1| Vx(Larger(x,a) —=Tet(x))
2| rm(a)=b
3| Large(b) A Small(a)

@

.\ Tet(rm(a)) A rm(a)#a

STRATEGY
for a derivation using
=Elim and AnaCon

@ We plan to 1| Vx(Larger(x,a) — Tet(x))
build the goal 2/ rm(a)=b
conjunction 3| Large(b) A Small(a)
by Alntro. :
So we aim Tet(rm(a))
for the 2 rm(a) # a
conjuncts. Tet(rm(a)) A rm(a)za

To help get ‘Tet(rm(a))’, we notice

‘Tet’ in line 1. So we apply VElim.

We aim the antecedent of that
conditional so that we will be able
to apply —Elim

W =

A Intro

Vx(Larger(x,a) —Tet(x))
rm(a) =b
| Large(b) A Small(a)

. Larger(rm(a),a)

Larger(rm(a),a) —Tet(rm(a)) VElim
Tet(rm(a)) —Elim
rm(a) # a

1
@ Because we have 2
‘rm(a) =b’ on line 2, 3
we can substitute :
either term for the
other. We could do
that to reach this new
goal if we could use
the information in line
3 to get ‘Larger(b,a)’.

‘Larger(b,a)’ follows from the

meanings of ‘Large’, ‘Small’, and
‘Larger’. Since we are applying
AnaCon only to literals (atomic
sentences and their negations), we must

break apart line 3.

We also notice that we now have all we 9
need to justify line ‘rm(a)#a’, because

nothing is larger than itself.

If we did not have AnaCon, we would need two additional premises. What

Tet(rm(a)) A rm(a)za

Vx(Larger(x,a) — Tet(x))
rm(a)=b
Large(b) A Small(a)

. Larger(b,a)

Larger(rm(a),a)

Larger(rm(a),a) — Tet(rm(a)) VElim
Tet(rm(a)) —Elim
rm(a) # a

Tet(rm(a)) A rm(a)za A Intro

Vx(Larger(x,a) — Tet(x))
rm(a)=b

Large(b) A Small(a)
Large(b)

Small(a)

Larger(b,a)
Larger(rm(a),a)
Larger(rm(a),a) —Tet(rm(a))
Tet(rm(a))

rm(a) # a

Tet(rm(a)) A rm(a)za

O N B W

10
11

general premises would express the relevant meaning relations?
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=Flim: 2,6

—Elim: 7,8
AnaCon:7
A Intro: 9,10



@ @

Our goal is a negation,
so we assume the

2| 3x(Bx) <= C(x)) P

1/ IxB(x) P

sentence it negates,
and plan to use —Intro.

'VxC(x) STRATEGY for:

{3xB(x), ~Ix(B(x) <= C(x))}

To do this, we need L L /.. =VxC(x)
in the subproof. ~VxC(x) ~Intro

We need to apply dElimto 1| IxB(x) P

use the first premise. So we 2| ~Ix(B(x) <= C(x)) P

start a subproof with a 3 | VxC(x

boxed constant that does not 4 [=] B(a)

occur outside the subproof,
using that constant in an
instance of line 1. Our goal
in that subproof, too, will be
1, so we can move it to the

dxB(x) P
1 —3x(B(x) <= C(x)) P

1
2

—-VxC(x) ~Intro 30 | VxC(x)
4 [=] B(a)

\ 1

first subproof by IElim. P
®=> EIx(B(x) < C(x))
LIntro
We need a sentence and its negation to get L. We | J_ JElim
already have a negation on line 2, so aim for the —VxC(x) —Intro

sentence that it negates.

