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This paper discusses the convergence of a new discrete-velocity model to the
Boltzmann equation. First the consistency of the collision integral approxi-
mation is proved. Based on this we prove the convergence of solutions for a
modified model to renormalized solutions of the Boltzmann equation. In a
numerical example, the solutions to the discrete problems are compared with
the exact solution of the Boltzmann equation in the space-homogeneous case.



1 Introduction

The nonlinear Boltzmann equation is one of the fundamental equations of
kinetic theory. It is used to describe evolutions of many-particle systems, such
as rarefied gases, in which in which the main interaction mechanism is binary
collisions. The equation reads as follows:

af

ot
Here f = f(&, 2,t) is the one-paricle distribution function, which has the
physical meaning of mass density of particles in the (&, z)-space. Variables &,
x and t denote molecular velocity, position and time, respectively. Q(f, f) is
a non-linear (quadratic) integral operator, called collision operator. The basic
properties of the collision operator are discussed below. A detailed presenta-
tion of the physical background, mathematical theory and applications of the
Boltzmann equation can be found in the books on kinetic theory [13], [36].

One of the major problems associated with the Boltzmann equation is
constructing an efficient numerical method for obtaining the solutions. Most
widely used currently are the particle methods that are based on stochastic
simulation. The best known examples are methods of Bird [4] (Direct Simula-
tion Monte Carlo or DSMC) and Nanbu [25] with modifications by Babovsky
[2]. The main drawbacks of such methods are their slow convergence and ran-
dom fluctuations that affect the accuracy of the results. On the other hand,
using other, deterministic techniques for solving the Boltzmann equation en-
tails significant difficulties. Firstly, calculating multiple integrals that appear
in the collision operator is a formidable task. Secondly, a large amount of
information has to be stored, since the distribution function depends, in the
physically meaningful cases, on seven scalar variables. On the current level of
development, deterministic methods lose in efficeiency to the particle meth-
ods. However, a significant progress has been achieved in developing such
methods in the last years [9, 26, 31, 35]. In fact, the deterministic approaches
are the ones to be preferred when a high numerical accuracy is of paramount
importance [27, 34, 33]. Finally, a number of approaches were developed to
increase the efficiency of deterministic calculations without sacrificing the ac-
curacy [9, 26, 29].

In this paper we focus on one deterministic approach for solving the Boltz-
mann equation: the one based on discrete-velocity models (DVMs). Such
models have been studied for a long time in kinetic theory, [11, 8, 16, 10, 24].
They were introduced with the purpose of reproducing the formal properties of
the Boltzmann equation using a finite number of discrete velocities. The idea
of using DVMs as approximations of the Boltzmann equation was developed
initially as a purely computational approach [1, 35, 6, 17, 20]. From a theoret-
ical point of view, there was no justification of their relation to the Boltzmann
equation, at least before the appearance of papers of Buet [9] and Bobylev,
Palczewski and Schuneider [7]. Buet studied the DVM introduced by Goldstein
et al. [17] and gave a heuristic argument on why the convergence to the Boltz-
mann collision integral should be expected. The rigorous proof of convergence

+&6-Vi=Q(f.f), (z,t)e DCR*xR, ¢eR’. (L.1)



given in [7] was based on quite recent, detailed results from number theory.
Rogier and Schneider [31] introduced another DVM with a two-dimensional ve-
locity space, for which they also proved convergence. Their approach was later
generalized to three dimensions by Michel and Schneider [22]. The convergence
of solutions of the DVM [17] in the space-homogeneous case was established
by Palczewski and Schneider [28]. For space-inhomogeneous solutions a con-
vergence result was obtained by Mischler [23].

In this paper we introduce a DVM with properties analogous to the models
studied in [7] and [31, 22]. Tt is based on a transformation of the velocity
variables in the collision term, known as the Carleman tranfsorm [11]. Such a
transformation allows us to formulate a model that is much easier to analyse
theoretically than the previously known models, and is also easy to implement,
numerically. In Carleman’s variables the integration over spheres in the col-
lision term is replaced by integration over planes in R3. This allows us to
reduce the problem of convergence to studying distribution of integer points
on planes. The solution of the latter problem can be formulated in terms of
linear Diophantine equations. Thus, the solution of the problem is obtained by
a much lesser effort than in the case of spheres. The usefulness of the Carle-
man transformation in application to discrete-velocity models was also noticed
previously by Wennberg and Golse [37], who studied a two-dimensional model
analogous to ours. We notice that convergence of the present model (as well as
the model [17]) in two dimensions is still an open question: our method works
only in dimensions three or higher.

The main results of the paper are as follows: we prove the consistency (that
is, the convergence of the collision operator for smooth distribution functions)
in Section 3. We also prove the error estimates with bounds from O(h'/*) to
O.(h'~*) for distribution functions from the classes C™ with m > 1 and with
compact support. We then pass to the analysis of convergence of solutions in
Section 4. We use a finite volume reformulation of the model analogous to the
one by Mischler [23] and prove the weak L' convergence of approximations to
a renormalized solution of the Boltzmann equation. In Section 5 we present
the results of numerical computations for a space homogeneous problem.

We consider the Boltzmann collision integral for a monoatomic gas in the
following form:

QU F)(€) = / / (F€) F) — F(E) F() BE —nw)dwdy.  (1.2)

R3 5(2)

Here ¢ = —w(w-(—n)) and 0’ = n+w(w- (£ —n)) are the velocities after the
collision of particles with velocities £ and 7, and w is the angular parameter of
the collision.

