A New Consistent Discrete-Velocity Model for the Boltzmann Equation

Vladislav A. Panferov and Alexei G. Heintz^∗

Department of Mathematics, Chalmers University of Technology and Göteborg University, S-412 96 Göteborg, Sweden

∗ Correspondence to: A. G. Heintz, Department of Mathematics, Chalmers University of Technology and Göteborg University, S-412 96 Göteborg, Sweden tel.: +46 31 772 5329 fax: +46 31 16 19 73 e-mail: heintz@math.chalmers.se

A New Consistent Discrete-Velocity Model for the Boltzmann Equation

MOS subject classification: 82C40 (76P05, 82C80, 65C20)

This paper discusses the convergence of a new discrete-velocity model to the Boltzmann equation. First the consistency of the collision integral approximation is proved. Based on this we prove the convergence of solutions for a modified model to renormalized solutions of the Boltzmann equation. In a numerical example, the solutions to the discrete problems are compared with the exact solution of the Boltzmann equation in the space-homogeneous case.

1 Introduction

The nonlinear Boltzmann equation is one of the fundamental equations of kinetic theory. It is used to describe evolutions of many-particle systems, such as rarefied gases, in which in which the main interaction mechanism is binary collisions. The equation reads as follows: ∂f ∂t + ξ · ∇f = Q(f, f), (x, t) ∈ D ⊆ R^3 × R, ξ ∈ R^3. (1.1)

Here f = f(ξ, x, t) is the one-paricle distribution function, which has the physical meaning of mass density of particles in the (ξ, x)-space. Variables ξ, x and t denote molecular velocity, position and time, respectively. Q(f, f) is a non-linear (quadratic) integral operator, called collision operator. The basic properties of the collision operator are discussed below. A detailed presentation of the physical background, mathematical theory and applications of the Boltzmann equation can be found in the books on kinetic theory [13], [36].

One of the major problems associated with the Boltzmann equation is constructing an efficient numerical method for obtaining the solutions. Most widely used currently are the particle methods that are based on stochastic simulation. The best known examples are methods of Bird [4] (Direct Simulation Monte Carlo or DSMC) and Nanbu [25] with modifications by Babovsky [2]. The main drawbacks of such methods are their slow convergence and random fluctuations that affect the accuracy of the results. On the other hand, using other, deterministic techniques for solving the Boltzmann equation entails significant difficulties. Firstly, calculating multiple integrals that appear in the collision operator is a formidable task. Secondly, a large amount of information has to be stored, since the distribution function depends, in the physically meaningful cases, on seven scalar variables. On the current level of development, deterministic methods lose in efficeiency to the particle methods. However, a significant progress has been achieved in developing such methods in the last years [9, 26, 31, 35]. In fact, the deterministic approaches are the ones to be preferred when a high numerical accuracy is of paramount importance [27, 34, 33]. Finally, a number of approaches were developed to increase the efficiency of deterministic calculations without sacrificing the accuracy [9, 26, 29].

In this paper we focus on one deterministic approach for solving the Boltzmann equation: the one based on discrete-velocity models (DVMs). Such models have been studied for a long time in kinetic theory, [11, 8, 16, 10, 24]. They were introduced with the purpose of reproducing the formal properties of the Boltzmann equation using a finite number of discrete velocities. The idea of using DVMs as approximations of the Boltzmann equation was developed initially as a purely computational approach [1, 35, 6, 17, 20]. From a theoretical point of view, there was no justification of their relation to the Boltzmann equation, at least before the appearance of papers of Buet [9] and Bobylev, Palczewski and Schneider [7]. Buet studied the DVM introduced by Goldstein et al. [17] and gave a heuristic argument on why the convergence to the Boltzmann collision integral should be expected. The rigorous proof of convergence given in [7] was based on quite recent, detailed results from number theory. Rogier and Schneider [31] introduced another DVM with a two-dimensional velocity space, for which they also proved convergence. Their approach was later generalized to three dimensions by Michel and Schneider [22]. The convergence of solutions of the DVM [17] in the space-homogeneous case was established by Palczewski and Schneider [28]. For space-inhomogeneous solutions a convergence result was obtained by Mischler [23].

In this paper we introduce a DVM with properties analogous to the models studied in [7] and [31, 22]. It is based on a transformation of the velocity variables in the collision term, known as the Carleman tranfsorm [11]. Such a transformation allows us to formulate a model that is much easier to analyse theoretically than the previously known models, and is also easy to implement numerically. In Carleman’s variables the integration over spheres in the collision term is replaced by integration over planes in R^3. This allows us to reduce the problem of convergence to studying distribution of integer points on planes. The solution of the latter problem can be formulated in terms of linear Diophantine equations. Thus, the solution of the problem is obtained by a much lesser effort than in the case of spheres. The usefulness of the Carleman transformation in application to discrete-velocity models was also noticed previously by Wennberg and Golse [37], who studied a two-dimensional model analogous to ours. We notice that convergence of the present model (as well as the model [17]) in two dimensions is still an open question: our method works only in dimensions three or higher.

The main results of the paper are as follows: we prove the consistency (that is, the convergence of the collision operator for smooth distribution functions) in Section 3. We also prove the error estimates with bounds from O(h^{1/4}) to O_ε(h^{1−ε}) for distribution functions from the classes C^m with m ≥ 1 and with compact support. We then pass to the analysis of convergence of solutions in Section 4. We use a finite volume reformulation of the model analogous to the one by Mischler [23] and prove the weak L^1 convergence of approximations to a renormalized solution of the Boltzmann equation. In Section 5 we present the results of numerical computations for a space homogeneous problem.

We consider the Boltzmann collision integral for a monoatomic gas in the following form:

Q(f, f)(ξ) = � R^3 � S^{(2)} � f(ξ^′) f(η^′) − f(ξ) f(η) � B(ξ − η, ω) dω dη. (1.2)

Here ξ^′ = ξ −ω(ω ·(ξ −η)) and η^′ = η +ω(ω ·(ξ −η)) are the velocities after the collision of particles with velocities ξ and η, and ω is the angular parameter of the collision.

The function B(u, ω), called the collision kernel, is assumed to be of the form B(u, ω) = b(|u|, cos ϑ), cos ϑ = |u · ω|/|u|.

The exact form of this function is determined by the nature of the particle interactions, and the Boltzmann equation is usually studied under rather general assumptions about the function B. Typical examples of collision kernels are kernels of inverse power interactions with angular cut-off:

b(r, x) = r^γ a(x), (1.3)

where −3 < γ ≤ 1 and a is a function in L^1[0, 1]. In particular, the classical case of “hard sphere” particles corresponds to b(r, x) = crx, c being a constant.

In discrete-velocity models it is assumed that the velocities of the particles belong to a finite set V = {ξ_i}^N_{i=1} ⊆ R^3. Thus, the distribution function f(ξ, x, t) is replaced by an approximation f_i(x, t), ξ_i ∈V . The values of f_i are determined from the following system of equations:

∂f_i ∂t + ξ_i · ∇f_i = Q_i(f, f), (x, t) ∈ D ⊆ R^3 × R, ξ_i ∈ V, (1.4)

Q_i(f, f) = � jkl A^{kl}_{ij} (f_kf_l − f_if_j ), (1.5)

where the summation is taken over all indices corresponding to the discrete velocities in V . The coefficients A^{kl}_{ij} are assumed to be constants, and have the meaning of the rates of collisions that transform the pair of velocities (ξ_i, ξ_j) into (ξ_k, ξ_l).