1| IxB(x) P c@ To get ‘Ix(B(x) <> C(x))’ inside this
2/ - Ix(Bx) <= Cx) P subproof, aim for an instance.
3| | VxC(x ‘B(a) <= C(a)’ should be the easiest one to
4 B(a) get because we already have ‘B(a)’.
B(a) <= C(a)
EIx(B(x) < C(x)) JIntro 11 3xB(x) p
LIntro 2| ~3x(B(x) <> C(x)) P
J_ dElim 3 | ¥xCx
—VxC(x) —Intro 4 ﬁ(@)
5001 1B
Start 2 subproofs to get 'B(a) <= C(a)’ by <=Intro. | C(a)
BRIt
1| IxB(x) P S
2| ~3x(B(x) < C(x)) P (&)= i1 | B(a)
3 | VxC(x) B(a) <= C(a) <>Intro
4 (2] B(a) EIx(B(x) <> C(x)) dIntro
5 B(a) LIntro
6 C(a) VElim: 3 3Elim
ﬁVxC(x) —Intro
7 C(a)
8 B(a) Reit: 4
9 B(a) <= C(a) <>Intro: 5-6,7-8
10 Ax(B(x) <= C(x dintro:
11 N (B&) ) ﬂntrozogjg c@ We already have all we need to
121 1L JElim:1,4-10 justify all the steps. So complete the
13| =VxC(x) —Intro: 3-12 proof by filling in justifications.
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STRATEGY: {Vx(C(x) <= D(x)), C(a), IxD(x) = VxM(x), Vx(M(x) = L(x))} /.. VxL(x)

@ @ We can't reach our goal by easy 1|Vx(C(x) <= D(x)) P
rules like A, 3, or VElim. Next best 2|C(a P
1 Vx(C(x) <= D(x)) P strategy: build it by VIntro. Starta ~ 3|3IxD(x) — VxM(x) P
21C(a) P subproof with a boxed constant 4 Vx(Mx) —Lx) P
3|3IxD(x) = VxM(x) P that's not outside the subproof; get [&]
4\ VxMx) = L(x)) P an instance of our goal with the
: constant in the box. So aim for | L(b)
'VxL(x) '"L(b)' in a subproof starting with [E]. VxL(x) VIntro
@ 1| Vx(C(x) < D(x)) P @ 1| Vx(C(x) < D(x)) P
2 C(a P 21 C(a P
Theonly 3 3xD(x) - VxM(x) P Touse this 3| IxD(x) — VxM(x) P
premise. 4 Yx(M(x) = L(x)) P toreach 4| Vx(M(x) — L(x)) P
with 'L'is 5 ‘ IE' 'L(b)', we 5 ‘ IE'
?ﬂ SO use P also need P
the — - 'M(b)', so M(b
M(b) = L(b) VElim:4 . (b)
mstance of L(Sb)) ® aim for M(b) — L(b) VElim: 4
Wi ’ VxL(x) VIntro that. L(b) —Elim
VxL(x) Vlntro
@ 'M' is in only 1] Vx(C(x) <= D(x)) P -
two premises. In 4, 2/ C(a P @ % gX(C(X) D(x)) g
it's in the antecedent 3| IxD(x) — VxM(x) P ‘ To gef 213 il) VM ’
of the conditional to 4| Yx(M(x) — L(x)) P VxM(x) 1 VX 1\(/}() N I)i (x) P
which 'Vx' applies, 5 TIe] from 3, X(M(x) = L(x))
so that’s no help. = . ﬁert S | ‘: [E]
But in 3 it's in the R=IT aim for ¢ ¢
consequent. Also, IY/I)Z‘lt\)/)[(X) Vgﬁﬁ ‘AxD(x)’. AxD(x) '
that consequent is M(b) — L(b) VElim:4 VxM(x) —Elim
universal, so it L(b) —Flim M(b) VEhpl
would yield 'M(b)' VxL(x) Vntro M(b) — L(b) VElim:4
by VElim. So use 3 L(b) —Elim
to get ‘VxM(x)’. VxL(x) VIntro
@ Our goal is an -
existential. Since we 5| g0 <7 D) P 1[YXC < D) P
can’t pull it out of = ow a
anything, build itby 3 3’%&%0 v E(MX%‘) pallwe 3 3D —>VxMx) P
Jintro. So weneed an 5 I need 4 | Vx(M(x) — L(x)) P
instance. Except for 3, . to do 5 k] .
the only premise with . isfill 6| | C(a) <> D(a) VElim: 1
‘D’ is line 1, so we’ll D(a) inthe 7| | D(a) <Elim: 2,5
use an instance of that IxD(x) , justifi- 8| | IxD(x) Alntro: 7
to get an instance of VxM(x) —Elim  cations. 9| | VxM(x) —>Elim: 3,8
‘AxD(x)’. Weneed a M(E) VVEIIW 10| | M(b) VElim: 9
constant we can get (b) — L(b) VElim:4 11} | M(b) — L(b) VElim: 4
after ‘C’. Line 2 is L(b) —Elim 12| | L(b) —Elim:10,11
‘C(a)’, S0 We use ‘a’. VxL(x) Vlntro 13| VxL(x) Vintro: 5-12
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@ . 1| 3IxJ(x) A Kx) P
: Our 90nct1USIOIlS 2 aVx(K(x) = J(x)) P STRATEGY for
is a conjunction. So : -
we try to get each : IxI(x) (3x() A KG)), 2Vx(K ) > J(x));

