w? A WP + 477U U0 A w® — 477U UBw! A 2.
Suppose that

(5.15) dwf 4+ w® Awf = Qf

and that

(5.16) dUY + w0 U? + w3U? = 17U — 1U3W2,

(5.17) dU? + iU + wiU? = U — 71U,

(5.18) dU3 4+ W3U + WdU? = 71U — 7U W2

Then, there exists an isometric immersion f : ¥ — M with induced metric I so that the extrinsic curvature
is given by

(5.19) wi = Kpw? + Kizw®, i=2,3.
Moreover, one has along f,

where N is an unit normal map along f and
a=U' w*B)=U% u3B) =U>
The hypothesis in the statements of these two theorems may be related according the following
calculations.

Let e; = N be an unit normal vector field along f and let e, e3 be a local orthonormal tangent
frame in ¥ so that e3 x e3 = e;. Since w! = 0, given vector fields V, W € I'(T'Y), one has

0F = —(Ar#(U")? + 7°)w” AP (VW)
and then
(R(V, W)V, W) = w? AP (V, W)QE(V, W) = (477(U")? + 72) (w2 A P (V, W)
= (4r7(U")* + %) (N, V x W)2.
Hence, it follows that
(5.21) Kint = (R(e, e3)ea, e3) = 477(U)? + 72,
Thus, the equation
dw? +wiAwl =02
becomes
Kint — Kext = 4770% + 72,
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Now, one computes
R(V,W)N = *(R(V,W)N)ez +w*(R(V,W)N)es = QI (V, W)ea + QF (V, W)es
=AU 7w AW (V, W) (UBey — U?es) = 4ar?(N,V x W)JB = dart{(JV,W).J}3.

Using the decomposition

Ey=aN+p
and the formula (4.23), one also computes
(5.22) 7V x (aN + ) = Vv (aN + 3) = da(V)N + aVy N + Vv 3+ I1(V, B)N.
However, the left-hand side may be rewritten as
(5.23) TVXx(@aN+8)=17aVXN+7VXxp=7JV+7V xS.

Comparing the last two expressions, one deduces that the following equations hold true

aKV +VypB=1JV,

da(V) + 11(V, 8) = 7(JV, B),
where we used again the fact that

(V xB,N) = (JV, ).
Throughout the next sections, we will prove Theorem 5.2. This requires as first step assuring
the existence an adapted frame, a notion that will be clarified below.
5.1. Existence of an adapted frame. Given a map U € C*(%, R?) with
Ux) = (U'(2), ~U*(2), ~U*(x)),

amap A € C*°(X, 044 ) is said to be admissible when it is of the form

(5.24) A(z) = ( Ul(x) >

*

If we denote by u : M(3,R) — R? the projection on the first line, the condition (5.24) means that
w(A(z)) = U(z). The set of admissible maps consists of the three-dimensional submanifold of
Y X O++

(5.25) Uz{(%A):A:(USf) )}
whose tangent space at a point (z, A) is

(5.26) Tiw U = {(U,B) .B= ( dU(f) Y ) }
One defines the following set of 1-forms

(5.27) M=X=X=o0,

(5.28) $ =3 =20 x4,
(5.29) A=A = —2(% — ) U%y — Tw?,
(5.30) A=A = 72(% — ) U — 1w,

where x = Ulw! — U%w? — U3w3.
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A suitable version of Lemma 2 holds true.

Proposition 1. One has

(5.31) AN = AN+ A A wE+ Wl AN =08, a,b=1,2,3.

Proof. In order to verify (5.31) it suffices to follow the proof of the Lemma 2. O
We then prove the following result.

Proposition 2. Under the hypothesis of Theorem 5.2, there exists an admissible map A € C*>° (%, O4+4) so
that

(5.32) A'dA=w -\
with initial condition A(zo) = Id, for a given xy € 3.

Proof. It suffices to show that the hypothesis in the statement imply the hypothesis in Proposition
5 in Appendix. This allows us to assure existence of an admissible map so that

(5.33) A7YA = &,
where we set

(5.34) O=w—M
Denoting

(5.35) T =A1dA - &,

one computes
dY = —A'dANAT'AA —do

= —(T+o)A (T+0)—do

= TAYT-TAO—-OAYT —do—0AD.
So, using & = w — A, one obtains the following equation modulo T

—dY = do+oA®
dw+wAw—dA+AANA—wAX=AAw.
So from (5.15) and (5.31), one concludes that the equation modulo T
—dY =do+wAw=0
holds true.
In order to accomplish all conditions of the Proposition 5 in Appendix, it remains to prove that

the data defined above satisfy
(5.36) dU —Uw+UX=0.