It is known from the theory of DVMs [16] that if the coefficients A^{kl}_{ij} satisfy the symmetry relations

A^{kl}_{ij} = A^{lk}_{ji}, A^{kl}_{ij} = A^{ij}_{kl}, (1.6)

and also if the momentum ξ_i and the energy^1_2 |ξ_i|^2 are collision invariants:

ξ_i + ξ_j = ξ_k + ξ_l and |ξ_i|^2 + |ξ_j|^2 = |ξ_k|^2 + |ξ_l|^2, if A^{kl}_{ij} ≠ 0, (1.7)

then the following discrete analogues of the conservation laws and the entropy condition hold: � i Q_i(f, f) � � 1 ξ_i |ξ_i|^2

� � = 0; � i Q_i(f, f) log f_i ≤ 0. (1.8)

Another important formal property concerns with the structure of the collision invariants. We require that the model has no other collision invariants than the classical ones of mass, momentum vector and energy. In other words, the only vectors ψ_i for which one has

ψ_i + ψ_j = ψ_k + ψ_l if A^{kl}_{ij} ≠ 0. (1.9)

are 1, ξ_i, |ξ_i|^2 and their linear combinations. For models with the above property the term normal was introduced by C. Cercignani [12]. The only possible equilibrium states of normal models are discrete Maxwellians [16], which is an important property from both theoretical and numerical points of view. Notice that the normality of a model is determined only by the distribution of the non-zero coefficients in the matrix A^{kl}_{ij} , and otherwise does not depend on their values.

2 The discrete-velocity model

In this section we construct a DVM that satisfies (1.6)–(1.9) and which will be the base for the convergence analysis in Sections 3 and 4. We formulate our model in general dimension d ≥ 2. We will then consider the case d = 3 when proving consistency of the model.

We choose the discrete-velocity space V as a part of the regular cubic grid:

hZ^d = {hi | i = (i_1, . . . , i_d) ∈ Z^d}.

It is then convenient to index the velocities by integer vectors i = (i_1, . . . , i_d). To obtain (1.7) we can simply set A^{kl}_{ij} = 0 if either of the conditions

i + j = k + l, |i|^2 + |j|^2 = |k|^2 + |l|^2 (2.1)

is not satisfied.

A choice of V that is natural for constructing a numerical method is taking all velocities inside a bounded set, say a cube or a sphere of a given (large) size. However, to analyse the convergence it is simpler to consider the infinite DVM with V = V_h = hZ^d.

Moreover, as noticed by Buet [9], if the bounded set used for truncating V satisfies certain symmetry conditions, the truncated DVM inherits the properties (1.6)–(1.9) from the infinite one. Therefore, we will study the consistency problem for the infinite DVM, and return to the models with finite number of velocities in Section 4.

The general approach of [7, 31, 22] for proving convergence of discrete collision terms is to view them as multidimensional quadrature formulas for the integral (1.2). To outline the difficulties that then arise we notice that for fixed i and j (pre-collisional velocities) equations (2.1) imply that k and l (post-collisional velocities) lie on a sphere of diameter |i − j|. Thus, a straightforward approach requires that the integral over the sphere in the collision term is approximated by using points with integer coordinates, which leads to difficult number-theoretical problems [7]. An alternative approach developed by Schneider et al. [31, 22] avoids these difficulties, but it still requires approximating integrals over spheres.

The motivation for introducing the present model is to to show that the problem of convergence can be solved without invoking integration over spheres. The key idea is to use the transformation of velocities that was introduced by Carleman [11]. It can be described as follows: If we fix in equations (2.1) one pre-collisional velocity, say i, and one post-collisional, say k, then the remaining two velocities lie on the planes (hyperplanes of codimension one) perpendicular to i − k. This can be shown easily by rewriting equations (2.1) in the following equivalent form:

j = k + l − i, (k − i) · (l − i) = 0. (2.2)

To obtain an analogous transformation of the collision term we perform the change of variables

(η, ω) → (ξ^′, η^′) = � ξ − ω(ω · (ξ − η)), η + ω(ω · (ξ − η)) � . We see that for fixed values of ξ and ξ^′, η^′ runs twice over the plane E_{ξξ}′ that passes through ξ and is perpendicular to ξ − ξ^′, as ω runs over the unit sphere. It is convenient to modify the new variables as follows:

u = ξ^′ − ξ, w = η^′ − ξ.

We also use the notation E_u for the plane through the origin perpendicular to the vector u. Thus, we obtain the following form of the bilinear collision integral (cf. Carleman [11]):

Q(f, g)(ξ) = � R^d � E_u

(f(ξ + u)g(ξ + w) − f(ξ)g(ξ + u + w))B^c(u, w) dw du, (2.3)

where B^c(u, w) = 2 |u|^{−2} b �√ u^2 + w^2, |u| √ u^2 + w^2 � . (2.4)

Fixing two functions f and g we denote the integrand in (2.3) by F (ξ, u, w) and also denote G(ξ, u) = � E_u

F (ξ, u, w) dw, (2.5)

so that Q(f, g)(ξ) = � R^d

G(ξ, u) du. (2.6)

For the integral (2.6) we apply the multidimensional rectangle rule, obtaining formally:

Q(f, g)(ξ) ≈ h^d � k∈Z^d

G(ξ, u_k). (2.7)

Now for each ξ and u ∈ V_h we approximate the integral (2.5) by using the values of w at those discrete points that lie on the planes E_k. For each k fixed, the intersection of V_h with the plane E_k is a two-dimensional lattice:

V_h ∩ E_k = � hl ∈ hZ^d � k · l = 0 � = hL_k, (2.8)

where L_k = � l ∈ Z^d � � k · l = 0� . (2.9)

We see that the lattice (2.9) is the set of solutions of a linear Diophantine equation k · l = 0. Every such lattice has a basis e_1, . . . , e_{d−1}, such that

L_k = {e_1m_1 + · · · + e_{d−1}m_{d−1} � e_1, . . . , e_{d−1} ∈ Z^d, m_1, . . . , m_{d−1} ∈ Z},

where the vectors e_1, . . . e_{d−1} are linearly independent as vectors of R^d [19]. This leads to the following approximation of the integral (2.5) by a lattice quadrature formula (which can be viewed as a generalization of the rectangle rule): �

E_k

F (ξ, u_k, w) dw ≈ h^{d−1}Δ_k � l∈L_k

F (ξ, u_k, w_l). (2.10)

Here Δ_k = det(L_k) is the volume of the parallelepiped spanned by the vectors e_1, . . . , e_{d−1} (such a parallelepiped is called a fundamental cell of the lattice). Although the basis of a lattice can be chosen in different ways, the value of Δ_k does not depend on this choice [19]. We also have the following explicit expression for Δ_k [32]:

Δ_k = |k|/g(k). (2.11)

Here g(k) denotes the greatest common divisor of the components of the vector k. Combining (2.7) and (2.10) we obtain the formal approximation:

Q(f, g)(ξ_i) ≈ Q_{h,i}(f, g) = h^{2d−1} � k∈Z^d

Δ_k � l∈L_k

B^c_{jk}

×(f(ξ_i + u_k) g(ξ_i + w_l) − f(ξ_i) g(ξ_i + u_k + w_l)). (2.12)

Here we set B^c_{jk} = B^c(u_k, w_l). The sum in (2.12) can be rewritten in the form (1.5) by performing simple manipulations with indices. The coeffiecients A^{kl}_{ij} are then given by the following formula:

A^{kl}_{ij} = h^{2d−1}Δ_{k−i}B^c_{k−i,l−i}χ^{kl}_{ij} , (2.13)

where χ^{kl}_{ij} is the indicator function that equals one if equations (2.2) are satisfied, and zero otherwise. (The right-hand side of (2.13) is not defined when k = i, so we set A^{kl}_{ij} = 0 in that case.)