conjunct alone, then /o AxXI(x) A IxI(x)

join them by Alntro.

- Ax) (x)
\ AxJ(x) A Ix-J(x)

@ We should be able to use @ 1| 3IxJ(x) A Kx) P
|l the first premise to get = 2| aVx(K(x) = J(x)) P
‘HEJ (X)’f V\l]e begin a Within the subproof, we i .j_)_(_)a A K(a Elim: 3
subproof, planning to thi ithout ‘a’ AElim:
apply the JElim rule. ?}f;d‘sg I;laen I;Eigl \())Vl;t é)futhea 5 EIxJ (x) dlntro: 4
1] IxJ(x) A Kx) P subproof by the IElim rule. 6 _EIXJ (x) JElim: 1,3-5
2| aVx(Kx) = J(x)) P We want *JxJ(x)’, so we’ll '3 160
3 \ J(a) A K(a) try to get that. We need an XX
- instance of ‘dxJ(x)’, which IxJ(x) A Ix=J(x)
: EIxJ (x) we can get from 3 by AElim.
: Ix) (x) @ To get ‘Ix-J(x)’, we mustuse 1| Ix(J(x) A Kx) P
‘ AxJ(x) A Ix=T(x) line 2. The only way to use itis 2| 2Vx(K(x) = J(x)) P
in a contradictory pair. So i .Jﬂ)’\—K@) Elirn: 3
) ) AElim:
assume negat(lioq offdesued 5 EIxJ x) Antro. 4
statement, and aim for a 6| IxI(x) IElim: 1.3-5
contradiction with 2.
7| | 23x=J(x)

@ Plan to use "Intro. Start a
| subderivation with a new

Vx(K(x) = J(x))
boxed constant constant, n

1Intro

and aim for the desired Ix-J(x) —=Intro
conditional with that @ IxJ(x) A Ix-J(x)  Alntro
constant. Set up
subderivation for — Intro. U
1 3IxJ(x) A Kx) P 1 3Ix(J(x) A Kx) P
2| =Vx(K(x) = J(x)) P 2| 2Vx(K(x) — J(x)) P @
3 |[2]J(a) A K(a) 31 |[2]J(a) A K(a) < We
4| | J(a) AElim: 3 41 | J() AElim: 3 have no way
51 IxI(x) dintro: 4 50 IxI(x) d Intro: 4 to get ‘J(b)’ by
6 HXJ(X) dElim: 1,3-5 6 HXJ(X) dElim: 1,3-5 use Ofeasy
7 | ~3xJ(x) 7| 23x2I(x) rules. Also,
8 |[E] 8 the only way
Do 9 K(b) we can use
| K(b) — J(b) 10 _I(b) line 7 is in a
Vx(K(x) — J(x)) VIntro 11 3x-J(b) 3 Intro: 10 contradiction.
1 Intro 12 L 1 Intro: 1017 So we assume
HX_‘J(X) —Intro 13 J(b) —intro: 10-12 ‘=J(b)’. That
AxJ(x) A Ix-J(x)  Alntro 14 K(b) = J(b)  —Intro: 9-13 justifies
15| |Vx(K(x) = J(x)) VIntro: 8-14 Ix—J(x)’,
16| |L 1 Intro: 2,15 contradicting
17] Ix—J(x) —Intro: 7-16 line 7.
18] IxJ(x) A Ix—I(x) Alntro: 6,17
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@ 1| VX[(F(X) v G(x)) —
H(x)]
2| ¥X(F(x) <= = G(x))

\. VxH(x)

@

—

VX[(F(x) v G(x)) —
2| ¥X(F(x) <= = G(x))

3, |12

| H@)
VxH(x)

has the predicate ‘H’ that we need, begin there.