The function B(u,w), called the collision kernel, is assumed to be of the
form

B(u,w) = b(|u|,cos?), cos? = |u-wl|/|ul.

The exact form of this function is determined by the nature of the particle
interactions, and the Boltzmann equation is usually studied under rather gen-
eral assumptions about the function B. Typical examples of collision kernels
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are kernels of inverse power interactions with angular cut-off:
b(r,z) =ra(x), (1.3)

where —3 < v < 1 and a is a function in L'[0,1]. In particular, the classical
case of “hard sphere” particles corresponds to b(r, x) = crz, ¢ being a constant.

In discrete-velocity models it is assumed that the velocities of the particles
belong to a finite set V. = {1}, € R® Thus, the distribution function
f(&, x,t) is replaced by an approximation f;(x,t), £ €V. The values of f; are
determined from the following system of equations:

%]: +&-Vi=Qif,[), (x,1)eDCR’xXR, &eV, (1.4)

Qif. )= _ AL (fufi— fify), (1.5)

Gkl

where the summation is taken over all indices corresponding to the discrete
velocities in V. The coefficients Af]l are assumed to be constants, and have the
meaning of the rates of collisions that transform the pair of velocities (&;, ;)
into (Ek; gl)
It is known from the theory of DVMs [16] that if the coefficients Aj] satisfy
the symmetry relations
A=Al A = A, (1.6)

Jis

and also if the momentum &; and the energy %|§i|2 are collision invariants:

E+&=6+& and &7+ |67 = |&)° +1&)°, if Afjl #0, (L.7)

then the following discrete analogues of the conservation laws and the entropy
condition hold:

1

> Qilf. f) |£i| =0; Y Qi(f.f)logfi <0, (1.8)
i fi2 i

Another important formal property concerns with the structure of the col-
lision invariants. We require that the model has no other collision invariants
than the classical ones of mass, momentum vector and energy. In other words,
the only vectors 1; for which one has

Vi =+ i AL 0. (1.9)

are 1, &, |&]? and their linear combinations. For models with the above prop-
erty the term normal was introduced by C. Cercignani [12]. The only possible
equilibrium states of normal models are discrete Maxwellians [16], which is an
important property from both theoretical and numerical points of view. No-
tice that the normality of a model is determined only by the distribution of
the non-zero coefficients in the matrix Af}, and otherwise does not depend on
their values.



2 The discrete-velocity model

In this section we construct a DVM that satisfies (1.6) (1.9) and which will be
the base for the convergence analysis in Sections 3 and 4. We formulate our
model in general dimension d > 2. We will then consider the case d = 3 when
proving consistency of the model.

We choose the discrete-velocity space V' as a part of the regular cubic grid:

hZ® = {hi|i= (i1,...,iq) € Z}.

It is then convenient to index the velocities by integer vectors i = (i1, ...,1q).
To obtain (1.7) we can simply set Af]? = 0 if either of the conditions

itj=k+1,
i + |51 = [k + 11 (2.1)

is not satisfied.

A choice of V' that is natural for constructing a numerical method is taking
all velocities inside a bounded set, say a cube or a sphere of a given (large)
size. However, to analyse the convergence it is simpler to consider the infinite
DVM with

V =V, = hZ"

Moreover, as noticed by Buet [9], if the bounded set used for truncating V'
satisfies certain symmetry conditions, the truncated DVM inherits the proper-
ties (1.6)—(1.9) from the infinite one. Therefore, we will study the consistency
problem for the infinite DVM, and return to the models with finite number of
velocities in Section 4.

The general approach of 7, 31, 22] for proving convergence of discrete col-
lision terms is to view them as multidimensional quadrature formulas for the
integral (1.2). To outline the difficulties that then arise we notice that for
fixed i and j (pre-collisional velocities) equations (2.1) imply that & and [
(post-collisional velocities) lie on a sphere of diameter |i — j|. Thus, a straight-
forward approach requires that the integral over the sphere in the collision
term is approximated by using points with integer coordinates, which leads
to difficult number-theoretical problems [7]. An alternative approach devel-
oped by Schneider et al. [31, 22| avoids these difficulties, but it still requires
approximating integrals over spheres.

The motivation for introducing the present model is to to show that the
problem of convergence can be solved without invoking integration over spheres.
The key idea is to use the transformation of velocities that was introduced by
Carleman [11]. It can be described as follows: If we fix in equations (2.1)
one pre-collisional velocity, say i, and one post-collisional, say k, then the
remaining two velocities lie on the planes (hyperplanes of codimension one)
perpendicular to i — k. This can be shown easily by rewriting equations (2.1)
in the following equivalent form:

j=k+1—1
(k—i)-(1—1) = 0. (2.2)
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To obtain an analogous transformation of the collision term we perform the
change of variables

(n, w) = En)=(E-ww-(E—n), n+tww-(E—n)).

