To show a statement is truth-functionally
true, start proof with no premises and end
with the statement:

©

'(FvG)—(F—G)

@ We are aiming for a conditional, so
we set up a subproof to get it by

— [Intro.

o1

2| ‘_FVG)_
| -F—G

(FvG)— (F—=G) -Intro

@ Now what we are aiming for is a
single
letter, so we look to see how we can
get it from earlier steps.

A. Can we get it by an easy rule?
(A Elim, — Elim, <= Elim)

B. Can we get it from any other
complex sentence containing ‘G’, or
if there are non with that, with ‘—~G’?

Here we find a ‘G’ in line 1, which is a
disjunction. The only thing we can do
with that is use vElim, so we set that up.

We see that it is easy to get from ‘G’
to ‘G’, so the only work left is to get
from ‘F’ to ‘G’.

To get ‘G’ under ‘F’, we notice that
we already have '—F' and 'F' available
in this subproof. So we can use L
Intro and then L Elim ‘G’.
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STRATEGY to show that
(FvG)—(F—=0G)
is a tautology
(is truth-functionally true).

@ Same strategy as in step 2:

1
2 FvG)
3 —F

|G
F—=G
FvG)—=(F—=G) —Intro

1
2 FvG
3 —-F
4 _F
G
G vElim
-F—G —]Intro
FvG)—=(F—=0G) —Intro
FvG
—F
¥
1 1 Intro: 3,4
G 1 Elim: 5
G
G v Elim: 2,3-6,7-7
-“F—= G —Intro: 3-8
FvG)— (-F 2 G) —Intro: 2-9



To show 2 sentences are tau- @ I
tologically equivalent: From :
null (empty) set of premises,
derive biconditional.

iﬂ(A v B) <= (A A =B)

STRATEGY to show
—(A v B) and (A A =B)
are tautologically equivalent.

@ To get (A A =B), @
Start 2 subproofs aim for each conjunct. 1
to reach goal by <=1I: \ 2 |I=(AvB
. | (AvB) 3 A
~(A v B) P 4 AvB v Intro: 2
‘. Y : A 5 L 1 Intro: 1,3
: : -B 6/ DA =Intro: 2-4
|-A A -B A A -B 7 B
8 AvB v Intro: 7
-AA-B . | mAA-B 9 | L 1 Intro: 1,8
: - 10, |-B —Intro: 7-9
'~(A v B) |~(AVB) 11| |~AA-B Alntro: 6,10
~(A v B) < (A A -B) (A v B) <= (=A A -B)
12| |=A A-B
To get —A, assume A, then use —Intro. We already have a -
negation, ‘(A v B)', on line 1, so that will be one member of our (A vB)
contradictory pair. Get '(A v B)' directly from A by vIntro for the “(AvB) < ("AA"B)

desired contradiction. The same strategy gives us —B:

@ We must use VElim. We
need a sentence and its nega-
tion. Take negated conjunct
from 11. Get unnegated
statement by vElim.

@ Our goal in the second
subproof'is a negation. We
can't get it directly by easy
rules like AElim or

—>Elim. So we assume

'(A v B). 1

1 2

1 2 (AvB 3

2 - (A \% B[ 3 i 4

3 A 4 AvB vlintro, 3 5

4 AvB vintro,3 5 1 1 Intro: 2,4 6

5 1 1 Intro: 2,4 6| A —Intro: 3-5 7

6| | A —Intro: 3-5 7 B 8

7 B 8 AvB vlintro:7 9

8 Av B vintro:7 9 1 1 Intro: 2,8 10

9 1 1 Intro: 2,8 100 |—B —Intro: 7-9 11
10| I—B —Intro: 7-9 11 |"TA A—B Aln: 6,10