This is verified following the same reasoning as in Lemma 3.
The existence of an admissible map solving (5.33) follows then directly from Proposition 5 in
Appendix. This finishes the proof. O

Given an admissible map A : ¥ — O, solving (5.32), one defines in ¥ another set of dual 1-forms

by
(5.37) 0" = Abw®
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and

R 1 .
(5.38) by = 57id°,

where 7, are defined in (2.12). We then restate Lemma 1, obtaining

Proposition 3. The admissible frame obtained above as solution of the equation (5.32) satisfies
(5.39) A= A"194,

where 6 = (07)3 ,_, is defined in (5.38).

Proof. 1t suffices to mimic the proof of Lemma 1 in Section 4.

We finally define the following 2-forms

1 ~ o
g = i (Tl?eng + Tschfd) 0 A ad.

Then we are able to prove the following result.

(O}

(5.40)

Proposition 4. The admissible frame defined above as solution of the equation (5.32) satisfies
(5.41) —Q=A"164,

where © = (0§)3 ,_, is defined in (5.40).

Proof. One has

(5.42) A dA=w -\
and
(5.43) AN = ANAA+WAAN+AAw =0

and as we just proved

(5.44) A= A"19A.

Then

d\ = dAT'AOA+ AT1dOA — A0 A dA
= —A"dANAT9A+ ATVdIA — ATTOAN ATTdA
= —(W=ANAA+ATTA- A (w—N)
= 2AAN—wAXA—AAw+ A LdOA.

Therefore

QO = ADA-AAFUAN+FAAWw=AAN+A'dHA
= AY9ANATOA+ ATTdOA

A71(d6 + 0 1 6) A.
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However, one computes directly from the definitions and using (5.11) and (5.32) in the form dA =
Aw — AN

A 1 1
a0 = STAAG AW+ AGdY) = S (4G A — Afwd AW
1 a c c, e d
= §Tbc(dAd — Alwi) ANw
1

= —5The(ANG AW

However A\ = AA~'0A = GA. Hence, one gets

- 1 1 1
iy = =5 (0A)G AW = = ST 0¢ A A = =S 0G A0

1
= —17'&7'5696 N

and
0 A G5 = %gdfg;ed A6
Therefore one concludes that
(5.45) di+0n0=6
and we deduce as claimed that
Q=d\ AN A+ wAA+AAw=AT10A4.

This finishes the proof of the proposition. O

5.2. Proof of the Theorem 5.2. In view of the hypothesis, Proposition 2 implies that there exists
an admissible map A : ¥ — O, which solves (5.32) and satisfies the equations (5.39) and (5.41)
for {6*}3_, and {6§}2,_, defined in (5.38) and (5.40), respectively.

Let wy, be the Maurer-Cartan form in M = SU 1,1- One denotes

(5.46) €q = wm(Ea),

where F,, a = 1,2,3, are the left-invariant vector fields defined in (2.5). We then define the fol-
lowing 1-form on ¥ x M with values on m := suy 1

* = k *x .a
II = 75 wm — €x(A4g o my) 5w,

where my; : ¥ x M — M and 7y, : & x M — ¥ are the canonical projections. More succinctly, one
may write

I =7y wm — exmanb”,
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where we used (5.37). We then consider the distribution D = ker Il on ¥ x M. Thus, using (5.11)

and (5.32), we calculate (omitting projections)

dll = dwy — &, dAL A w® — &, A dw®

1
= —§[Wm,wm} — & dAY Aw® + g AL Wl A W°
1
= —i[wm,wm} — & (A(,D)Z A w® + ébAZ we A w’
1 A R
=5+ 0TI+ 2,0°] — & (AD)Y Aw® + &, AL w® A w®
1 1 1 1
= *g[Ha ] — §[H7 ent’] — §[EC9C,H] - §[éb9b, €.0°

—ep (Aw)’ A w® + & (AN A w® + &A% w? A we.
Thus considering equality modulo II it follows that
1 s <
dIl = fi[ébﬁb, 0% — ep(Aw)’ Aw® + &, (AN Aw® + &, AL wd A we
1 Db A pC 5 =5 S oAb, ¢ a | 5 pAb3yc a | 5 Ab, a
= —50 N O° [y, €] — p Aqwe Aw® 4 €y Aohg Aw® + & Aows Aw
1

- fiéb A6 [ey, &) + e ALAE A w".

However using (5.39) and (5.37) one obtains
dIl = —%éca(‘;b 07 N O° + g ATNG(A™Y)PAS A w?
= —%éca(ib 0% AG° + &, (ANATH)E A e
= f%écac‘ib 0 N G° + &85 A O = e, (07 — %o‘gbéc) N
Therefore D is involutive since by (5.38) one has

~ 1 ~ ~
(5.47) O = 5 0a0° + np.0°,

C

where uf, = ot + o€, satisfies ., = n%. Hence, one has

= %agbéﬂ A = pug.6° A 6> = 0.