We see that for fixed values of £ and &', ' runs twice over the plane Eg¢e that
passes through & and is perpendicular to £ — &', as w runs over the unit sphere.
It is convenient to modify the new variables as follows:

u=¢-¢ w=n-¢

We also use the notation E, for the plane through the origin perpendicular
to the vector u. Thus, we obtain the following form of the bilinear collision
integral (cf. Carleman [11]):

Q.9 =
[ gt +w) - p@ale + urw)Buw) dodn, (23)

where 1
BS(u,w) = 2 |u|%b u2+w2,#). 2.4
(u0) =2l 2oV T, 24
Fixing two functions f and g we denote the integrand in (2.3) by F(&,u,w)
and also denote

G(f,u):/ F(& u,w) dw, (2.5)

u

so that

atoe - [

R

) G(&,u) du. (2.6)

For the integral (2.6) we apply the multidimensional rectangle rule, obtaining
formally:

QUf,9)&) = h" Y G(& up). (2.7)

kezd

Now for each £ and u € V}, we approximate the integral (2.5) by using the
values of w at those discrete points that lie on the planes E). For each k fixed,
the intersection of Vj, with the plane I}, is a two-dimensional lattice:

ViNE, ={hl € hZ* | k-1=0} = hLy, (2.8)

where

Ly={leZ' | k-1=0}. (2.9)

We see that the lattice (2.9) is the set of solutions of a linear Diophantine
equation k - [ = 0. Every such lattice has a basis ey, ..., e4_1, such that

d
Lk:{elm1+"'+ed—1md—l‘617---76d—1 €Z% my,...,my_1 € L},

where the vectors ey, ...eq_ are linearly independent as vectors of R? [19].
This leads to the following approximation of the integral (2.5) by a lattice
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quadrature formula (which can be viewed as a generalization of the rectangle
rule):

/ F(& up,w) dw ~ h* ALY F(E up,wy). (2.10)
Ey

leLy

Here Ay = det(Ly) is the volume of the parallelepiped spanned by the vectors
€1,...,€e4—1 (such a parallelepiped is called a fundamental cell of the lattice).
Although the basis of a lattice can be chosen in different ways, the value of
Ay does not depend on this choice [19]. We also have the following explicit
expression for Ay [32]:

Ay = |k|/a(k). (2.11)

Here g(k) denotes the greatest common divisor of the components of the vector
k.
Combining (2.7) and (2.10) we obtain the formal approximation:

Q(f,9)(&) = Qnilf,g) = h*! Z Ay, Z B3,

kezd leLy

X (f(& + ur) g(& +wi) — (&) 9(& + ur + wi)). (2.12)

Here we set Bf; = B(ug,w;). The sum in (2.12) can be rewritten in the form
(1.5) by performing simple manipulations with indices. The coeffiecients Afjl
are then given by the following formula:
Kl d— c Kl
Ajj = h? lAk—in—i,l—iXij7 (2.13)
where Xf]l is the indicator function that equals one if equations (2.2) are sat-
isfied, and zero otherwise. (The right-hand side of (2.13) is not defined when
k=1, so we set AF = 0 in that case.)
The properties of the model can be formulated in the following Theorem:

Theorem 2.1 The discrete-velocity model (1.4), (1.5) with the coefficients A}
defined by (2.13) satisfies the discrete mass, momentum, and energy conserva-
tion relations and the entropy property (1.8). The model has no other collision
invariants than linear combinations of 1, & and |&]?.

Proof: Using (2.13) the symmetries (1.6) are easily verified. Because of the
equivalence of equations (2.1) and (2.2), we can also get (1.7) and (1.8). The
last statement of the Theorem can be proved along the lines of Buet [9] or
Rogier and Schneider [31]. O

3 Convergence of the discrete collision opera-
tor

In this section we formulate and prove the main results about the formal consis-
tency of the DVM with the Boltzmann equation. To simplify the presentation



we consider only the case of a three-dimensional velocity space (d = 3). It is
easy to see from the proofs that similar results could be obtained for each d > 3
(but not for d = 2). The first theorem deals with the case when the arguments
of the the coliision operator are smooth and compactly supported functions.
In this case we are able to prove estimates for the rate of convergence of the
approximation.

Theorem 3.1 Assume that the kernel B¢, defined by (2.4) satisfies the fol-
lowing condition:

B*(u,w) = |u|’B¢(u,w) € C™(P),
for some 0 < 3 <3 and m > 1. Here
P={(u,w) ER*x R’ | u-w = 0},

equipped with the metric (|u|?+|w|?)'/?. Take f and g € C™(R?), with compact
support. Then, for sufficiently small h,

|Q(f7 g)(gz) - Qh,i(fa g)| S Chra

where

. m B—m
— min (——, 3, 3 ).
r = min <m+3 3, m/(m+ + m+3—6)

and the constant C' does not depend on h and &;.

Remarks: i) The assumption on B° appears to be a natural one as soon
as the functions in (2.6) and (2.5) are required to be integrable and smooth
except at u = 0. It is satisfied for “hard sphere” particles with 3 > 1 and any
m > 1 (in this case B¢(u,w) = C|u|™"). ii) The third term in the expression
for the exponent r can be omitted when m > 3. iii) In this Theorem, as well
as everywhere below, the assumption of C"™-regularity can be easily relaxed
to Lipschitz differentiability (Lipschitz continuity, if m = 1). iv) In the case
of “hard spheres” and C'*°-integrands the Theorem states that the accuracy of
the DVM approximation is O.(h'~¢) for any & > 0.