The properties of the model can be formulated in the following Theorem:

Theorem 2.1 The discrete-velocity model (1.4), (1.5) with the coefficients A^{kl}_{ij} defined by (2.13) satisfies the discrete mass, momentum, and energy conservation relations and the entropy property (1.8). The model has no other collision invariants than linear combinations of 1, ξ_i and |ξ_i|^2.

Proof: Using (2.13) the symmetries (1.6) are easily verified. Because of the equivalence of equations (2.1) and (2.2), we can also get (1.7) and (1.8). The last statement of the Theorem can be proved along the lines of Buet [9] or Rogier and Schneider [31]. □

3 Convergence of the discrete collision opera- tor In this section we formulate and prove the main results about the formal consistency of the DVM with the Boltzmann equation. To simplify the presentation we consider only the case of a three-dimensional velocity space (d = 3). It is easy to see from the proofs that similar results could be obtained for each d ≥ 3 (but not for d = 2). The first theorem deals with the case when the arguments of the the coliision operator are smooth and compactly supported functions. In this case we are able to prove estimates for the rate of convergence of the approximation.

Theorem 3.1 Assume that the kernel B^c, defined by (2.4) satisfies the following condition:

B^∗(u, w) = |u|^βB^c(u, w) ∈ C^m(P),

for some 0 ≤ β < 3 and m ≥ 1. Here

P = {(u, w) ∈ R^3 × R^3 | u · w = 0},

equipped with the metric (|u|^2 +|w|^2)^{1/2}. Take f and g ∈ C^m(R^3), with compact support. Then, for sufficiently small h,

|Q(f, g)(ξ_i) − Q_{h,i}(f, g)| ≤ Ch^r,

where r = min � m m + 3

, β, m/ � m + 3 +^{β−m}_{m+3−β} � , and the constant C does not depend on h and ξ_i.

Remarks: i) The assumption on B^c appears to be a natural one as soon as the functions in (2.6) and (2.5) are required to be integrable and smooth except at u = 0. It is satisfied for “hard sphere” particles with β ≥ 1 and any m ≥ 1 (in this case B^c(u, w) = C|u|^{−1}). ii) The third term in the expression for the exponent r can be omitted when m ≥ 3. iii) In this Theorem, as well as everywhere below, the assumption of C^m-regularity can be easily relaxed to Lipschitz differentiability (Lipschitz continuity, if m = 1). iv) In the case of “hard spheres” and C^∞-integrands the Theorem states that the accuracy of the DVM approximation is O_ε(h^{1−ε}) for any ε > 0.

Based on the result of Theorem 3.1 we can extend the class of functions for which the discrete collision sums can be proved to converge to the Boltzmann operator. We consider the spaces C_r(R^3) of bounded continuous functions with polynomial decay at infinity, equipped with the norms

‖f‖_r = sup_{ξ∈R3} |f(ξ)⟨ξ⟩^r|,

where ⟨ξ⟩ = (1 + ξ^2)^{1/2}. We also consider the discrete norms where the supremum is taken over ξ_i ∈ V_h, that we also denote by ‖f‖_r abusing the notation. We then have the following:

Theorem 3.2 Let the collision kernel B^c, as defined by (2.4), be such that |u|^2B^c(u, w) ∈ C(P), and for some γ > 0 the following condition is satisfied:

sup_{ρ,ϑ} b(ρ, cos ϑ) ⟨ρ⟩^{−γ} = λ < +∞.

Take f and g ∈ C_r(R^3). Then for all ε > 0

‖Q(f, g)(ξ_i) − Q_{h,i}(f, g)‖_{s−ε} → 0 as h → 0,

where s = r − γ − 1.

Remark: The appearance of the exponent s = r −γ −1 is due to the fact that we are only able to prove that Q_{h,i} decays as ⟨ξ_i⟩^{−s} at infinity (Lemma 3.5). It is possible that a stronger estimate with s = r − γ is in fact true; however the present result is sufficient for the purposes of proving convergence in Section 4. Proof of Theorem 3.1: It is convenient to introduce the function

F^∗(ξ, u, w) = (f(ξ + u)g(ξ + w) − f(ξ)g(ξ + u + w))B^∗(u, w). (3.1)

By assumptions of the Theorem, F^∗ is a function in C^m(R^3 × P). Also if supp f ∈ B(0, R), we have by simple geometrical arguments:

supp F^∗(·, u, w) ∈ B(0, R^∗), and supp F^∗(ξ, ·, ·) ∈ B(0, R^∗),

where R^∗ = R √ 2. This means that the discrete collision sums include only a finite number of terms. The error of the DVM approximation can be then represented as follows: � Q(f, g)(ξ_i) − Q_{h,i}(f, g) � = � � � R^3

|u|^{−β} � E_u

F^∗(ξ_i, u, w) du dw

− h^5 � k∈Z^3, k≠0

|u_k|^{−β} Δ_k � l∈L_k

F^∗(ξ_i, u_k, w_l) � � �

≤ � � � |k|≤R^∗/h

S_k(ξ_i, h | G) � � + � � � 0<|k|≤R^∗/h

h^3 R_k(ξ_i, h | F^∗) � � = S + R, (3.2)

where

R_k(ξ, h | F^∗) = |u_k|^{−β} � � E_k

F^∗(ξ, u_k, w) dw −h^2Δ_k � l∈L_k

F^∗(ξ, u_k, w_l) � , S_k(ξ, h | G) = � C_k

G(ξ, u) du −h^3 G(ξ, u_k)

Here C_k is the cube with the side length h centered at u_k, and E_k, L_k, and G are as defined in the previous Section (we can set G(ξ, 0) equal zero to avoid complications in the notations). Now, the term R represents the total error due to the discretization of the plane integrals, and S can be viewed as the error of the three-dimensional rectangle formula applied to the function G.

The further proof is based on Lemmas 3.1–3.4 given below. To estimate each of the R_k-terms we use a standard approach, subdividing the plane E_k into cells obtained by translating the fundamental cell into each point of the lattice.

We then obtain an estimate for the R-term by collecting the estimates for each cell and using Lemma 3.2. An analogous estimate for the S-term is obtained in Lemma 3.4. The following lemma is a standard tool for estimating errors of numerical integration. It can be obtained by a straightforward application of the classical result due to Bramble and Hilbert (see [14, Theorem 4.1.3]; cf. also [30, Theorem 3.1]).

Lemma 3.1 Let A_{k,h} be the linear mapping that transforms the fundamental cell of the lattice hL_k into the unit square in R^2, and let ‖A_{k,h}‖ denote the norm of this mapping. Then

|R_k(ξ, h | F^∗)| ≤ C|u_k|^{−β}‖A_{k,h}‖,

where C only depends on F^∗, and does not depend on k, h, or ξ.

A direct application of Lemma 3.1 to estimating the R-term would require taking the sum over all k. The problem that we then have to deal with is that ‖A_{k,h}‖ (which is essentially the linear size of the fundamental cell) does not tend to zero uniformly as h → 0. This can be seen easily by taking k = (k_1, k_2, 0), where k_1 and k_2 are relatively prime, and so that |k| is “large” (on the order of R^∗/h). For such k, the linear size of the fundamental cell is on the order of R^∗. Therefore, we need an argument that could be used to show that this kind of situation is untypical, and that ‖A_{k,h}‖ converges to zero in a certain average sense.

Lemma 3.2 Let a ∈ Z^d and consider the linear Diophantine equation a·x = 0. Then there exists a basis of solutions {e_1, . . . , e_{d−1}}, called reduced basis, such that |e_1| . . . |e_{d−1}| ≤c_d |a|,

where c_d is a constant that depends only on the dimension d.

