MATH 582B FINAL Spring 2004

ON THE FRONT OF YOUR BLUEBOOK write: (1) your name, (2) your student ID
number, (3) lecture section (4) your instructor’s name, and (5) a grading table. You must
work all of the problems on the exam. Show ALL of your work in your bluebook and BOX
IN YOUR FINAL ANSWERS. A correct answer with no relevant work may receive
no credit, while an incorrect answer accompanied by some correct work may receive partial
credit. Textbooks, classnotes, or crib sheets are not permitted.

1. (30 points) For a fixed positive number h, let Py(z) be the Lagrange polynomial inter-
polating f(z) at x = 0, h, 2h.

3h
a. Use P, to derive a numerical integration formula I, (f) for I(f) = f(z)dx.
0

b. Find the sign of w(t) = ¢(t —1)(t —2) for t € [0, 3].
c. Assume that f € C*([0, 3h]). Find E,(f) = I(f) — In(f)

2. (40 points) Assume that F': [, 5] — R continuously differentiable. Our aim is to

prove that

lim ’ F(z)|sin(A\x)| dz = 2 /j F(z)dx (%)

A—00 Jo T

a. We set
f(z) = |sinz|; VzreR

Prove that the Fourier series corresponding to f converges uniformly to f.

b. For p > 0, we set
B
J(p) = / F(z) cos(pz) dx

Prove the existence of a positive constant M, which does not depend on u, such
that

M
PAD] S;; Vi >0

c. Establish property ().

3. (60 points) Let y(z) be the solution of the following initial value problem (IVP)

{ y(z) = flx, y(z))
(IVP)

y(xo) = Yo
and let (y,)nen be the sequence obtained with Euler’s algorithm (EA)

Yn+1 — yn"‘hf(xn ) yn) ;o n>0
(EA)
Yo = Yo

HEY, THERE'S MORE—TURN THE PAGE OVER!



Assume that:

i. y(z), the solution of (IVP), is three times continuously differentiable.

2
gij(aj, y) and gy{(m, y) are continuous and bounded for zy <z < b and y € R.

ii.
Our aim is to derive the following asymptotic estimate of the error in Euler’s method:

Y(2,) —yn = D(x,)h+ O(h?) (%)

where D(z) is the solution of the following intermediate initial value problem

oy O !
D'(z) = 0*(93, y(I))D($)+§Y(2)($)
(IIVP) Y (3)
D(I’()) =0
a. Show that (b—0) K
e\P7%0) 1 h
e T Tk )
ogr%aﬁc(h)ly(x") Ynl = K 2||Y oo (4)

where K is the Lipschitz constant corresponding to f with respect to its second
variable.

b. We set e, = y(z,) — y,. Using Taylor’s expansion, prove that

af h? )
eny1 = |1+ +h67y(xn , yY(2n))| en + ?y (Tn) +Bn; n>0
(5)
€y = 0
where 13 hotf
3 2
B, = G ()<§n> - 5672(1:”,15”)6" ;7 n=>0 (6)

for some &, between x,, and x,4; and for some t,, between y(z,) and y,,.

c. Show that B, = O(h?), where B, is defined in part (b) (See Eq.(6)).

d. Let g, represents the dominant part of the error in Eq.(5). Hence, g, is defined
implicitely by

0 h?
gn+1 = 1 + hl(xn ) y(xn)) 9n + 7y(2) ('Tn) ) n 2 O
dy 2
(7)
g =0
Show that g, = hd, where ¢, is obtained by applying Euler’s method for solving
the intermediate initial value problem (IIVP) (See Eq.(3)).
e. Deduce that g, = D(z,)h+O(h*); 0<n < N(h)
f. Weset k, = e, —gn; 0<n<N(h). Prove that k, = O(h?)

g. Conclude.
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h. Application: Consider the following initial value problem

(8)

i. Find y(z) the solution of the initial value problem given by Eq.(8).
ii. Find D(z) defined by Eq.(3) corresponding to the initial value problem given
by Eq.(8).
iii. Deduce the asymptotic formula for the error in Euler’s method in the partic-
ular case of the initial value problem given by Eq.(8).

iv. Conclude.

4. (30 points) Let f € C™ ([0, 1]) with m = 2 or 3. We want to use the central difference
quotient with step size h to approximate f () i.e.

Fy = LEER=S

a. Evaluate the accuracy &,,(h) of this approximation defined by

Eah) = sup_|f() - LEEI TR
z€[0 , 1]

Conclude.
b. We set m = 3. The function f is perturbed as follows
fi@) = fla)+dsin()
where 0 €0, 1Jand n € N ; n > 2.

i. Evaluate the error £2(h) defined by
L fih) = fi = )

E(h) = s f () 57

ii. For a given perturbation level 9, describe the behavior of the perturbed error
EX(h) as the step size h tends to zero.

iii. Assume that ¢ is known. What could be a “good” choice of the step size h
to minimize the perturbed error £2(h)?
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5. (40 points) Consider the following multistep method

h
Yn+1 = 3yn - 2yn—1 + 5 [f(xn ) yn) - Sf(xn—l ; yn—l)] ; n > 0

(MM) (9)

/o TP

Yo , Y1 are given.

Is this method consistent?
Is this method stable? Does the sequence (y,),en converge?
Find the order of this method.

Deduce an explicit expression of the truncation error 7, (y) assuming that y is
three times continuously differentiable.

Consider solving the following initial problem (IVP)
y(z) =0
(IVP) (10)
y(zo) = 0

i. Find the solution y(x) of IVP.
ii. Using yp = y1 = 0, find the numerical solution ¥, ; n > 0.
iii. Perturb the initial data zy = %, z1 = € for some € # 0. Find the correspond-
ing numerical solution z, ; n > 0.

iv. Evaluate max |y, — z,| and find the limit when h — 0. Conclude.
0<n<N(h)