Based on the result of Theorem 3.1 we can extend the class of functions for
which the discrete collision sums can be proved to converge to the Boltzmann
operator. We consider the spaces C,.(R3) of bounded continuous functions with
polynomial decay at infinity, equipped with the norms

[f1lr = sup [£(£)(€)"],

£eR3

where (£) = (1 +&2)1/2. We also consider the discrete norms where the supre-
mum is taken over & € V},, that we also denote by || f]| abusing the notation.
We then have the following:

Theorem 3.2 Let the collision kernel B, as defined by (2.4), be such that
lul?B(u, w) € C(P), and for some v > 0 the following condition is satisfied:

sup b(p,cos?) (p) 7 = X < +o0.
p,9



Take f and g € C.(R®). Then for all € > 0
||Q(f g)(ﬁz) - Qh,i(f: g)HSfE — 0 as h— 07
where s =r — v — 1.

Remark: The appearance of the exponent s = r—~—1 is due to the fact that
we are only able to prove that Q,; decays as (§;)* at infinity (Lemma 3.5). It
is possible that a stronger estimate with s = r — «y is in fact true; however the
present result is sufficient for the purposes of proving convergence in Section
4.

Proof of Theorem 3.1: It is convenient to introduce the function

FH (& u,w) = (f(E+u)g(€ +w) = [(§)g(€+u+ w))B"(u, w). (3.1)

By assumptions of the Theorem, F* is a function in C™(R? x P). Also if
supp f € B(0, R), we have by simple geometrical arguments:

supp F*(-,u,w) € B(0, R*), and supp F*({,-,-) € B(0,R"),

where R* = R+/2. This means that the discrete collision sums include only
a finite number of terms. The error of the DVM approximation can be then
represented as follows:

|Q(f79)(§i) - Qh,i(f79)| = ‘/]R:‘ |U|_’3/Eu F* (&, u,w) du dw

_RP Z |u,€|_ﬂAkZ F*(&iy ug, wy)

kEZ3, k#£0 leLy
<| Ysno)+| X BRI F)| =8+ (32)
|k|<R*/h 0<|k|<R*/h

where

Ri(€, | F*) = |uk|—ﬁ(/ FH (€ w,w) dw =20, S FH (& up ),

Ep leLy,

Sk(f,h|G):/G G(&, u)du—h?G(&, uy)

Here G is the cube with the side length A centered at uy, and Fy, Lg, and G
are as defined in the previous Section (we can set G(€,0) equal zero to avoid
complications in the notations). Now, the term R represents the total error
due to the discretization of the plane integrals, and 8 can be viewed as the
error of the three-dimensional rectangle formula applied to the function G.
The further proof is based on Lemmas 3.1-3.4 given below. To estimate
each of the Ry-terms we use a standard approach, subdividing the plane £} into
cells obtained by translating the fundamental cell into each point of the lattice.
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We then obtain an estimate for the R-term by collecting the estimates for each
cell and using Lemma 3.2. An analogous estimate for the S-term is obtained
in Lemma 3.4. The following lemma is a standard tool for estimating errors
of numerical integration. It can be obtained by a straightforward application
of the classical result due to Bramble and Hilbert (see [14, Theorem 4.1.3]; cf.
also [30, Theorem 3.1)).

Lemma 3.1 Let Ay, be the linear mapping that transforms the fundamental
cell of the lattice hLy, into the unit square in R?, and let ||An|l denote the
norm. of this mapping. Then

(R (&, 7| F)| < Clug| ™| Agall,
where C' only depends on F*, and does not depend on k, h, or €.

A direct application of Lemma 3.1 to estimating the R-term would require
taking the sum over all k. The problem that we then have to deal with is
that ||Ag | (which is essentially the linear size of the fundamental cell) does
not tend to zero uniformly as h — 0. This can be seen easily by taking
k = (k1, ko,0), where k; and ky are relatively prime, and so that |k| is “large”
(on the order of R*/h). For such k, the linear size of the fundamental cell is on
the order of R*. Therefore, we need an argument that could be used to show
that this kind of situation is untypical, and that || Ay || converges to zero in a
certain average sense.

Lemma 3.2 Leta € Z¢ and consider the linear Diophantine equation a-x = 0.
Then there exists a basis of solutions {ey, ..., eqs—1}, called reduced basis, such
that

|61| cen |6d_1| Scd |Q|,

where cq 15 a constant that depends only on the dimension d.

Proof. Let L, be a lattice of solutions to the equation a - x = 0. Hermite’s
theorem [19, p.71] states that there is a basis {e1,...,e4 1}, such that

le1] ... |eq_1| <cq det(Ly,), (3.3)

where det(L,) is the determinant of the lattice. Since the determinant of the
lattice is given by formula (2.11) the Lemma is proved. O

Remark: As an easy consequence of the Lemma we obtain the inequality
lei| < kgla|, i=1...d—1.
Using it we can get a “worst case” estimate for the norm of Ay j,:
[Aknll < cghlk| = cilusl, (3.4)
where ¢}, is a constant that depends on the dimension.

In the proof of next lemma we show using the bound of Lemma 3.2 that
in fact “for most £” one gains a factor of A to a certain power in the above
estimate.
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Lemma 3.3 Let F* be a C* function with compact support. Then, for suffi-
ciently small h,

> R RER|FY

kEZ3, k#0

< Ch',

where

r = min (— 1/(44—2))

1+
Here the constant C' depends only on F*, and does not depend on h or &.

