SNAP – An Introduction to Group Theory

Background for the Teacher:


Group theory is an area of abstract algebra that studies groups.  A group is defined as a set of elements with an operation such that the following properties are satisfied:

1. The set is closed (see definition below) with respect to the given operation

2. The operation is associative

3. The set contains an identity element

4. The set contains and inverse for each element

If the given operation is also commutative, then the group is called an Abelian group.  As you will see, the SNAP elements under the SNAP operation form a non-abelian group.

A set is said to be closed under a certain operation if the operation on any of the sets elements also belongs to the set.  That is, if a and b are elements of the set and * is our operation, then a*b must also belong to the set.

SNAP
This activity is based on an activity found in: 

Huetinck, Linda and Munshin, Sara N. Teaching Mathematics for the 21st century: Methods and Activities for Grades 6-12. Prentice Hall. New Jersey: 2004, pp. 287-89. 

Audience: 8th – 12th grade
Goals: 

1. To practice the algebraic properties of identity, inverse, closure, commutative property, and associative property.

2. To define a group.
Materials: SNAP Board, rubber bands, handouts (Review topics for group theory, SNAP-Introduction to Group Theory, and SNAP boxes). 
Implementation:

1. Before beginning the SNAP activity, the students should complete the Review Topics worksheet.  This will ensure that they recall the commutative and associative properties and understand the concepts of identity, inverse, and closure.

2. Divide the class into groups of 3-4. 

3. Each group must determine how many possible ways exist to connect the three dots in the first row to the three dots in the second row:
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Each dot has only one connection and each dot is used only once.  There will be exactly six possibilities.  Each figure will then be referred to as an element. Label the elements as follows:
	A
	B
	C
	D
	E
	F
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4. The students should now fill in the elements on the table at the top of the “SNAP-Introduction to Group Theory” handout.

5. The SNAP operation begins. Use the “SNAP boxes” handout to sketch the figures before performing the SNAP operation.

Example: 
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B

A


6. Use 3 rubber bands to construct the same figure on the SNAP Board by stretching the rubber bands between the top and bottom pegs around the middle pegs. Do not twist the bands.
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7. Do the SNAP operation by removing the middle pegs. 

8. Record the figure that remains on the SNAP Board in the SNAP box and label the element

Example:
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9. Record the result on the table. 

	S

N

A

P
	A
	B
	C
	D
	E
	F

	A
	
	B
	
	
	
	

	B
	
	
	
	
	
	

	C
	
	
	
	
	
	

	D
	
	
	
	
	
	

	E
	
	
	
	
	
	

	F
	
	
	
	
	
	


10. Complete the table using the SNAP boards and SNAP boxes.  Discuss observations. 

11. Define a group and identify the SNAP elements as a group.

Review Topics for Group Theory

Identity

In addition, the sum of a number and the identity is the original number.  What could we add to 6 to give a sum of 6?

Fill in the value that makes the following equations true:

4 + __ = 4

0 + __ = 7

__ + (-8) = -8
__ + 3 = 3

Inverse

In addition, the sum of a number and its inverse is the identity.  What could we add to 6 to give a sum of zero?

Fill in the value that makes the following equations true:

__ + (-2) = 0
4 + __ = 0

½ + __ = 0

(-5) + __ = 0

Closure

Chose any two positive integers and add them.  What kind of number do you get?  Your answer should be a positive integer.  This means that the positive integers are closed under addition.

Is the set {-1, 0, 1} CLOSED under multiplication?

Commutative Property

If an operation is commutative then the order of the elements (or numbers) can be reversed and still give the same answer.

Is addition commutative?  Does:

3 + 4 = 4 + 3?

7 + 8 = 8 + 7?

15 + (-3) = (-3) + 15

Is subtraction commutative?  Does:

4 – 2 = 2 – 4?

7 – 5 = 5 – 7?

(-2) – 6 = 6 – (-2)?

Associative Property

If an operation is associative then the way you group the elements within the expression does not matter.

Is addition associative?  Does:

(4 + 5) + 2 = 4 + (5 + 2)?


9 + (3 + (-2)) = (9 + 3) + (-2)?
Introduction to Group Theory
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Write any observations you notice 


Definition of a group: A group is a set 
about the table.





of  elements with the following properties:

1.







1.


2.







2.

3.







3.



4.







4.


5.
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Write any observations you notice 


Definition of a group: A group is a set 
about the table.





of  elements with the following properties:

1.
There are no new elements.



1.
Closed


Each row and column has one of each element.

2.
Every element “snap” A is itself.


2.
There exists a unique identity element.


A “snap” any element is the same element.

3.
A snap A = A





3.
Every element has an inverse.


B snap B = A


C snap C = A









D snap E = A


E snap D = A


F snap F = A

4.
The elements are not commutative.

4.
Associative

5.
Any other observation about the order of the elements in each row/column.
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