Proof. Let L_a be a lattice of solutions to the equation a · x = 0. Hermite’s theorem [19, p.71] states that there is a basis {e_1, . . . , e_{d−1}}, such that

|e_1| . . . |e_{d−1}| ≤c_d det(L_a), (3.3)

where det(L_a) is the determinant of the lattice. Since the determinant of the lattice is given by formula (2.11) the Lemma is proved. □

Remark: As an easy consequence of the Lemma we obtain the inequality

|e_i| ≤ k_d|a|, i = 1 . . . d − 1.

Using it we can get a “worst case” estimate for the norm of A_{k,h}:

‖A_{k,h}‖ ≤ c^′_dh|k| = c^′_d|u_k|, (3.4)

where c^′_d is a constant that depends on the dimension.

In the proof of next lemma we show using the bound of Lemma 3.2 that in fact “for most k” one gains a factor of h to a certain power in the above estimate.

Lemma 3.3 Let F^∗ be a C^1 function with compact support. Then, for sufficiently small h, � � � � k∈Z^3, k≠0

h^3 R_k(ξ, h | F^∗) � � � ≤ Ch^r,

where r = min �1 4 , 1/ � 4 +^{2−β}_{1+β} � . Here the constant C depends only on F^∗, and does not depend on h or ξ.

Proof. Since the function F^∗ has compact support, the sum is in fact taken over a finite set A_h = � k ∈ Z^3 � � |k| ≤ N�, where N = R∗/h. For each k ∈ A_h

take {e^{(k)}_1 , e^{(k)}_2 }, a reduced basis of the lattice L_k. Let e^{(k)}max and e^{(k)}_{min} be the basis vectors with maximal and minimal Euclidean norms, respectively. For each 0 < α < 1 define the set B_h = � k ∈ A_h � |e^{(k)}_{min}| ≥ |k|^α � . By Lemma 3.2 for each k ∈ B_h we have the inequality:

|e^{(k)}_{max}| ≤ c_3|k|^{1−α}.

This translates into the following bound for the norm of A_{k,h}:

‖A_{k,h}‖ ≤ 2h|e^{(k)}_{max}| ≤ c^′_3|u_k|^{1−α}h^α,

which allows us to estimate the sum over all k ∈ B_h: � � � k∈B_h

h^3 R_k(ξ, h | F^∗) � � ≤ Ch_α �

k∈B_h

h^3|u_k|^{−β+1−α}

≤ Ch^α � |u|≤R

|u|^{−β+1−α} du ≤ Ch^α.

To estimate the sum over the complement of B_h we can use the “worst case” bound (3.4) for ‖A_{k,h}‖ and estimate the number of terms in the sum. We have

A_h \ B_h ⊆ � k ∈ A_h � |e^{(k)}_{min}| < N^α

�_{def} = D_h.

To estimate the number of points in D_h we notice that N( � j ∈ Z^3 � � |j| ≤ n�) ≤ An^3, (3.5)

and for every k, N(E_{uk} ∩ � j ∈ Z^3 � � |j| ≤ n�) ≤ Bn^2, (3.6)

where N denotes the number of elements in the set, and the constants A and B do not depend on k. Using (3.5) and (3.6) we conclude that the number of different vectors e^{(k)}_{min} satisfying the inequality |e^{(k)}_{min}| < N^α is estimated as AN^{3α}, and the number of vectors k ∈ A_h on each plane � k ∈ Z^3 � e^{(k)}_{min} · k = 0 � is estimated as BN^2. This yields

N(D_h) ≤ CN^{2+3α}.

If β ≤ 1 we obtain � � � � k∈D_h

h^3 R_k(ξ, h | F^∗) � � � ≤ C � k∈D_h

h^3 |u_k|^{−β+1}

≤ Ch^3(R^∗)^{−β+1} � R^∗ h �_{2+3α} = Ch^{1−3α}.

By letting α =^1_4 we obtain the estimate C(F )h^{1/4} for both parts of the sum over A_h. If β > 1, then |u_k|^{−β+1} is unbounded on D_h, and the contributions of “large” and “small” k should be considered separately. For this purpose let us take a constant 0 < σ < 1, and split the above sum in the following way: � k∈D_h

h^3|u_k|^{−β+1} ≤ � k≤N^{1−σ}

h^3|u_k|^{−β+1} + � N1−σ ≤k≤N

k∈D_h

h^3|u_k|^{−β+1}

≤ C � |u|≤(R^∗)^{1−σ} h^σ

|u|^{−β+1} du + h^3 � R^∗ h �_{2+3α} max N^{1−σ} ≤k≤N

|u_k|^{−β+1}

≤ C(R^∗) � h^{σ(4−β)} + h^{1−3α−σ(1−β)} � . Thus, if σ = α/(4 − β), and α = 1/ � 4 +^{β−1}_{4−β} � , we find � � � � k∈D_h

h^3 R_k(ξ, h | F^∗) � � � ≤ Ch^α.

By combining the estimates for B_h and D_h, we complete the proof of the lemma. □

Remark. For functions F^∗ from the class C^m with m ≥ 2 the estimate of Lemma 3.3 can be improved. Arguing along the lines of [30] we obtain that the bound of Lemma 3.1 can be changed to

|R_k(ξ, h | F^∗)| ≤ C|u_k|^{−β}‖A_{k,h}‖^m.

By applying this inequality in the proof of Lemma 3.3, we find that for m = 2 the exponent r can be improved to r = min

�_2 5 , 2/ � 5 +^{β−2}_{5−β} � , and for m ≥ 3 we obtain r =^m_{m+3} .

Now to complete the proof of Theorem 3.1 we need an estimate for the S-term in (3.2). Such an estimate is provided by next lemma.

Lemma 3.4 Under the assumptions of Theorem 3.1 we have � � � � k∈Z^3

S_k(ξ, h | G) � � � ≤ Ch^r,

where r = min(1, 3 − β). Here the constant C depends on the function F^∗, but not on ξ or h.

Proof: The function G(ξ, u) is supported in B(0, R^∗) × B(0, R^∗), and its Lipschitz constant over each cube C_k can be estimated as

C max_{Ck} |u|^{−1−β}

by using the following inequality:

|G(ξ, u) − G(ξ, u^′)| ≤ C|u|^{−1}(|u|^{−β} + |u^′|^{−β})|u − u^′|, u, u^′ ≠ 0,

that can be proved by a direct calculation. We then obtain by arguing along the lines of Raviart [30]: � � � � k∈Z^3

S_k(ξ, h | G) � � � ≤ � |k|≤R^∗/h � � � � C_k

G(ξ, u) du − h^3 G(ξ, u_k) � � � ≤ � C_0

G(ξ, u) du + Ch � 0<|k|≤R^∗/h

h^3 max_{Ck} |u|^{−1−β}. (3.7)

The integral over C_0 is bounded as C � C_0

|u|^{−3+β} du ≤ C � C_0

|u|^{−β} du = C_1h^{3−β}.

Standard arguments show that the last sum in (3.7) is bounded by C_2h^r, so the estimate of the lemma follows. □

The proof of Theorem 3.1 is now complete. To prove Theorem 3.2 we need the following stability result in the spaces C_r.

Lemma 3.5 Under the assumptions of Theorem 3.2, for all f and g ∈ C_r(R^3) with r > 3 + γ, we have

‖Q_h(f, g)‖_{r−1−γ} ≤ C λ ‖f‖_r‖g‖_r

where λ = sup_{ρ,x} b(ρ, x) ⟨ρ⟩^{−γ} and the constant C depends on r, but not on f,

g or h.