11} |"AA—B Aln: 6,10 12 [-A A-B 11§

13 AvB

12) |TAA—B 14

13 | TAVB M as s

S 15 B 16

. oo 17

| ~(A v B) A 18

—(A v B) < (A A ~B) A 19

—A 20

1 21

~(A v B) 22

“(AvB)<("fAAr—B) 23

19

@ We already have a
contradiction. Use it for LIntro.
Then use LElim to get A again so
we can pull it out by vElim for a
contradiction under 'A v B'

~(AvB
A
AvB v Intro, 3
1 1 Intro: 2-4
—A —Intro: 3-5
B
AvB v Intro: 7
1 1 Intro: 2,8
—-B —Intro: 7-9
—AA—B A Intro: 6,10
—AA—B
AvB
A
B
-B AElim: 12
1 1 Intro: 15,16
A 1 FElim: 17
A vElim: 13,14-14,15-18
—A A Elim: 12
1 1 Intro: 19,20
—(A v B) — Intro: 13-21

(A v B) < ("A A —B)
<>Intro: 2-11,12-22



STRATEGY

Show that ("A v B)and A — B
are tautologically equivalent.

@ Derive

biconditional from

1

2
3

OIS N W

— =
NP Wh—O\O

‘ ‘ —“AvB
A
|14 (@
LB
B
A—B
A=
. \.ﬁA v B
(TfA v B) <= (A— B)
(@)
—“AvB
A
—A
L 1 Intro: 2,3
B 1 Elim: 4
B_

B vElim:1,3-5,6-6
A—B —Intro:2-7
A—B

—-(—A v B)

A
—A v B vintro: 11
L 1Intro:10,12
——A —Intro:11-13
A —Elim: 14
. \ﬁIA v B

(A v B) < (A — B)

=

In keeping with that standard strategy, get the
other disjunct, and build the disjunction
again. Fill in the justifications to complete

the proof.

the null (empty) set
of premises. As
usual, plan to build
biconditional by
<>Intro.

In the first subproof, build «

1/I-AvB
|A— B
lA—B

.\.ﬁAvB
(A v B) <= (A— B)

the

usual way, by <>Intro. Within
this subproof, get ‘B’ by vElim.

®=> ‘B’ is already in the

second subproof. In the
first, use the standard
strategy we apply when
we already have or can
easily get a contradiction:
use LIntro and LElim.

Our goal is a
disjunction. Neither
disjunct is easy to get.
We have no earlier
disjunction to which
we can apply vElim.
So assume the

1/ | TAvB
20| A
3 —A
4 L 1 Intro: 2,3
5 B 1 Elim: 4
6/ || |B
7 B v Elim:1,3-5,6-6
8 |A—B —Intro: 2-7
|l A—B
\.ﬁA v B

(A v B) < (A — B)

opposite. Use the ; “AVB

common strategy 3 TA

for getting a al | I T=A

contradiction 5 ~ 1 Intro: 3.4

when one of the 6 B 1 Elifn', 5

things we have to '

work from is the 7 B

negation of a 8 B v Elim: 2,4-6,7-7

disjunction. 91 A—B —Intro: 3-8

Heze Eve assume 10 | A—B

‘A’ because its T

opposite will % é :(:::‘—VB)

Egr?li)eifllallltigln 13 —“AvB v Intro: 12

with line 9 14 1 1 Intro: 11,13

) 15 A — Intro: 12-14

16 A — Elim: 15
17 B —Elim: 10,16
18 —“AvB v Intro: 17
19 L 1 Intro: 11,18
20| |7(—A v B) —Intro: 11-19
21 AV B ——Elim: 20
22/ (A v B) <= (A — B)
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<> Intro: 2-9,10-21



To show that a set is

tautologically inconsistent,
derive a contradiction from

the members of the set.

—_—

D

1A A @B < C)
2|A—B

3/ (AAB)—D
4| A —(C—-D)

a=Ra-Ravhav!

n

AAr(B <00
A—B
(AAB)—D
A—(C—="D)

C—-D

NN BN WN —

D

D
1

z=Ra-Ravhav!