Proof. Since the function F* has compact support, the sum is in fact taken
over a ﬁnite set A, ={k €Z?||k| < N}, where N = R*/h. For each ke A,

take {e1 ,62 } a reduced basis of the lattice Ly. Let e\ra and emm be the
basis vectors with maximal and minimal Euchdean norms, respectively. For
each 0 < o < 1 define the set B, = {k € A | le®) | > |k }. By Lemma 3.2
for each k € Bj, we have the inequality:

min

1-
el < eslk|' .
This translates into the following bound for the norm of Ay :

[ Ag sl < 2hlef) ] < clugl'=he,

max
which allows us to estimate the sum over all k € Bj:

SRR A S CRT ST By

keBy, keBy,

< Cha/ |Ju| 7P du < Ch®.
|lu|<R

To estimate the sum over the complement of B;, we can use the “worst case”
bound (3.4) for || Ak .|| and estimate the number of terms in the sum. We have

A\ By C {k e Ay | e8] < N} ¥ D,

To estimate the number of points in D; we notice that
N({jeZ*|]j| <n}) < An®, (3.5)
and for every k,
N(E,, n{jeZ||j| <n}) < Bn? (3.6)

where N denotes the number of elements in the set, and the constants A and
B do not depend on k. Using (3.5) and (3.6) we conclude that the number
of different vectors e(k) satisfying the inequality |em3n| < N*is estlmated as

AN3*and the number of vectors k € A, on each plane {k; €z ‘ emm = O}
is estlmated as BN2. This yields

N(D),) < N3,

12



If 8 <1 we obtain

‘ STRRR(E R F)| <O B uy T

keDy, keDy,

R* 2+3a
< Ch3(R*)f,8+1 (7) _ Oh173a.

By letting o = 1 we obtain the estimate C'(F)h'/* for both parts of the sum
over Ap,. If B > 1, then |u| ?*! is unbounded on Dy, and the contributions
of “large” and “small” k should be considered separately. For this purpose let
us take a constant 0 < o < 1, and split the above sum in the following way:

I [ e N [T e e R N A [T

keDy, k<Nl-o Nl-o<kp<N
k€D,

%\ 2+3a
< C'/ lu| 7P du + b [ — max  |ug| 7P
lu|<(R*)1 =7 ho h N1-0<k<N

S C(R*) (ho(él—ﬁ) + h1—3a—a(1—ﬂ)> )

Thus, if o = a/(4— ), and a = 1/(4+ %), we find

‘ S W R(E | FT)| < Ch”.

keDy,

By combining the estimates for B, and Dj, we complete the proof of the
lemma. O

Remark. For functions F™* from the class C™ with m > 2 the estimate of
Lemma 3.3 can be improved. Arguing along the lines of [30] we obtain that
the bound of Lemma 3.1 can be changed to

[Re(€: A F*)] < Clue| ™| Al ™

By applying this inequality in the proof of Lemma 3.3, we find that for m = 2
the exponent r can be improved to r = min (%, 2/ (5 + %)), and for m > 3

we obtain r = P

Now to complete the proof of Theorem 3.1 we need an estimate for the
S-term in (3.2). Such an estimate is provided by next lemma.

Lemma 3.4 Under the assumptions of Theorem 3.1 we have

> suenlo)| <o,

keZ3

where r = min(1,3 — ). Here the constant C' depends on the function F*, but
not on & or h.
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Proof: The function G(&,u) is supported in B(0, R*) x B(0, R*), and its
Lipschitz constant over each cube C can be estimated as

C max |u|~'=?
Ck

by using the following inequality:
G(&w) = GE& )] < Clul ™ (Jul ™ + [/ [)lu —u'|, u,u’ #0,

that can be proved by a direct calculation. We then obtain by arguing along
the lines of Raviart [30]:

‘Zskgma‘ 3 ‘ G(€,u) du— b G(€, wy)

keZ3 lk|<R*/h Y Ck

G du+ Ch h? -8, 3.7
(€ dut Ch Y Komaful” 7)

Co 0<|k|<R*/h

The integral over Cy is bounded as

lu 7P du< C | |u|™Pdu=Ch*"
Co CO

Standard arguments show that the last sum in (3.7) is bounded by Cyh", so
the estimate of the lemma follows. O

The proof of Theorem 3.1 is now complete. To prove Theorem 3.2 we need
the following stability result in the spaces C,.

Lemma 3.5 Under the assumptions of Theorem 3.2, for all f and g € C,.(R?)
with v > 3 + v, we have

1@n(fs D1y < C XN FIlllgll-

where X = sup b(p,x) (p)~7 and the constant C' depends on r, but not on f,
PyT
g or h.

Proof. The kernel B¢ can be estimated as follows:
B, w) < 20ul >(VaZ T w?)’ < 20ul () + (€) + (€ + w)).

Due to the homogeneity of @y, it suffices to estimate $Qu((-)™", (-)™"). The
“gain” and “loss” terms @; and Q; can be dealt with separately. We give the
proofs only for the Q; term; the estimates for @; can be obtained in the same
way. It is sufficient to consider only the terms corresponding to the first term
in the above estimate of B¢, the other two being similar. Thus, the problem
comes down to estimating expressions like

WY (E)TIE =T = TR A Y () (3.8)

EEVR n' €€+hly
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where k = (¢ — &) /h. For any monotonically decreasing function ¢(z) defined
on [0, 00), we have:

o0

b plhn) < (o) + [ (o) .

n=0

Accordingly, the inner sum over the lattice points in (3.8) can be estimated as
follows:

h2 Ay Z(n')_r < 2h*A; max ()"

7 €E4+hLy, By
2 max(fer]. ea])  sup / o) dn + / (o) dif
ICE+Be ¢ J1 E+Eer_¢
S 2h|£l - §|<77;nax>77‘ + Cl|§/ - §| <77;nax>7r+1 + Co <77£nax>77n+2’ (39)

where the supremum is taken over all lines [ on the plane { + Fg_¢ passing
through the point &, and 7/ .. is the point where (n')~" attains its maximum
on the plane £ + E¢_¢. From the collision geometry, |n),..| = |£|cos@, where
0 is the angle between £ and & — &. The calculations for the three terms
in the estimate (3.9) are performed in a similar way. Therefore, we confine
ourself to considering the second term in (3.9). We set E£(&,&) = (&)7"|¢ —
E7HE — €)7(|€] cos @)L, and use the estimate [30]

w S eee) - [ )

§'evy

| < Ch/Rs Veb(€,€)| d.