Proof. The kernel B^c can be estimated as follows:

B^c(u, w) ≤ 2λ|u|^{−2} �√ u^2 + w^2

�_γ ≤ 2λ|u|^{−2} � ⟨u⟩^γ + ⟨ξ⟩^γ + ⟨ξ + w⟩^γ � . Due to the homogeneity of Q_h, it suffices to estimate^1_λ Q_h(⟨·⟩^{−r}, ⟨·⟩^{−r}). The “gain” and “loss” terms Q^+_h and Q^−_h can be dealt with separately. We give the proofs only for the Q^+_h term; the estimates for Q^−_h can be obtained in the same way. It is sufficient to consider only the terms corresponding to the first term in the above estimate of B^c, the other two being similar. Thus, the problem comes down to estimating expressions like

h^3 � ξ^′∈V_h

⟨ξ^′⟩^{−r}|ξ^′ − ξ|^{−2}⟨ξ^′ − ξ⟩^γ h^2Δ_k � η^′ ∈ξ+hL_k

⟨η^′⟩^{−r}, (3.8) where k = (ξ^′ − ξ)/h. For any monotonically decreasing function φ(x) defined on [0, ∞), we have: h ∞� n=0 φ(hn) ≤ hφ(0) +

�_∞ 0 φ(x) dx.

Accordingly, the inner sum over the lattice points in (3.8) can be estimated as follows:

h^2Δ_k � η^′∈ξ+hL_k

⟨η^′⟩^{−r} ≤ 2 h^2Δ_k max_{ξ+Eξ′−ξ} ⟨η^′⟩^{−r}

+ 2 max(|e_1|, |e_2|) sup_{l⊆ξ+E}

ξ′−ξ � l ⟨η^′⟩^{−r} dη^′ + � ξ+E_ξ′_{−ξ}

⟨η^′⟩^{−r} dη^′

≤ 2h|ξ^′ − ξ|⟨η^′_{max}⟩^{−r} + c_1|ξ^′ − ξ|⟨η^′_{max}⟩^{−r+1} + c_2⟨η^′_{max}⟩^{−r+2}, (3.9)

where the supremum is taken over all lines l on the plane ξ + E_ξ′_{−ξ} passing through the point ξ, and η^′_{max} is the point where ⟨η^′⟩^{−r} attains its maximum on the plane ξ + E_ξ′_{−ξ}. From the collision geometry, |η^′_{max}| = |ξ| cos θ, where θ is the angle between ξ and ξ^′ − ξ. The calculations for the three terms in the estimate (3.9) are performed in a similar way. Therefore, we confine ourself to considering the second term in (3.9). We set E(ξ, ξ^′) = ⟨ξ^′⟩^{−r}|ξ^′ − ξ|^{−1}⟨ξ^′ − ξ⟩^γ ⟨|ξ| cos θ⟩^{−r+1}, and use the estimate [30] � �h_3 �

ξ^′∈V_h

E(ξ, ξ^′) − � R^3

E(ξ, ξ^′) dξ^′ � � ≤ Ch � R^3

|∇_ξ′ E(ξ, ξ^′)| dξ.

Thus, to estimate the sum over ξ^′ ∈ V_h one needs only the bounds for � E(ξ, ξ^′) dξ^′ and � |∇_ξ′ E(ξ, ξ^′)| dξ^′. We split the integration over ξ^′ into two parts: � R^3

E(ξ, ξ^′) dξ^′ = � {| cos θ|>^1_2 } + � {| cos θ|≤^1_2 } . For the first integral on the right hand side, we have � {| cos θ|>^1_2 }

⟨ξ^′⟩^{−r}|ξ^′ − ξ|^{−1}⟨ξ^′ − ξ⟩^γ ⟨|ξ| cos θ⟩^{−r+1} dξ^′

≤ 2^{(r−1)/2}⟨ξ⟩^{−r+1} � R^3

⟨ξ^′⟩^{−r}|ξ^′ − ξ|^{−1}⟨ξ^′ − ξ⟩^γ dξ^′ ≤ C_r⟨ξ⟩^{−r+γ}.

For the second one, using the spherical coordinates ξ^′ − ξ = ρω, we get � {| cos θ|≤^1_2 }

⟨ξ^′⟩^{−r}|ξ^′ − ξ|^{−1}⟨ξ^′ − ξ⟩^γ ⟨|ξ| cos θ⟩^{−r+1} dξ^′

≤ 4π2^{(r−1)/2}

�_∞ 0 ρ⟨ρ⟩^γ (|ξ| + ρ)^{−r}dρ

� 1_2 0 ⟨|ξ|x⟩^{−r+1}dx ≤ C_r |ξ| �_∞ 0 ρ⟨ρ⟩^γ (|ξ| + ρ)^{−r}dρ ≤ C_r⟨ξ⟩^{−r+γ+1}.

We get the estimate for the integral of the gradient norm with the same exponent by using the same arguments. The estimate of the lemma then follows. □ Proof of Theorem 3.2: Take two functions f and g ∈ C_r(R^3). There are sequences of smooth functions with compact support f_n and g_n such that ‖f_n − f‖_{r−ε} and ‖g_n − g‖_{r−ε} → 0. Also, take a sequence B^c_n such that |u|^2B^c_n(u, w) is smooth and � �|u|2� � |u|^2 + |w|^2

�_{−γ} (B^c_n − B^c) � �_{L∞} → 0. Then

‖Q_h(f, g) − Q(f, g)‖_{s−ε} ≤ ‖Q_h(f, g) − Q_h(f_n, g_n)‖_{s−ε} +‖Q_h(f_n, g_n) − Q(f_n, g_n)‖_{s−ε} + ‖Q(f_n, g_n) − Q(f, g)‖_{s−ε}.

The second term on the left-hand side converges to 0 for every fixed n, and the other two converge to 0 as n → ∞ uniformly in h, which proves the statement of the Theorem.

4 Convergence to the solutions of the Boltzmann equation

To study the convergence of solutions to discrete-velocty models we first need to make more precise the way in which the distribution function f is approximated by solutions f_i of the DVMs. In doing this we follow the aprroach of S. Mischler [23] and use the following finite-volume approximation. The velocity space R^3 is split into cubes C_i centered at the points of V_h. The distribution function is approximated by the function f_h, piecewise constant in ξ:

f_h(ξ, x, t) = � i f_i(x, t)χ_{Ci} (ξ).

The functions f_i(x, t) are determined from the system of equations (1.4). It is convenient to rewrite this system as a single Boltzmann-like equation for the function f_h:

∂f_h ∂t + v_h(ξ) · ∇_xf_h = Q_h(f_h, f_h) (4.1) = � � f_h(ξ^′)f_h(η^′) − f_h(ξ)f_h(η) � B_h(ξ, η, ξ^′, η^′) dη dξ^′ dη^′,

where v_h(ξ) = � i ξ_iχ_{Ci} (ξ), and the kernel B_h is given by

B_h(ξ, η, ξ^′, η^′) = h^{−9} � ijkl

A^{kl}_{ij} χ_{Ci×Cj ×Ck×Cl} (ξ, η, ξ^′, η^′). (4.2)

We can truncate “large” velocities in the model by defining for each R > 0 a new collision kernel B^R_n as follows:

B^R_n (ξ, η, ξ^′, η^′) = χ_RB 1_n (ξ, η, ξ^′, η^′) (4.3) where χ_R is the indicator function of the set {|ξ| < R, |η| < R, |ξ^′| < R, |η^′| < R}. This yields a model with finite number of velocities. The same result is obtained by truncating the discrete-velocity space V_h in equations (1.4).