VX(F(x) <= = G(x))

H(x)] P

VX[(F(x) v G(x)) > H(x)] P

(F(a) v G(a)) >
a) VElim:1

o o= (2)

(F(a) v G(a))
H(a)

P
P STRATEGY for:
{¥X[(F(x) v G(x)) = H(X)], YX(F(x) <= =G(x))} /.-
VxH(x)

The goal is a universal. For VIntro, start a subproof with a
boxed constant that does not occur outside the subproof.

P There are no constants outside the subproof, so we can
use any constant. In the subproof, aim for an instance of
the universal with the constant introduced in the box.

Vintro 1] VX[(FX) v G(X) = HX)] P
2| ¥x(F(x) <= = G(x)) P
. . 3
To get our instance, we’ll be plugging the constant from 4 | (F(a) v G(a)) — H(a)
our new goal into our universal premises. Since line 1 P
| H(a)
VxH(x) Vintro
We can get ‘H(a)’ with
g;engﬂf Og(gr)‘ev%'(fa")"e 1 UX[(FX) v G(X) > HXK)] P
) 2| Vx(F(x) < - G(x)) P
3 |
®: — _ 4| [(F(@)vG(a)) > H(a) VElim
501 \.—-F(a) v G(a))
—>Elim Neither disjunct is o
Y Intro obviously the easy one (F(a) v G(a))
to get, so we assume the H(a) ->Elim
negation of the disjunction. VxH(x) V Intro

VxH(x)

Apply common strategy for getting a contradiction under the negation of a disjunction..
Assume ‘G(a)’ because we have an easy way to use ‘-G(a)’ (with line 2), but we have no
easy way to use ‘-F(a)’. We will use ‘-G(a)’ to get ‘F(a)’, then ‘F(a) v G(a)’.

1| VX[(F(x) v G(x)) = H(X)] P
2| Yx(F(x) <= =G(x)) P
3 |
4| |(F(a) v G(a)) =2 H(a) VEIim:1
5 \ ~(E(a) v G(a))
6 G(a)
7 F(a) v G(a) vintro: 6
8 1 Lintro: 5,7
9 -G(a) =intro: 5-8
F(a)
F(a) v G(a) vintro
L Lintro
== (F(a) v G(a)) =lntro
F(a) v G(a) —-Elim
H(a) —>Elim
VxH(x) Y Intro

1] VX[(F(x) v G(x)) = H(x)] P
@3 - == 2 V‘X(F(X) < G(x)) P
To get ‘F(a)’ 3

line g.gV?Ihergav)v,eugSei 4| |(F(a)v G(a)) = H(a) VElim:1

‘F(a) v G(a)’ again, we > | =(F(a) v G(a))

canuse LIntroand  © G(a)

~Introtoget 7 F(a) v G(a) vintro: 6
‘—|—|(F(a) \ G(a))” then 8 1 Llntro: 5,7
drop the double 9 -G(a) -Intro: 5-8
negation to get 10 F(a) < ~G(a) VElim: 2
‘F(a) v G(a)’ where we 11 F(a) <Elim: 9,10
really want it, outside of 12 F(a) v G(a) vintro: 11
any subproof. 13 1 lintro: 12,5
14| |~ - (F(a) v G(a)) -intro: 5-13
15| |F(a) v G(a) —-=Elim: 14
16| [H(a) —Elim: 4,15
17] VxH(x) Vintro: 3-16
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1 IxR(x,x) = Vx(Q(X) v S(x)) STRATEGY for:
@ R {(AXR(x,x) = Vx(Q(x) v S(x)), Vx(R(ax) A ~Q(x))}
VxS() /.. ¥xS(x)

@ The only ‘S’ in the premises is in 1. So aim for
the antecedent. Get the consequent by —Elim,
then try to get ‘VxS(x)’ from that. = = =

1] 3IxR(x,x) = Vx(Q(x) v S(x))
2/ Vx(R(a.x) A ~Q(x))

@ AXR(x,X)
1] IxR(x,x) = Vx(Q(X) v S(x)) Vx(Q(x) v S(x))

2 ¥x(R(a.x) A ~Q(x)) :

3| R(a,a) A 7Q(a) VElim: 2 | VxS(x)

4|R(a,a) AElim: 3

5| IxR(x,x) 3 Intro: 4 <:® To get ‘IxR(x,x)’, we’ll get an instance,

6/ Vx(Q(x) v S(x)) —Elim: 1,5 then apply 3 Intro. Use line 2 to get the
: instance ‘R(a,a)’.
| VxS(x)

@ ‘¥xS(x)’ is not in any statement we have yet. .
Plan to build it by "Intro. Begin a subproof @

with a boxed constant that is not in any
assumption, and aim for an instance of
‘VxS(x)’ with that constant. Since ‘a’ is in a
premise, we must use a different constant.