Thus, to estimate the sum over &’ € V}, one needs only the bounds for [ £(&,¢’) d¢’
and f Ve €(E,E)| dE'. We split the integration over £ into two parts:

[eerae=[ o
R3 {|cos€|>%} {\C059|§%}

For the first integral on the right hand side, we have
[ e - e - el ost) T g
{]cosO]>=}

< 2D (g) T /RS@')_TIf' — &N =g de < O ()T

For the second one, using the spherical coordinates &' — £ = pw, we get

/{ o<} }<€/>_T|€/_§|_1<€/_§>7<|5|COSQ>_T+1d§/

<an2=% [ploy (el + o) / (lgla) "+ da
g —r —r+y+1
5/ Y€l + p) dp < Cole) T
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We get the estimate for the integral of the gradient norm with the same expo-
nent by using the same arguments. The estimate of the lemma then follows.
O

Proof of Theorem 3.2: Take two functions f and g € C,(R?). There are
sequences of smooth functions with compact support f,, and g,, such that || f,, —
fllr—s and ||g, — gll—- — 0. Also, take a sequence B¢ such that |u|*B¢(u,w)

is smooth and |||u|?(\/Jul? + [w]?) (B — B)|| . — 0. Then

||Qh(f7 g) - Q(f’ g)HS e X ||Qh(f7 ) Qh(fnagn)Hs—E
+||Qh(fnagn) - Q(fnagn)Hs—s + ||Q(fn7gn) - Q(f7 g)”s—s-

The second term on the left-hand side converges to 0 for every fixed n, and the
other two converge to 0 as n — oo uniformly in A, which proves the statement
of the Theorem.

4 Convergence to the solutions of the Boltz-
mann equation

To study the convergence of solutions to discrete-velocty models we first need to
make more precise the way in which the distribution function f is approximated
by solutions f; of the DVMs. In doing this we follow the aprroach of S. Mischler
(23] and use the following finite-volume approximation. The velocity space R3
is split into cubes €; centered at the points of V},. The distribution function is
approximated by the function f;, piecewise constant in &:

fr(& x,t) = ZfzxtXe

The functions f;(z,t) are determined from the system of equations (1.4). It is
convenient to rewrite this system as a single Boltzmann-like equation for the
function f:

s €)Yt = Quli o) (4.1)

/ / (a€) 1) = Fo(€) Fu()) Ba(€. 0. € dy €' i

where vy, (§) = > &Xe, (), and the kernel By, is given by
Bn(&n,&.n')=h" 9ZAZ]Xezxe]xekxel(&ﬂ-/5/,77,)- (4.2)
ijkl

We can truncate “large” velocities in the model by defining for each R > 0 a
new collision kernel B as follows:

B (&n.€.0) = XpB1(&.n,€' 1) (4.3)
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where X is the indicator function of the set {|¢| < R, |n| < R, [&'| < R, |7| <
R}. This yields a model with finite number of velocities. The same result is
obtained by truncating the discrete-velocity space Vj, in equations (1.4).

Now the question can be studied whether solutions f;, converge to solutions
of the Boltzmann equation as h — 0 and R — oco. We study this question in
the setup of the Cauchy problem for the inhomogeneous Boltzmann equation,
when the existence of renormalized solutions is guaranteed by the result of
DiPerna and Lions [15]. There are two major problems that we have to tackle.
The first one is common for all DVMs: there is no proof of global existence
for an equation of type (4.1). One of the reasons for this is that the averaging
techniques used in [15] do not apply to the discrete transport operators (4.1).
We can get round this difficulty in a fashion similar to [23] by considering the
following modified DV M:

Ofn

5 (&) Vefu = Cs(p) Qnlfns fn): (4.4)

where

Gs(p) = (1+0p)™, >0, and p= [ f5dt.
R

We can then try to prove that solutions of (4.4) converge to f as n — 0,
R =R, — oo and 0 = 9, — 0. The second difficulty that arises is specific to
our model. Namely, it is known that the Boltzmann collision operator with a
kernel B truncated so that B < K satisfies the following estimate in L'(RY):

1QUf 9l < Cl[fllerllgller-

Surprisingly, such an estimate for @)y, uniformly in A, does not appear to be
available. This can be illustrated by the following computation that we show
for the “gain” part of the collision operator for “hard spheres”, to simplify the
formulas. Taking f and g nonnegative we have:

191 (. 9)ly = [ d€ 7€) [ ant gt [ de Buten. )
1
— [ag @) [ an gt TNl by (0

1€Sy;

Here Si; denotes the set of integer points falling on the sphere that has the
vector k—[ as the diameter. Estimating the factor 1/g(k—i) by one (g(k—i) =1
for all vectors with relatively prime components) leads to the expression h|Sy|,
where |Sy,| is the number of points on the integer sphere, that is known to be
unbounded [7]. Therefore, to be able to control the L'-norm of @, we have to
introduce the following truncation:

Brna(§:m,8.1) = XoBra(€,n,&1) (4.6)

where X, is the characteristic function of the set {|Si| < an}. Notice that

such a truncation preserves the symmetries of the equations, so (1.6)—(1.9) still
hold.
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Now taking an initial datum f© > 0 such that

/f(o)(f,x)(l + €L+ |2 +log fO(€, 7)) de dé < C,

we can consider the Cauchy problem for the Boltzmann equation (1.1) and
also the following approximated problem:

05 | e,y = Go(p) Qs (fis f5):

ot
f5(€7$70) = féO)(gax)

where ()5 is the collision operator (1.2) with the regularized kernel:

et
Bs(&, 7, w) = min {57 B(§ =n,w) X{5S|£—£’|S|£—UIS1/5}} * 115(€, 1, w),
and f(;(o) is as follows:

£ = FOX ey * ps(E,2) + Sexp (— |]* — €[?).

Here p5 denotes a C'*°-mollifier that approximates the delta-function at zero
as 6 — 0.

We consider the DVM given by the equation (4.4) with 2 = & and the
discrete kernel B,, = Bpr,s. obtained from Bs(£,n,w) according to (2.13),
(4.2), (4.3), and (4.6). The following approximation of f(®) can be taken as
the initial datum in the Cauchy problem for the DVM:

=D Xe,(€) /e £ (n.) d. (4.7)

The convergence of solutions to the DVM is established in the following theo-
rem.

Theorem 4.1 There are sequences 9, — 0, a,, — oo and R, — oo, such that
the sequence fn, = fr,ns.an Of solutions to the DVM (4.4) with the initial data
(4.7), converges weakly in L' along a subsequence of n — oo, to f which is a
renormalized solution of the Cauchy problem for the Boltzmann equation (1.1)
with the initial datum f©.

Proof: First, we notice that the existence of global in time solutions to the
DVM (4.4) is guaranteed by a contraction argument, similar to the one used
in [15]. We prove that for every fixed 6 > 0, T' > 0, and for every € > 0, we
can take a > 0, R > 0 such that

sup || frns.a — f6||L1(Rngg) <&, (4.8)
t€[0,T]

for an infinite subsequence of n. From this and the result of DiPerna and
Lions [15], which says that fs — f weakly in L', the statement of the theorem
follows by a diagonalization argument.
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To shorten notation we denote by F' the solutions fr, s, to the DVM. The

notation ég will be used for the operator Gs(p)@s, and analogously, C~2 Ron,o 18
used for the discrete collision operators with Gs(p,) factors. Integrating the
equations along characteristics we obtain:

fo(€xt) = F€at) = (€ 2) = [ (€. )
+/ (@(féa f5) = @R,n,a(F, F)ﬁ”) ds
0

t t t t t
IO+/ Il d5+/ IQ d8+/ [3 d8+/ I4d8+/ I5 ds. (49)
0 0 0 0 0

Here the symbol # denotes the argument (£, z — €s,s), and # denotes (£, 7 —
v, (€)s,s). We have also

V(€ ) = S5 (€ a).
L= Qs(f5, f5)! — Qs(f5, f5)™
L= Qs(f5, f5)™™ — Qus(fs, f5)™,
L= Qus(f5. [5)" — Qusalf5, f5)™
L= Qusalfs [5)" = Qragalfs, f5)™,
Is= Qrusalfs [5)™ = QrnsalF, F)™

Here @n,g,a denotes the collision operator of the infinite DVM, without the R
truncation, and én’(g is the analogous operator without the a truncation.

Now, Iy converges to zero in the L' norm, as n — 00. We next claim that
the term 5 can be estimated in the L}, norm as Sl fs — FHLig‘ Indeed, since
a is kept fixed, it is easy to see by repeating the calculation (4.5) for both
“gain” and “loss” parts of the collision operator:

2a
|@nnsalf )y < S5 el

This implies the following Lipschitz condition, uniform in n (c¢f. [15]):

||©R,n,6,a(f7 f) QRnéa(g g)HL]E = 53 ”f gHL ¢

and thereby proves our claim.

The remaining four terms contain only the limit solution fs which can be
shown to be a function from the Schwartz class, smooth and rapidly decaying
[15]. Thus, I; converges to zero uniformly as n — oo, by continuity. To
estimate the effect of the R truncation, expressed by the I, term, we can
notice that

Qusalfs: f5) = Qrasalfs, I5)
= G&(pﬁ) (Qn,é,a(fﬁx{|§|>R}7 fts) + Qn,ﬁ,a(f(Sv fJX{|§|>R})) .