Now the question can be studied whether solutions f_h converge to solutions of the Boltzmann equation as h → 0 and R → ∞. We study this question in the setup of the Cauchy problem for the inhomogeneous Boltzmann equation, when the existence of renormalized solutions is guaranteed by the result of DiPerna and Lions [15]. There are two major problems that we have to tackle. The first one is common for all DVMs: there is no proof of global existence for an equation of type (4.1). One of the reasons for this is that the averaging techniques used in [15] do not apply to the discrete transport operators (4.1). We can get round this difficulty in a fashion similar to [23] by considering the following modified DVM:

∂f_h ∂t + v_h(ξ) · ∇_xf_h = G_δ(ρ) Q_h(f_h, f_h), (4.4)

where G_δ(ρ) = (1 + δρ)^{−1}, δ > 0, and ρ = � R^3

f_δ dξ.

We can then try to prove that solutions of (4.4) converge to f as n → 0, R = R_n → ∞ and δ = δ_n → 0. The second difficulty that arises is specific to our model. Namely, it is known that the Boltzmann collision operator with a kernel B truncated so that B ≤ K satisfies the following estimate in L^1(R^3_ξ ):

‖Q(f, g)‖_L1 ≤ C_K ‖f‖_L1 ‖g‖_L1 .

Surprisingly, such an estimate for Q_h, uniformly in h, does not appear to be available. This can be illustrated by the following computation that we show for the “gain” part of the collision operator for “hard spheres”, to simplify the formulas. Taking f and g nonnegative we have:

‖Q^+_h (f, g)‖_L1_ξ = � dξ^′ f(ξ^′) � dη^′ g(η^′) � dξ B_h(ξ, η, ξ^′, η^′) = � dξ^′ f(ξ^′) � dη^′ g(η^′) � kl χ_{Ck} (ξ^′)χ_{Cl} (η^′) � i∈S_{kl} h 1 g(k − i)

(4.5)

Here S_{kl} denotes the set of integer points falling on the sphere that has the vector k−l as the diameter. Estimating the factor 1/g(k−i) by one (g(k−i) = 1 for all vectors with relatively prime components) leads to the expression h|S_{kl}|, where |S_{kl}| is the number of points on the integer sphere, that is known to be unbounded [7]. Therefore, to be able to control the L^1-norm of Q_h we have to introduce the following truncation:

B_{R,n,α}(ξ, η, ξ^′, η^′) = χ_αB_{R,n}(ξ, η, ξ^′, η^′) (4.6)

where χ_α is the characteristic function of the set {|S_{kl}| < αn}. Notice that such a truncation preserves the symmetries of the equations, so (1.6)–(1.9) still hold.

Now taking an initial datum f^{(0)} ≥ 0 such that � f^{(0)}(ξ, x) � 1 + |ξ|^2 + |x|^2 + log f^{(0)}(ξ, x) � dx dξ ≤ C,

we can consider the Cauchy problem for the Boltzmann equation (1.1) and also the following approximated problem:

∂f_δ ∂t + ξ · ∇_xf_δ = G_δ(ρ) Q_δ(f_δ, f_δ),

f_δ(ξ, x, 0) = f^{(0)}_δ (ξ, x),

where Q_δ is the collision operator (1.2) with the regularized kernel:

B_δ(ξ, η, ω) = min �1 δ , B(ξ − η, ω) χ_{{δ≤|ξ−ξ}′_{|≤|ξ−η|≤1/δ}} � ∗ μ_δ(ξ, η, ω),

and f^{(0)}_δ is as follows:

f^{(0)}_δ = f^{(0)}χ_{{|ξ|<1/δ}} ∗ μ_δ(ξ, x) + δ exp � − |x|^2 − |ξ|^2 � . Here μ_δ denotes a C^∞-mollifier that approximates the delta-function at zero as δ → 0.

We consider the DVM given by the equation (4.4) with h =^1_n and the discrete kernel B_n = B_{R,n,δ,α} obtained from B_δ(ξ, η, ω) according to (2.13), (4.2), (4.3), and (4.6). The following approximation of f^{(0)} can be taken as the initial datum in the Cauchy problem for the DVM:

f^{(0)}_{δn} = � i χ_{Ci} (ξ) � C_i

f^{(0)}_δ (η, x) dη. (4.7)

The convergence of solutions to the DVM is established in the following theorem.

Theorem 4.1 There are sequences δ_n → 0, α_n → ∞ and R_n → ∞, such that the sequence f_n = f_{Rn,n,δnαn} of solutions to the DVM (4.4) with the initial data (4.7), converges weakly in L^1 along a subsequence of n → ∞, to f which is a renormalized solution of the Cauchy problem for the Boltzmann equation (1.1) with the initial datum f^{(0)}.

Proof: First, we notice that the existence of global in time solutions to the DVM (4.4) is guaranteed by a contraction argument, similar to the one used in [15]. We prove that for every fixed δ > 0, T > 0, and for every ε > 0, we can take α > 0, R > 0 such that sup t∈[0,T ]

‖f_{R,n,δ,α} − f_δ‖_L1_{(R}3_{x×R}3_{ξ )} < ε, (4.8)

for an infinite subsequence of n. From this and the result of DiPerna and Lions [15], which says that f_δ → f weakly in L^1, the statement of the theorem follows by a diagonalization argument.

To shorten notation we denote by F the solutions f_{R,n,δ,α} to the DVM. The notation ~Q_δ will be used for the operator G_δ(ρ)Q_δ , and analogously, ~Q_{R,n,δ} is used for the discrete collision operators with G_δ(ρ_n) factors. Integrating the equations along characteristics we obtain:

f_δ(ξ, x, t) − F (ξ, x, t) = f^{(0)}_δ (ξ, x) − f^{(0)}_{δn} (ξ, x) + �_t 0 � ~ Q(f_δ, f_δ)^♯ − ~Q_{R,n,δ}(F, F )^{♯n} � ds = I_0 +

�_t 0 I_1 ds +

�_t 0 I_2 ds +

�_t 0 I_3 ds +

�_t 0 I_4 ds +

�_t 0 I_5 ds. (4.9)

Here the symbol^♯ denotes the argument (ξ, x − ξs, s), and^{♯n} denotes (ξ, x − v_n(ξ)s, s). We have also

I_0 = f^{(0)}_δ (ξ, x) − f^{(0)}_{δn} (ξ, x), I_1 = ~Q_δ(f_δ, f_δ)^♯ − ~Q_δ(f_δ, f_δ)^{♯n}, I_2 = ~Q_δ(f_δ, f_δ)^{♯n} − ~Q_{n,δ}(f_δ, f_δ)^{♯n}, I_3 = ~Q_{n,δ}(f_δ, f_δ)^{♯n} − ~Q_{n,δ,α}(f_δ, f_δ)^{♯n}, I_4 = ~Q_{n,δ,α}(f_δ, f_δ)^{♯n} − ~Q_{R,n,δ,α}(f_δ, f_δ)^{♯n}, I_5 = ~Q_{R,n,δ,α}(f_δ, f_δ)^{♯n} − ~Q_{R,n,δ,α}(F, F )^{♯n}.

Here ~Q_{n,δ,α} denotes the collision operator of the infinite DVM, without the R truncation, and ~Q_{n,δ} is the analogous operator without the α truncation.

Now, I_0 converges to zero in the L^1 norm, as n → ∞. We next claim that the term I_5 can be estimated in the L^1_{xξ} norm as^{6α}_{δ3} ‖f_δ − F ‖_L1_{xξ} . Indeed, since α is kept fixed, it is easy to see by repeating the calculation (4.5) for both “gain” and “loss” parts of the collision operator:

‖Q_{R,n,δ,α}(f, g)‖_L1_ξ ≤ 2α δ^2

‖f‖_L1_ξ ‖g‖_L1_ξ .

This implies the following Lipschitz condition, uniform in n (cf. [15]):

‖ ~Q_{R,n,δ,α}(f, f) − ~Q_{R,n,δ,α}(g, g)‖_L1_{xξ} ≤ 6α δ^3

‖f − g‖_L1_{xξ} ,

and thereby proves our claim.