@ To get 1| IxR(x,x) = Vx(Q(x) v S(x)) P
‘S(b)’, 2| Vx(R(a.x) A ~Q(x)) P
begin by 3| R(a,a) A 7Q(a) VElim: 2
applying  4/R(a,a) AElim: 3
VElim to 6: 5| 3xR(x,x) 3 Intro: 4
6 Vx(Q(x)vS(x))  —Elim: 1,5
7 ‘IE
81 1Q(b) v S(b)
S(b)
@ Set up VxS(x) @ = =
| for v Elim:
1 HXR(X,X) — VX(Q(X) Vv S(X)) P Note that
21 Vx(R(ax) A ~Q(x)) P e can get
3/ R(a,a) A ~Q(a) VElim: 2 —Q (b)’ by
4/ R(a,a) AElim: 3 ‘applying
5| IxR(x,X) 3 Intro: 4 VElim to line
6/ Vx(Q(x) v S(x))  —Elim: 1,5 2 again. This
70 |[E] yields a
8 %(b) v S(b) VElim: 6 contradiction,
9 Q(b) which we can
R put to work
for us by
:‘ ‘ ‘S(b)_ applying
| S(b) J_Ehm‘ tso bgfft
VxS(x) (b)".
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1] IxR(x,x) = Vx(Q(x) v S(x)) P
2 ¥x(R(a.x) A ~Q(x)) P
3| R(a,a) A 7Q(a) VElim: 2
4|R(a,a) AElim: 3
5| IxR(x,x) 3 Intro: 4
6| Vx(Q(x) v S(x)) —Elim: 1,5
7, |IE]
S(b)
VxS(x)

IxR(x,x) = Vx(Q(x) v S(x)) P
Vx(R(a.x) A ~Q(x)) P

R(a,a) A 7Q(a) VElim: 2
R(a,a) AElim: 3
AxR(x,x) 3 Intro: 4

Vx(Q(x) v S(x))  —Elim: 1,5
[E]

— e e
AN NEAE WN—RODOVOINWDNRKAW N —

(b) v S(b) VElim: 6
Q(b).
R(a,b) A Q(b)  VElim: 2
—Q(b) AElim: 10
L 1 Intro: 9,11
S(b) 1 Elim: 12
S(b)
S(b) vElim: 8,9-13,14-14
VxS(x) Vlntro: 7-15




STRATEGY: {Cube(a), ~IxIy(x#y A SameShape(x,y))} /.. Vx(Cube(x) — x = a)

@ 1 | Cube(a
2| —IxIy(x£y A SameShape(x.v))

.\ Vx(Cube(x) — x = a)

@ We set up a subderivation to

1
2
3

reach our goal by VIntro.

Cube(a)
=3Jxdy(x£y A SameShape(x.y))

| | Cube(b) >b=a

Vx(Cube(x) — x = a)

@ We start another subderivation to

EENRUSE O

build the conditional we need.

Cube(a)
=3xdy(x£y A SameShape(x.y))

| _Cubegb)

b=a
Cube(b) = b=a
Vx(Cube(x) — x = a)

@ The only way to use line 2 is

DB W =

in a contradiction. So we
assume the negation of our
current goal, and try to get a
contradiction with line 2.

Cube(a)
=3xdy(x£y A SameShape(x.y))

b
Cube(b)

‘bza

. .EleIy(x;ty A SameShape(x,y))
1

b=a
Cube(b) =b=a
Vx(Cube(x) — x = a)

®

We aim for an instance of the existential. We
have one conjunct, so we need the other, which
we can get right away by AnaCon.

