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AN INEQUALITY FOR KRUSKAL-MACAULAY FUNCTIONS
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ABSTRACT. Given integers k > 1 and n > 0, there is a unique way of writing n as n = (TZ“) +
(72’“‘:11) + ..+ (”11) so that 0 < ny; < --- < ng_1 < ng. Using this representation, the Kruskal-
Macaulay function of n is defined as my (n) = ("k’“__ll) + ("’};_12_1) + .o+ ("10_1). We show that
if @ > 0 and a < mg41 (n), then my (a) + miy1 (n — a) > my41 (n). As a corollary, we obtain a

short proof of Macaulay’s Theorem.

1. INTRODUCTION

Given integers k > 1 and n > 0, there is a unique way of writing n as

n= (7;:) + (g’f_‘D NI (@ + (T) (1.1)

so that 0 < ny < nyg < -+ < nip_1 < ng. Using this representation, called the k-binomial
representation of n, the Kruskal-Macaulay function of n is defined as,

my (n) = (7;:__11> + (n’;g‘l__z 1) o+ (n21— 1) + (nlo_ 1).

(See [2], [5], [8], [10] for details.) The main goal of this note is to prove the following inequality
for Kruskal-Macaulay functions and show some of its consequences.

Theorem 1. Let k,a, and n be integers such that k > 1 andn > a > 0. If a < myy1 (n), then
my (a) + mes1 (n —a) > meyq (n). (1.2)

Kruskal-Macaulay functions are relevant, among other things, for their applications to the
study of antichains in multisets (see for example [8], [2]), posets, rings and polyhedral combina-
torics (see [4] and the survey [3]). In particular, they play and important role in proving results,
extensions and generalizations of classical problems concerning the Kruskal-Katona ([9],[7]) and
Erdés-Ko-Rado [6] theorems. For instance, as a corollary of Theorem 1, we obtain a short proof
of Macaulay’s Theorem [10] (see Section 2). More recently, the authors [1] applied Theorem 1
to the problem of finding the maximum number of translated copies of a pattern that can occur
among n points in a d-dimensional space, a typical problem related to the study of repeated
patterns in Combinatorial Geometry.

Theorem 1 is tight in the sense that (1.2) does not necessarily hold if a > my.1 (n). For
instance, whenever k > 2, ng =4, ny = 2, ny = 1, and a = my1 (n), we have that my (a) +
Mp1 (N —a) =myp1 (n) — 1 < myyq (n).

We conclude this introduction by pointing out that the interesting problem of characterizing
the equality case in Theorem 1 is still open.
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2. CONSEQUENCES OF THE THEOREM

Consider the set of nonincreasing sequences of length k
M, = {(xl,xg,...,xk) eNF gy >y > > x> 1}

with its lexicographic order. That is, for x and y in M;, we write x < y if for some index 1,
z; < y; and z; = y; whenever j <i. If A C My, then the shadow of A, denoted by dA, consists
of all subsequences of length k& — 1 of elements of A (9(0)) = ). That is,

0A ={x € My_1: Jy € A such that z is a subsequence of y} .

Using these definition, observe that

if A, B C My, then 0(AUB) =0AUOJB. (2.1)

There is an important relationship between shadows of sets and Kruskal-Macaulay functions.

Namely, if we denote by Fj(N) the set consisting of the first N members of M}, in the lexicographic
order, then

|0F, (N)| = my. (N). (2.2)

We now prove Macaulay’s Theorem as a corollary of Theorem 1.

Corollary 1. (Macaulay’s Theorem, 1927 [10]) Let k > 0. For every A C M1,
|0A[ = [0F )1 (JA]] -

Proof. Let A C M;.,,. We proceed by induction on k + |A|. If &k = 0 or A = (), the result
is trivially true. Suppose k& > 1 and A # 0. Set A;; = {x € My, : x, = 1 and z x 1 € A},
Ajg={r € My iz, >2and xx1 € A}, and Ay = {z € A : 111 > 2}. Here x x 1 denotes the
concatenation of x and 1, that is 2 * 1 is the k-tuple x with an entry 1 appended in the (k + 1)™
position. Clearly, A = (A3 *1) U (A2 % 1)U Ay and the terms in the union are pairwise disjoint.
Moreover, we can assume that Ay U A # (). Otherwise, since all entries of members of A are
> 2, we can work with the set A’ obtained by subtracting 1 to every entry in the sequences of
A (|A'| = |A| and |0A'| = |0A|.) Let a = |A11| + |As2| and b = |As|. Note that |A| = a + b and
a>1.