The remaining four terms contain only the limit solution f_δ which can be shown to be a function from the Schwartz class, smooth and rapidly decaying [15]. Thus, I_1 converges to zero uniformly as n → ∞, by continuity. To estimate the effect of the R truncation, expressed by the I_4 term, we can notice that ~Q_{n,δ,α}(f_δ, f_δ) − ~Q_{R,n,δ,α}(f_δ, f_δ) = G_δ(ρ_δ) � Q_{n,δ,α}(f_δχ_{{|ξ|>R}}, f_δ) + Q_{n,δ,α}(f_δ, f_δχ_{{|ξ|>R}}) � . Thus, using Lemma 3.5, we find that for each δ and T fixed, I_4 converges to zero as R → ∞ in L^∞(R^3_x × [0, T ], C_r(R^3_ξ )) for every r > 3, uniformly in n. Also, by Theorem 3.2, I_2 → 0 as n → 0, in the same function space as I_4.

The last remaining term I_3 is a little bit more tricky. It suffices for us to show that I_3 → 0 as α → ∞, uniformly in n. We introduce the function

Φ_n(ξ, η) = � ij χ_{Ci} (ξ)χ_{Cj} (η) 1 n |S_{ij}|,

where |S_{ij}| is the number of integer points on the sphere that appears in the α truncation. This function is not bounded in L^∞ uniformly in n; however, we can show the following: � |ξ−η|≤K

(Φ_n(ξ, η))^2 dη = 1 n^3 � |i−j|≤Kn � 1 n |S_{ij}|

�_2

= 1 n^3

(Kn)^2�

m=1 � |i−j|= √ m � 1 n |S_{ij}|

�_2 = 1 n^5

(Kn)^2�

m=1 (r(m))^3 ≤ C_K .

Here r(m) denotes the number of integer points on the sphere of radius √ m, and the constant C_K does not depend on n. To get the third equality we used that the number of points on the sphere {|i − j| = √ m} equals S_{ij} = r(m).

The last inequality follows from the Gauss formula for r(m) [18, Theorem 2, Chapter 4] and the estimates in Barban [3, Theorem 2]. (These estimates imply in fact that Φ_n ∈ L^p({|ξ − η| ≤ K}) for every p < ∞, with bounds independent on n). Now the required estimate for the term I_3 can be obtained as follows:

‖I_3‖_L1_{xξ} = ‖Q_{δαn}(f_δ, f_δ) − Q_{δn}(f_δ, f_δ)‖_L1_{xξ} ≤ 2 � � �

|f_δ(ξ^′)||f_δ(η^′)| Φ_n(ξ^′, η^′)χ_{{|Φn|>α}}B_{n,δ} dξ^′dη^′dx ≤ 2 δ^2

‖f_δ‖_L1_{xξ} ‖f_δ‖_L∞_{xξ} sup_{ξ′} � |ξ^′−η^′|≤^1_δ

Φ_n(ξ^′, η^′) χ_{{|Φn|>α}} dη^′ ≤ 2 δ^2

‖f_δ‖_L1_{xξ} ‖f_δ‖_L∞_{xξ} 1 α sup_{ξ′} � |ξ^′−η^′|≤^1_δ

(Φ_n(ξ^′, η^′))^2 dη^′ ≤

C_δ α . It follows now, by collecting the estimates for all terms in (4.9), that

‖f_δ − F ‖_L1_{xξ} (t) ≤ α δ^3

�_t 0 ‖f_δ − F ‖_L1_{xξ} ds + ε_{0,1,2}(n) + ε_3(α, n) + ε_4(R, n),

where ε_{0,1,2}(n) → 0 as n → ∞, ε_3(α, n) → 0 as α → ∞ and ε_4(R, n) → 0 as R → ∞, uniformly in n . Thus (4.8) follows by Gronwall’s lemma. This completes the proof of the theorem. □

5 Numerical results. Space-homogeneous relaxation

The accuracy of the collision integral approximation, as well as its computational cost, are illustrated by a comparison with the exact solution of the space-homogeneous Boltzmann equation for pseudo-Maxwell molecules, which was obtained by A. Bobylev [5] and, independently, by M. Krook and B. Wu [21]. This solution has the form

f(ξ, t) = (2πτ)^{− 32} � 1 + 1 − τ τ � ξ^2 2τ − 3 2 � exp � − ξ^2 2τ � , (5.1)

τ(t) = 1 − θ exp(−λt)

with θ ∈ [0,^2_5 ], and λ =^π_2

�_1 −1 g(z)(1 − z^2) dz. Here g(z) is a function such that B(v, cos ϑ) = cos ϑ g(cos ϑ). We use g(z) ≡^1_2 ; then λ =^π_3 and B^c(u, w) = |u|^{−1}(u^2 + w^2)^{− 12} . We also take θ =^2_5 so that f(0, 0) = 0. For the numerical scheme we take the points of the regular grid V_h in a cube of suitable size (determined by the parameters of the distribution function), and include in the model only those collisions for which the postcollisional velocities remain in the fixed cube. For the parameters of the solution (5.1) chosen as above, we take the cube with the side length 7.0 centered at the origin as the domain of computation. The size of the cube is kept fixed in the time-dependent problem. We denote by n the number of velocities in each direction; the total number of velocities is therefore N = n^3. To increase the numerical efficiency, we follow J. Schneider [22] in using the symmetry properties of the DVM coefficients in the numerical algorithm. All computations were performed on Sun Dual UltraSparc 1700 / 167 MHz.

Table 1: Relative errors of the collision term approximation and CPU times, in dependence on the number n of velocities in each direction.

n 8 10 12 14 16 18 20 22 error(Q, Q_h) 0.044 0.035 0.033 0.028 0.024 0.021 0.019 0.017 CPU time, sec. 0.38 1.96 7.25 23.01 66.43 135.47 286.94 638.13

In the first test we compare the exact value of the collision operator computed on f(ξ, 0) and the values obtained by using discrete-velocity models. We measure the difference between the exact and approximate data by calculating the relative maximum error

error(Q, Q_h) =

2 max_i |Q(ξ_i) − Q_i|

max_i |Q(ξ_i)| + max_i |Q_i| . The results of the computations are shown in Table 1. Figure ?? illustrates the relation between the CPU time on the number of velocities N. The dependence is close to a power law with the exponent ≈ 2.43. Figure ?? shows the dependence of the relative error on h =^1_n . The approximate value of the exponent obtained by the interpolation using n = 12, 14, 16, 18, 20, 22 is found to be ≈ 1.09.

The second problem we address is the time relaxation in a space homogeneous gas. In the numerical scheme, the discrete-velocity approximation of the collision term is combined with the forward Euler time-stepping method. The time step is chosen so as to make the time integration error negligible in comparison with the error of the discrete-velocity approximation. We compare numerical solutions withthe exact one (5.1); this is done by computing the relative mean error:

error(f, f_h) = 2 � i |f(ξ_i) − f_i| � i |f(ξ_i)| + � i |f_i| .

as a function of time. We also compute the fourth-order moment

m^{(2,2,0)}_h (t) = h^3 � i f_i(t)ξ^2_{ix}ξ^2_{iy},

which is compared with the exact value of the moment calculated using (5.1). The results for the calculation of the moment are shown on Figure ??. The relative error in calculating the moment is below 2.5 · 10^{−3} for N = 10 and decreases with increasing N. Figure ?? presents the mean error in the distribution function in dependence on time.