Cube(a)
—IxIy(x£y A SameShape(x.y))
b

Cube(b)
bZa
SameShape(b,a)
_b#a A SameShape(b,a)

~N NN W~

.EIXEIy(x;éy A SameShape(x,y))
1

b=a
Cube(b) = b=a
Vx(Cube(x) — x = a)

@ We just need to build up the
existential sentence, and

| complete the justifications.

1| Cube(a) P

2 | ~3IxIy(x£y A SameShape(x.y)) P

3

4 Cube(b)

5 b#a

6 SameShape(b,a) AnaCon: 1,4

7 b#a A SameShape(b,a) Alntro: 5,6

8 dy(b=y A SameShape(b,y)) Jlntro: 7

9 Ix3Jy(x#y A SameShape(x,y))  Jlntro: 8
10 L LIntro: 2,9
11 “b+#a —Intro: 5-10
12 b=a —Elim: 11
13| | Cube(b) —b=a —Intro: 4-13
14 | Vx(Cube(x) — x = a) Vlntro: 3-13

Without AnaCon, we’d need a third premise. You
should be able to complete the modified derivation:

1| Cube(a)
2| —3x3Ay(x£y A SameShape(x,y))
3| VxVy((Cube(x) A Cube(y)) — SameShape(x.y))

\. Vx(Cube(x) — x = a)
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Strategy: {IxVy(F(x) — G(x,y)))} /.. VxF(x) — IxG(x,X)

@

1| IxVy(F(x) = G(x.y)) P

\. VxF(x) — 3IxG(x,x)

©

Now we are aiming for an existential statement.
When we have one existential statement and are
aiming for another one, a good way to try to reach that C
goal is by JElim. So set up a subproof for later use of
the Elim rule. Aim for the desired existential
statement at the end of the subproof. Then JElim will

@ Since conclusion is a conditional, set up a

subproof to build it by —Intro.

let us move it to the left, out of the subproof.

To get ‘IxG(x,x)’, aim for
an instance, then use the
Jlntro rule. So you want
‘G’, followed by two
occurrences of the same
constant. Since you have
a ‘G’ with an ‘a’ in line 3,
try for ‘G(a,a)’.

@

Notice that if you plug in ‘a’ in
place of ‘y’ using the VElim
rule on line 3, you will get a
conditional that has your current
goal as it’s consequent. That is
a promising strategy. In this
case, it is particularly promising
because its antecedent is easy to

get by applying VElim to line 2.

W N =

1 | IxVy(F(x) = G(x.y)) P
2| [VxF(x)
| IxG(X,X)
VxF(x) = 3IxG(x,x)  —Intro
1| IxVy(F(x) = G(x.y)) P
2 | VxF(x
3 [2]Vy(F(a) — G(a.y))
. \ IxG(x,X)
AxG(x,x) dElim
VxF(x) = IxG(x,x) —Intro

IxVy(F(x) = G(x.y)) P
VxF(x
[2]Vy(F(a) = G(a.y))
G(a,a)
AxG(x,x)
AxG(x,x) dElim
VxF(x) — 3IxG(x,x) —Intro
1| IxXVy(F(x) = G(x.y)) P
2| | VxF(x
3 [2]Vy(F(a) = G(a,y))
4 F(a) = G(a,a) VElim: 3
5 F(a) VElim: 2
6 G(a,a) —Elim: 4,5
7 AxG(x,x) 3 Intro: 6
8| | IxG(x,x) dElim: 1,3-7
9] VxF(x) = IxG(x,X) —Intro: 2-8
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STRATEGY: {Vx(Gxa <> x=Db), ~Ix(Hx A IyG(b,y)), Hb} /.. ~IxG(x,a)

1| Vx(Gxa <> x=D)
2| —3x(Hx A AyG(b,y))
31 H(b)

@

| —3xG(x,a)

@

Our goalisa 1| Vx(Gxa <> x=Db)
negation, so 2| —dx(Hx A JyG(b,y))
we plan for 3 H(b)

—Intro and 4; ‘;EIX—G(L’@)

assume the Jx(H(x) A JyG(x.y))
opposite. The L

contradiction —3IxG(x,a)

will be with

the only

negation in
the premises.

To build the existential that is now

our goal by JIntro, we need an

instance. If we use ‘b’, we already
have one conjunct on line 3, so we

just need to aim for the other
conjunct, ‘dyG(b,y)’.