If v = (x1,29,...,2,) € A1y, then (z1,29,...,25-1) € 0A1; and (z1,22,...,T5-1,1) = @
0Aj1 x 1. That is, A;; € 0A;1 * 1. We now calculate OA in terms of Ajq, Ajp, and Ay using (2.1

0A =0A3U A1 U Ay U (0A11 1) U (0A12 % 1)
= 0A3U Aja U (0A11 x 1) U (0A12 % 1) = (0A2 U A1) U (O(A; U Ap) % 1)
If z € (0Ay U Aypg), then xy, > 2. Thus (0A; U A1) N (9(A11 U Agz) x 1) = (), and consequently
|0A| = |0A2 U Apa| 4 |0(A11 U Ar2)] . (2.3)
We consider two cases. If a > my1(|A|), then
|0A| = [0A3 U Apa| + |0(A11 U A12)| > |As2| + |A11] = a > mus1(JA]).

Assume a < mg11(]A|). Since @ > 1 then b < |A| and thus, by induction and (2.2), |04y U Ajo| >
|0As| > |0Fk41 (b)] = mu41(b) and [0(A1; U A1a)| > |0F (a)| = my(a). Therefore, by (2.3),
Theorem 1, and (2.2); we have

0A] = M1 (0) +miy(a) = Mg ([A]) = [0Fkpr (JA]]-

€
).

U

In terms of shadows of sets, and using our previous corollary, Theorem 1 can be generalized
as follows.
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Corollary 2. Given sets A C My and B C M1 with |A] < |0F+1 (JA| + |B])| we have
|0A[ +0B| = |0Fj1 (|A| + | B])] -

Proof. By the previous corollary and (2.2), [0A| + [0B| > my (|A|) + me41 (|B]) and |A| <
M1 (|A] +[BJ). Thus, by Theorem 1, my, (|A[) + my41 (|B]) = [0F s (|A| + |BJ)- m

3. PROOF OF THE THEOREM

First an observation. If n > k£ > 0 then by Pascal’s identity

O-(7) (e (7))

Let a = Zle (a;) be the k-binomial representation of a. We say that a is long if a; > 1, and
short if a; = 0.

Lemma 1. Let a > 0 be an integer. If a is short, then my(a + 1) = my(a) + 1, otherwise
my(a + 1) = my(a).
Proof. The result is clear for a« = 0. If a > 1 is short, then a = Zk (a;) for some v > 2

i=v

and a, > v. Thusa+1 = Zk (“’) + (5:1) is the k-binomial representation of a + 1. Then

i=v \ ¢ 1
mi(a+1) = my(a) + (222) = my(a) + 1.
Now suppose a is long. There is v > 2 such that a; = a; +j —1 for j < v, and either v = k+1
orv <k and a, > a; +v— 1. Then

ot (3 o () (15 s (1) () (05

and by (3.1) the binomial representation of a + 1 is

a4 1— ay T Qy n a;+v—1 .
k v v—1
Then, again by (3.1),

mi(a +1) —my(a) = (QI;F_U;Z) — ((alj_v;?’) ot (af) + (“10_1>) = 0.

To prove the Theorem, we need to consider the extended k-binomial representation of a positive
integer a, by requiring an aq coefficient. That is, we write

() () (94 )

with 0 < aj =a} —1 < a} <--- < a,. The condition a; = a} — 1 is necessary to make this
representation unique when it exists. (Clearly a = 0 does not have an extended representation.)
In fact,

O

Lemma 2. Let a = Zk (“l’) > 1 be the k-binomial representation of a, where the terms equal

to zero have been omitted. The evtended k-binomial representation of a exists (and it is unique),
if and only if a, > v+ 1.