Acknowledgements

The authors express their gratitude to professor Leif Arkeryd for his constant encouraging and support, as well as his careful comments on the manuscript. We are also thankful to our colleagues Mohammad Asadzadeh and Bernt Wennberg for their comments and suggestions. Special thanks go to professor Andrzej Schinzel who pointed out the important reference [3] on a numbertheoretical aspect of the work. The authors gratefully acknowledge the support from the TMR project “Asymptotic Methods in Kinetic Theory”, grant no. ERB FMRX CT97 0157.

References

[1] V. V. Aristov. On solution of the Boltzmann equation for discrete velocities. Dokl. Akad. Nauk SSSR, 283:831–834, 1985. (Russian).

[2] H. Babovsky. On a simulation scheme for the Boltzmann equation. Math.

Methods Appl. Sci., 8:223–233, 1986.

[3] M. B. Barban. Linnik’s ‘large sieve’ and a limit theorem for the class number of ideals of an imaginary quadratic field. Izv. Akad. Nauk SSSR, Ser. Mat., 26:573–580, 1962.

[4] G. A. Bird. Molecular gas dynamics and the direct simulation of gas flows.

Oxford Univ. Press, Oxford, 2nd edition, 1994.

[5] A. V. Bobylev. Exact solutions of the Boltzmann equation. Dokl. Akad.

Nauk SSSR, 225(6):1296–1299, 1975. (Russian).

[6] A. V. Bobylev and E. B. Dolgosheina. Regular numerical solution for shock waves in two-dimensional Boltzmann gas. In 17-th RGD Symposium, July 1990 Aachen, Book of Abstracts, pages 71–72, 1990.

[7] A. V. Bobylev, A. Palczewski, and J. Schneider. A consistency result for a discrete velocity model of the Boltzmann equation. SIAM J. Numer. Anal., 34(5):1865–1883, 1997.

[8] J. E. Broadwell. Shock structure in a simple discrete velocity gas. Phys.

Fluids, 7:1243–1247, 1964.

[9] C. Buet. A discrete-velocity scheme for the Boltzmann operator of rarefied gas dynamics. Transport Theory Statist. Phys., 25:33–60, 1996.

[10] H. Cabannes. The Discrete Boltzmann Equation: Theory and Applications. Univ. California, Berkeley, 1980.

[11] T. Carleman. Problèmes Mathématiques dans la Théorie Cinétique des Gaz. Almquist & Wiksell, Uppsala, 1957.

[12] C. Cercignani. Sur des critères d’existence globale en théorie cinétique discrète. C. R. Acad. Sci. Paris Sér. I Math., 301(3):89–92, 1985.

[13] C. Cercignani, R. Illner, and M. Pulvirenti. Mathematical Theory of Dilute Gases. Springer, New York, 1994.

[14] P. Ciarlet. Numerical Analysis of the Finite Element Method. Les Presses de l’Université de Montréal, Montréal, 1976.

[15] R. DiPerna and P. L. Lions. On the Cauchy problem for the Boltzmann equation: Global existence and weak stability. Ann. Math., 130:321–366, 1989.

[16] R. Gatignol. Theórie Cinétique des Gaz à Répartition Discrète de Vitesses, volume 36 of Lecture Notes in Physics. Springer, Berlin, New York, 1975.

[17] D. B. Goldstein, B. Sturtevant, and J. E. Broadwell. Investigation of the motion of discrete-velocity gases. In Proc. 16-th Int. Symp on RGD, in: Ser. Progress in Astronautics and Aeronautics, vol. 118, ed. E.P. Muntz et al., pages 100–117, 1989.

[18] E. Grosswald. Representation of integers as sums of squares. Springer, New York, 1985.

[19] P. M. Gruber and C. G. Lekkerkerker. Geometry of Numbers. North- Holland, Amsterdam, 1987.

[20] T. Inamuro and B. Sturtevant. Numerical study of discrete-velocity gases.

Phys. Fluids A, 2(12):2196–2203, 1990.

[21] M. Krook and T.T. Wu. Exact solutions to the Boltzmann equation.

Physics of Fluids, 20(10):1589–1595, 1977.

[22] P. Michel and J. Schneider. A quadrature formula for the Boltzmann equation. In preparation.

[23] S. Mischler. Convergence of discrete-velocity schemes for the Boltzmann equation. Arch. Rat. Mech. Anal., 140:53–77, 1997.

[24] L. Monaco and L. Preziosi. Fluid-dynamic applications of the discrete velocity models. World Scientific, Singapore, 1991.

[25] K. Nanbu. Direct simulation scheme derived from the Boltzmann equation, I-III, IV. J. Phys. Soc. Japan, 49, 50(5, 9):2042–2058, 2829–2836, 1980, 1981.

[26] T. Ohwada. Structure of normal shock waves: Direct numerical analysis of the Boltzmann equation for hard-sphere molecules. Phys. Fluids A, 5(1):217–234, 1993.

[27] T. Ohwada, Y. Sone, and K. Aoki. Numerical anlysis of the shear and thermal creep flows of a rarefied gas over a plane wall on the basis of the linearized Boltzmann equation for hard-sphere molecules. Phys. Fluids A, 1(9), 1989.

[28] A. Palczewski and J. Schneider. Existence, stability and convergence of solutions of discrete velocity models to the Boltzmann equation. J. Statist. Phys., 91(1-2):307–326, 1998.

[29] T. Platkowski and W. Walus. An acceleration procedure for discrete velocity approximation of the Boltzmann collision operator. Preprint 56, Institute of Applied Mathematics and Mechanics, Warsaw University, 1999.

[30] P. A. Raviart. An analysis of particle methods. In Numerical Methods in Fluid Dynamics, volume 1127 of Lecture Notes in Mathematics, pages 243–324. Springer, Berlin, New York, 1984.

[31] F. Rogier and J. Schneider. A direct method for solving the Boltzmann equation. Transp. Th. Stat. Phys., 23:313–338, 1994.

[32] W. M. Schmidt. Diophantine Approximation and Diophantine Equations.

Springer, 1991.

[33] Y. Sone, K. Aoki, S. Takata, H. Sugamoto, and A. V. Bobylev. Inappropriateness of the heat-conduction equation for description of a temperature field of a stationary gas in the continuum limit: examination by asymptotic analysis and numerical computation of the Boltzmann equation. Phys. Fluids, 8(2):628–638, 1996.

[34] Y. Sone, S. Takata, and M. Wakabayashi. Numerical anlysis of a rarefied gas flow past a volatile particle using the Boltzmann equation for hardsphere molecules. Phys. Fluids A, 6:1914–1928, 1994.

[35] Z. Q. Tan, Y.-K. Chen, and P. L. Varghese. New numerical strategy to evaluate the collision integral of the Boltzmann equation. In Proc. 16th Int. Symp on RGD, Theoretical and computational techniques, ed. E.P. Muntz et al., pages 337–342, 1989.

[36] C. Truesdell and R. G. Muncaster. Fundamentals of Maxwell’s Kinetic Theory of a Simple Monatomic Gas : Treated as a Branch of Rational Mechanics. Acad. Press, New York, 1980.

[37] B. Wennberg, Sep. 1996. Personal communication.

Figure 1

Figure 1: Squares: CPU time for calculation of the discrete collision operator vs. the number of discrete points. Solid line: interpolant with the slope 2.4319

Figure 2

Figure 2: Circles: relative maximum error of Q_h vs. h =^1_n . Solid line: interpolant with the slope 1.0943.

Figure 3

Figure 3: Fourth-order moment for the Bobylev-Krook-Wu solution, computational vs. exact. Solid line: exact; diamonds: N = 6; crosses: N = 8; squares: N = 10.

Figure 4

Figure 4: The relative mean error in the distribution function. Diamonds: N = 6; crosses: N = 8; squares: N = 10; ×-marks: N = 12; circles: N = 14; triangles: N = 16.