Vx(Gxa <= x=Db)
~3x(Hx A 3yG(b.y))
H(b)

. \ IxG(x,a)

AW —

‘FyG(b.y)
Fi(b) A 3yG(b.y)
Ax(H(x) A FyGx.y))

Alntro
lntro
LIntro
—Intro

1
—3xG(x,a)

41

@ We have an existential sentence at

(@

—
DWN—OOVOIANWNPRAWN—

the top, and are aiming for another.
So we start a subderivation to apply
JElim to the first one to get the
second.

Vx(Gxa <= x=Db)
~3x(Hx A 3yG(b.y))
H(b)

IxG(x,a)

| [[c] Glc.a)

(U, N SN S I [ Iy

dyG(b,y)
dyG(b.y)
H(b) A 3yG(b,y)
Ax(H(x) A FyG(xy))

1
—3xG(x,a)

To build the existential that is now
our goal by JIntro, we need an
instance. We could get ‘G(b,a)’ as
our instance if we could replace
the ‘¢’ in line 4 with ‘b’. We can
do that with the help of line 1.

Vx(Gxa <= x=Db)
~3x(Hx A JyG(b,y))
H(b)
IxG(x,a)
G(c,a)
G(c,a)<>c=Db VElim: 1
c=b <Elim: 5,6
G(b,a) =Elim: 5,7
AyG(b,y) Jlntro: 8
dyG(b,y) JElim: 4,5-9
H(b) A AyG(b,y) Alntro: 3,10
Ax(H(x) A AyG(x,y)) Jintro: 11
L LIntro: 2,12
—3xG(x,a) —Intro: 4-13



EXTRA EXERCISES FOR CHAPTER 13, GROUP 2

If the argument is FO-valid, use Fitch to give a proof. Start by opening Proof CStern
130x, where 1=<x<9, or Proof CStern 13x where x>10. Use AnaCon only for literals
(atomic sentences and their negations). Do not use TautCon.

If the argument is FO-invalid, use Tarski’s World to give a counterexample. Start by
opening Sentences CStern 130x for H 13.x, where 1=<x<9, or Sentences CStern 13x
where x>10. Save worlds as World CStern 130x or 13x, corresponding to Sentences
CStern 130x

H 139 dx(Tet(x) A Vy[Cube(y) 2 Adjoins(y.x)]
Vx(Cube(x) = Jy(Tet(y) A Adjoins(x,y)))

H 13.10 | 3xCube(x)
Vx(Cube(x) = dy(Dodec(y) A Adjoins(x.y)))
Ax(Dodec(x) A YVy[Cube(y) = Adjoins(y,x)])

H 13.11 | VxVy([Cube(x) A Tet(y)] = SameSize(x,y))
Ax3y (Cube(x) A Tet(y))

dx[Dodec(x) A Vy(Tet(y) = Smaller(x.y))]
dx3y (Dodec(x) A Cube(y) A Smaller(x,y))

H 13.12 | VxVy([Cube(x) A Tet(y)] = SameSize(x,y))
IxIy(Cube(x) A Tet(y))

dx[Dodec(x) A Vy(Tet(y) = Smaller(x.y))]
VxVy[(Dodec(x) A Cube(y)) = Larger(y x)]

H 13.13 | 3Ix(Tet(x) A Vy[(Tet(y) A y#x) = Larger(x,y)]
AxIy(Tet(x) A Tet(y) A y#x)

VxVy[(Tet(x) A SameCol(x,y)) = SameSize(x,y)]
Vx3dy(SameCol(x.y) A x£y)

—3xJy(Tet(x) A Tet(y) A x2£y A SameCol(x,y))

H 13.14 | 3xdy(Dodec(x) A Tet(y) A Larger(x,y))
—3x(Tet(x) A Yy(Cube(y) = Smaller(x.y)))
dx(Large(x) A Cube(x)) = Vx(Large(x) = Cube(x))

H 13.15 | 3Ix(Dodec(x) A Yy(Cube(y) = Larger(x,y))
dx(Cube(x) A Vy(Tet(y) =2 Larger(x.y)))
Vx((Cube(x) v Tet(x)) = Jy(Dodec(y) = Larger(y x)))

42