Thus, using Lemma 3.5, we find that for each ¢ and T fixed, I, converges to
zero as R — oo in L®(R3 x [0,T],C.(R)) for every r > 3, uniformly in n.
Also, by Theorem 3.2, I, — 0 as n — 0, in the same function space as Iy.
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The last remaining term /I3 is a little bit more tricky. It suffices for us to
show that I3 — 0 as a — oo, uniformly in n. We introduce the function

Z Xe, (§)Xe, (n |SU|

where |.S;;| is the number of integer points on the sphere that appears in the
truncation. This function is not bounded in L*° uniformly in n; however, we
can show the following:

/' e in=5 3 <%|sij|>2

li—j|<Kn
| 2
w . T (Gsl) = X o

Here r(m) denotes the number of integer points on the sphere of radius /m,
and the constant Cx does not depend on n. To get the third equality we used
that the number of points on the sphere {|i — j| = /m} equals S;; = r(m).
The last inequality follows from the Gauss formula for r(m) [18, Theorem 2,
Chapter 4] and the estimates in Barban [3, Theorem 2]. (These estimates
imply in fact that &, € LP({|¢ —n| < K}) for every p < oo, with bounds
independent on n). Now the required estimate for the term /3 can be obtained
as follows:

Msllz:, = 11Qsan(fs: f5) = Qanlfs: f5)ll e,
<2 [ [ [ U €)X 010y Brs

2
< —2||f6||L1 | /5|l zoe sup (&' 1) X o150y AT
¢ fe l&r—n'|<
2 1 Cs
< Slfslos Wil 5 sup [ (@@ <
Qe Sy @

It follows now, by collecting the estimates for all terms in (4.9), that

163 = Flas 0 < 5 [ 163 = Pl do + unatm) +cs(om) + eu(Rom),

=53

where €g12(n) — 0 as n — oo, e3(a,n) — 0 as @ — oo and e4(R,n) — 0
as R — oo, uniformly in n . Thus (4.8) follows by Gronwall’s lemma. This
completes the proof of the theorem. O

5 Numerical results. Space-homogeneous re-
laxation

The accuracy of the collision integral approximation, as well as its compu-
tational cost, are illustrated by a comparison with the exact solution of the
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space-homogeneous Boltzmann equation for pseudo-Maxwell molecules, which
was obtained by A. Bobylev [5] and, independently, by M. Krook and B. Wu
[21]. This solution has the form

fle.1) = @nr)H (1412 T(g ~ ) e (- g) (5.1)

T(t) = 1 — Oexp(—At)

with 6 € [0, 2], and A = gf_ll g(2)(1 — 2%)dz. Here g(z) is a function such
that B(v,cosd) = cosd g(cos ). We use g(z) = %; then A =  and B(u,w) =

Ju| 7 (u? + w2)_%. We also take § = 2 so that f(0,0) = 0. For the numerical
scheme we take the points of the regular grid V} in a cube of suitable size
(determined by the parameters of the distribution function), and include in
the model only those collisions for which the postcollisional velocities remain
in the fixed cube. For the parameters of the solution (5.1) chosen as above, we
take the cube with the side length 7.0 centered at the origin as the domain of
computation. The size of the cube is kept fixed in the time-dependent problem.
We denote by n the number of velocities in each direction; the total number of
velocities is therefore N = n3. To increase the numerical efficiency, we follow
J. Schneider [22]| in using the symmetry properties of the DVM coefficients
in the numerical algorithm. All computations were performed on Sun Dual

UltraSparc 1700 / 167 MHz.

Table 1: Relative errors of the collision term approximation and CPU times,
in dependence on the number n of velocities in each direction.

n 8 10 12 14 16 18 20 22
error(Q, Qn) 0.044 | 0.035 | 0.033 | 0.028 | 0.024 | 0.021 | 0.019 | 0.017
CPU time, sec. | 0.38 | 1.96 | 7.25 | 23.01 | 66.43 | 135.47 | 286.94 | 638.13

In the first test we compare the exact value of the collision operator com-
puted on f(&,0) and the values obtained by using discrete-velocity models. We
measure the difference between the exact and approximate data by calculating
the relative maximum error

2max|Q(E) — Qi

error(Q, Qn) = max |Q(&;)| + max |Q,|”

The results of the computations are shown in Table 1. Figure 7?7 illustrates
the relation between the CPU time on the number of velocities N. The de-
pendence is close to a power law with the exponent ~ 2.43. Figure ?? shows
the dependence of the relative error on h = % The approximate value of the

exponent obtained by the interpolation using n = 12, 14, 16, 18, 20, 22 is
found to be & 1.09.
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The second problem we address is the time relaxation in a space homo-
geneous gas. In the numerical scheme, the discrete-velocity approximation of
the collision term is combined with the forward Euler time-stepping method.
The time step is chosen so as to make the time integration error negligible in
comparison with the error of the discrete-velocity approximation. We com-
pare numerical solutions withthe exact one (5.1); this is done by computing
the relative mean error:

25 1(&) — i

error(f, fn) = SIFEN+ 1A

as a function of time. We also compute the fourth-order moment
2,2,0 3 2 2
m2*0 (1) = Y fi(heLe,
i

which is compared with the exact value of the moment calculated using (5.1).
The results for the calculation of the moment are shown on Figure ??7. The
relative error in calculating the moment is below 2.5 - 1073 for N = 10 and
decreases with increasing N. Figure 77 presents the mean error in the distri-
bution function in dependence on time.
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Figure 1: Squares: CPU time for calculation of the discrete collision operator
vs. the number of discrete points. Solid line: interpolant with the slope 2.4319
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Figure 2: Circles: relative maximum error of Q) vs. h = % Solid line:

interpolant with the slope 1.0943.
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Figure 3
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Figure 3: Fourth-order moment for the Bobylev-Krook-Wu solution, computa-

tional vs. exact. Solid line: exact; diamonds: N = 6; crosses: N = 8; squares:
N = 10.
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Figure 4
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Figure 4. The relative mean error in the distribution function. Diamonds:
N = 6; crosses: N = 8; squares: N = 10; x-marks: N = 12; circles: N = 14;
triangles: N = 16.
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