We may verify that an integral leaf through the identity o in M is a graph over X. The function
that graphics this leaf is an isometric immersion f : ¥ — M with initial condition, say, f(zo) = <o,

for a given point 2y € 3.
Indeed, a tangent vector (v, w) € D, z) satisfies

(5.48) wm (w) — G A% (z)w" (v) =0,
what furnishes after left translating both sides by Z
(5.49) w — Ey|z A% (x)w?(v) = 0.

However, since the leaf is the graph of f, one has
(5.50) fe(@) v = wlpa),
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where Z = f(x). Thus, we conclude that
(5.51) fu(@) = Ex|p(a) Al (z)0".
Since A(z) = (A’;)i weq € O4y, forall z € X, one deduces that f is an isometric immersion and
that
(552) €a|f(a:) :Ek|f(z)A§(x)a HAES 27 a=1,2,3,
defines an adapted frame along f with corresponding dual frame given by {w®}3_,. Thus, it
follows from (5.11) that wy}, a = b = 1, 2, 3 are the connection 1-forms relative to the adapted frame.
Thus the equation (5.32) and (5.37) for A imply that {6}}3 ,_, are necessarily the connection forms
for M on the frame {E,}3_, along f. From this fact and using (5.40), it follows that {©g}3 ,_, are
the curvature forms of M in this frame. It turns out that the equation (5.41) implies that {Qg}g b1
are the curvature 2-forms of M in terms of the adapted frame. Thus, the second fundamental form
of f is prescribed by w}, i = 2, 3.

The fact that f () = ¢o is not a serious restriction, since an immersion with initial condition Z €
M may be obtained by left-translating by Z the integral leaf through oy. Finally, the uniqueness

up to rigid motions is deduced from this same reasoning.
This finishes the proof of the Theorem 5.2.

6. APPENDIX

Letw € A (O44+,04+) be the Maurer-Cartan form in O . Now, we prove
Proposition 5. Given a 1-form & € A' (X, 04.), suppose that
(6.1) do+oNw=0.
Suppose also that U satisfies the matrix equation
6.2) dU —Uw=0.
Then, there exists an admissible map A € C*°(%, O44) so that
(6.3) =A%
In other terms, there exists an admissible primitive A for the Darboux’s derivative &.
Proof. For proving this, we define a 1-form T in ¥ x O, with values on o1 by
(6.4) T =nl0— mo,
where 71 : ¥ x O4y — Y and w3 : ¥ x O44 — O4 are the natural projections. We then define the
distribution D = ker T on U. More precisely
(6.5) (v,B) € D(5,4)y ifandonlyif &,(v)=wa(B)

Recall thatif B € T4 O is given by B = AB for a certain B € o, then w(B) = B.
In order to prove that (6.5) defines a distribution we must verify that ker T has constant rank.
We begin by proving that the differential of 7; restricted to D, a)

71, (x) : Dy ay — T X

is a monomorphism. In fact, if 71, (v, B) = 0 for some (v, B) € D, 4) then v = 0. Since 0 = &(v) =
@(B), it follows that B = 0. So,
dim ker T(LA) < 2.
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Now, given (v, B) € T(, 1)U we have

(AT 4y (v,B)) = p(Ade(v) — ADa(B)) = p(A)w(v) — u(B)

= Uk, (v) —dU,(v) =0
where in the last equality we used the hypothesis (6.2). We had verified that

ImT(LA) C {3 €044 /,L(AB) = 0}
Thus, if B € ImY(, 4y then B = w(B) for some B tangent to A such that (B) = 0. This means
that
ImT(%A) C LDA(ker ,LLA)
where ker pg = {B € T4O1 4 : u(B) = 0} is as we saw above, an one-dimensional space. Since
w4 is an isomorphism, it follows that w4 ( ker A) has also dimension one. Thus,
dim ker T(LA) > 2.

Thus, D, 4 is two-dimensional, for all (z, A) € ¥ x O 4.
Now we verify the integrability of D. By hypothesis (6.1), it follows that

dY = do—-do=oANo—-—wNw=@+T)AN(@+T)—-0A®
= OANT+TAD.
Thus if one calculates dY at some vector (v,B) € D, 4) one obtains T(v,B) = 0 and then

dY (v,B) = 0 too. So the ideal ker T is differential and then the distribution D is integrable.

Let then be (x, A) an integral manifold of this distribution passing through (zo,1d). We must
verify that we may write it as a graph = — A(z) over . In fact we have that 7, is an isomorphism
between the tangent space of the leaf (the planes of D) and the tangent space to M. So, 7 is a local
difeomorphism. Since X is simply connected this is a global difeomorphism. Let z — A(z) be the
inverse map. Besides this we easily verify that A*w = & as desired. Indeed, one has given any
(v,B) € D(z,A) that

0="(a(,B)=0,(v) - A"'B
On the other hand, since the leaf is the graph of the map = — A(z) we should have
B =dA(z) - v.

Thus, we conclude that
Op(v) = A7V dA(z) - v,
forany z € Yand v € T, X. Thus w = A~'dA = A*w. O
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