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Introduction
Topology is a branch of mathematics that involves the study of the properties of spaces and surfaces which are preserved through deformation, twisting, and stretching.  Cutting or tearing, however, is not allowed.

Topology itself can be divided into branches, one of which is called Algebraic Topology.  Algebraic Topology is the study of qualitative aspects of surfaces, spaces, and objects that remain invariant under the above-mentioned transformations.  This branch of Topology has the prefix “Algebraic” since many structures are represented by algebraic properties.
The Euler Characteristic is a “topological invariant,” meaning that it is a number that describes an aspect of a surface’s shape or structure, and that it remains unchanged under certain classes of transformations.  The Euler Characteristic, named for mathematician Leonhard Euler, was originally defined for polyhedra, which are geometric objects with flat faces and straight edges.

Sources:  http://en.wikipedia.org/wiki/Euler_characteristic, http://mathworld.wolfram.com/AlgebraicTopology.html, http://mathworld.wolfram.com/Invariant.html 
Motivating Activity

1. Have students draw any number of dots on a page.  Ask the students to connect the dots with straight lines, subject to the following rules:

a. Lines may not cross each other

b. Every dot must be connected to another dot.

Example:




2. Instruct the students to count the number of dots, lines, and regions in their diagram and fill in the following table:

	Vertices (Dots)

V
	Edges (Lines)

E
	Faces (Regions)

F
	V-E+F (Euler Characteristic)

	
	
	
	


3. Tell the students to keep their Euler Characteristic a secret from each other until everyone is finished filling in their table.

4. Have the students shout out their Euler Characteristic at the same time.  They will be surprised that they all get an Euler Characteristic of 2, even though their diagrams are not the same.  

5. Ask the students if they think this will work for 3-dimensional polyhedra – will they always get Euler Characteristic 2?  If not, will different polyhedra have the same Euler Characteristic?

Source:  Su, Francis E., et al. "Euler Characteristic." Mudd Math Fun Facts. <http://www.math.hmc.edu/funfacts>.

Experiment

1. Distribute templates for several different polyhedra, such as icosahedra, dodecahedra, octahedral, and hexagonal prisms.  For example:
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http://www.enchantedlearning.com/math/geometry/solids/Dodecahedrontemp.shtml

2. Have the students construct their polyhedra, and then count the numbers of vertices, edges, and faces.

3. As a class, fill out the following table:

	
	Vertices

V
	Edges

E
	Faces

F
	Euler Characteristic (V-E+F)

	Dodecahedron


	
	
	
	

	Icosahedron


	
	
	
	

	Octahedron


	
	
	
	

	Hexagonal Prism
	
	
	
	


4. Observe that all of the above polyhedra have Euler Characteristic 2.

5. Ask the students if this will be true for all polyhedra.

Discussion
A polyhedron is “convex” if its surface does not intersect itself and the line segment joining any two points of the polyhedron is contained in the interior and surface.  Intuitively, one can think of a convex polyhedron as a polyhedron that can be continuously deformed into a sphere.  Dodecahedra, icosahedra, octahedra, and hexagonal prisms are all examples of convex polyhedra.  

In fact, the Euler Characteristic will always be 2 for convex polyhedra, or polyhedra that can be continuously deformed into a sphere.  This result is called Euler’s Formula, and also holds for planar graphs, such as the diagrams given by the students in the beginning of the lesson.

The Euler Characteristic of nonconvex polyhedra will not, however, always equal 2.  For example, the Euler Character of the Cubohemioctahedron shown below is -2, and the Euler Characteristic of the Mobius Strip is 0.




Source:  http://en.wikipedia.org/wiki/Euler_characteristic 

Euler Characteristic!

Step 1:  Draw any number of dots in the box below.

Step 2:  Connect the dots with lines.  Follow these rules:



Rule 1:  Lines may not cross each other.



Rule 2:  Every dot must be connected by a line. 

Example:  
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Count the number of:

	Vertices (Dots)
	Edges (Lines)
	Faces (Regions)

	
	
	


Compute the following:

_______  -  ______ + ______  =  __________

Vertices

Edges
Faces
Euler Characteristic

Euler Characteristic Table

	Figure
	Vertices
	Edges
	Faces
	Euler Characteristic

(V-E+F)

	Dodecahedron
	
	
	
	

	Icosahedron
	
	
	
	

	Octahedron
	
	
	
	

	Hexagonal Prism Box
	
	
	
	


Bonus Question:  Find the Euler Characteristic of the Möbius Strip:
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Euler Characteristic:  ________