4 BERNARDO M. ABREGO, SILVIA FERNANDEZ-MERCHANT, AND BERNARDO LLANO

Proof. If a, > v + 1, then, by (3.1), (““) = (a”fl) + (a“?) + -+ (a”ﬂ’*l). Thus a

v v v—1 0

Sy (P 1+i) + Zf:v 1 (%) is an extended k-representation of a. Reciprocally, if a = Zf:o (“;

7

is an extended k-representation, then (‘610) = (“35 1), and there is v > 1 such that o = a} +j — 1

for 1 < j < wv with either v = k or @}, > @} +v. Then, by (3.1),

v . k k
B ay+75—1 a;_a’l—l—v a;.
=X (TN ()= () X (),
j=0 i=v+1 i=v+1

is the k-representation of a. Thus a, = a} +v > v+ 1. O

We can define m/,(a) = 3% | ( ') for the extended k-representation of a (if it exists). It turns
out that both definitions agree, i.e., my(a) = m}(a). Indeed, if a = SF (“) with a, > v +1,

1= 7

then by (3.1) and the last proof, my(a) — mj(a) = () — (i, (*7°7*7)) = 0.

v—1 i—1
k+1 k k+1

Let n = Z(T;), a = Z(C;), andn—a=0b= Z(l’z), be binomial representations.

i=1 i—1 i=1
Lemma 3. If0 < a < mgyq1 (n), then ap < ngyq < bryr + 1.

Proof. We prove the contrapositives. If ay > ng41, then a > (%) > (") = my4q ((”“1“)) >

2 k+1
mg11 (n), since ("’“ktif 1) > n and my,; is a non-decreasing function by Lemma 1. Now, if

brs1 + 1 < gy — 1, then b < ("7FY) < ("#171). Thus

o A S A S Ny Ng—1 ny
a=n—b>n <k+1 )—< I )+<k)+<k—1>+"'(1>’
—1 —1 1—1 —1
mm(n):(”’“}{ )+(7§j_1)+(”’;€1_2 )+...("10 )

and clearly (”Z‘) > (? ) Thus a > mg,1 (n). O

but

Proof of Theorem 1. Recall b = n — a. Clearly, (1.2) holds if @ = 0, and the case a = 1 is a
consequence of Lemma 1.

We first prove the case aj < bgi1. Assume that the pair (a,b) minimizes my(a) +mg1(b) with
a as small as possible. If a < 1, the result holds. Let a = Z]?_ (“l‘) > 2.

1=v

Suppose first that a, > v + 1. Then a has an extended representation, say a = Zf 0 ( ) Let

zk: min(a}, b;) 43 brt1 N Z max(a}, b;) N ag
o= and 8 = .
’- i k+1 0
Note that a + b = o+ f and o < a. Also 0 < min(a},b1) < min(a),by) < --- < min(aj, by)
and 0 < ay < max(aj,by) < --- < max(a),bx) < bry1 (since a), < ap < bgy1 by assumption).
Therefore the definitions we gave for o and § are k-binomial representations (extended for ).
This means that my () + My (8) = my (@) + mj (B) = my (a) + Mgy (b). This contradicts
the minimality of a.

Assume now that a, = v. This means that a — 1 = a — (“U”) = Zf:vﬂ (az) > 1 is the k-
representation of a — 1, and thus a — 1 is short. Then by Lemma 1, my(a — 1) + mp1(b+ 1) =
my(a) — 1+ me1(b+ 1) < my(a) + myi1(b), which again contradicts the minimality of a.

Now, assume by.1 < ag. Since a < my41 (n) then, by Lemma 3, ap < ngq < bgiq + 1. That
is, ap = bpr1 = ngpr1 — 1. We proceed by induction on k. If £ = 1, then a1 = by = ny — 1.
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Thus (2) + (") =n=a+b=("") + ("") + (%), ie, by = ny. Hence, my (a) + ma (b) =

(%) + (") + (M) =ma(n).

Assume k£ > 2 and that the result holds for £k — 1. Let n’ =n — (i’jff),b’ =b-— (”kkjl_ 1), and

a' =a— ("), Clearly, ' +V =1/, and @’ < my (') since a < my4q (n) = ("’“Jrkl*l) +my (n).
By induction on k the result holds for a’, b, n’, and thus

M1 (b) +my (a) — myy1 (n) = ("’“kl_Q) +my (V) + (”’“*1 )+ my_q (d)) — (”’“+kl_1) + my, (n')

=my (') + mg_1 (a') — my (n") > 0.

O
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