A A Elim: 1
—Elim: 4,5

1 Intro

STRATEGY
Show that this set is tautologically inconsistent:
{AAnB<=C),A—=B,(ArB)—=D,A—=(C—=-D)}

@ The only ‘—” anywhere in this

set is in ‘—D’ inside line 4. So

we’ll aim for ‘=D’ and for ‘D’,

then apply L Intro.

<:® We just saw that ‘—D’

comes from line 4. To start
breaking line 4 apart, we
need ‘A’. We notice that we
can get it from 1 by AElim.

O

We also need ‘C’.
That, too will have to
come from breaking
apart 1, but not
directly. First we pull
out'B < C".

@ All that is missing to get ‘C’ is ‘B’.
We can get that from 2 and 5 by —Elim.

1 AAr(B <0 P
2/ A—B P
3/(AAB)—D P
4/A—=(C—="D) P
5/A A Elim: 1
6/ C——-D —Elim:4,5
7/ B<C A Elim: 1
8B —Elim: 2,5
9/C <> Elim: 7,8
0/—D —FElim: 6,9

D

L 1 Intro

(6)—

Now we have all we need to
justify ‘=D’. Next we work
on getting ‘D’. It must come
from line 3. To get it, we
must first have ‘A A B’, the
antecedent of the conditional.
We already have both
conjuncts separately, so we
can build ‘A A B’ by alntro.
That gives us all the steps we
need, so all that’s left is
completing the justifications.
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1 AAr(B <0 P
2 A—B P
3/(AAB)—D P
4/ A=(C—-=-D) P
D
D
L 1 Intro
AArB <) P
A—B P
(AAB)—D P
A—=(C—D) P
A A Elim: 1
C—-D —Elim: 4,5
B<C A Elim: 1
C
| =D
D
L 1 Intro
AArB <=0 P
A—B P
(AAB)—D P
A—=(C—=D) P
A A Elim: 1
C—-D —Elim: 4,5
B<C A Elim: 1
B —Elim: 2,5
C <> Elim: 7,8
-D —Elim: 6,9
AAB A Intro: 5,8
D —Elim: 3,11
L 1 Intro: 10,12
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members of the set.

To show that a set of sentences
is tautologically inconsistent, VK J2(@LA-N),K < (NA-L), oL vN;

derive a contradiction from the

Show that

is tautologically inconsistent

JvK P = 1'JvK
J—(@LA-N) P @ Look for a negated 21T (L A—N)
K< (NA-L) P sentence 3 K <> (N A —L)
—(L v N) P you already have orcan 4| «L v N)
; easily get as one member I
L of the contradictory pair. P
Here, if we try for 'LVN
‘L v N’ to contradict the
sentence on line 4, we 'K
use the common strategy P
of applying vElim to one 'LvN
disjunction to get LvN
another. L
JvK P
J— (L A—N) P <:® For the first
K< (NaA-L) P subderivation, we notice
—~(L v N) P that ‘J” is the antecedent 1JvK P
J in line 2, and the first 21— (LA~N) p
LA—N —Elim:2,5 disjunct in ‘L v N’ is in 3] K< (NA-L) p
P the consequent, so we 4/ 2(LVvN) P
'LvN apply —Elim to line 2. S .
6| |[LA—N —FElim:2,5
'K 7 |L A Elim: 6
. 8 |LvN v Elim: 7
'LVN =
LvN @ K
1 To get ‘L v N’, we justneed to  *
separate ‘L’ from 6 by AElim. 'LVN
LvN
1
1 |JvK P
2 |J—= (LAN) P C@
- -
i EL V(E)A L) }}; Completion of the second
51717 subderivation is similar.
6 L A =N — Elim:2.5 Apply <=Elim to 3, then
7 L A Elim: 6 separate one of the desired
8 LvN v Elim: 7 disjuncts by AElim.
9 K
10 N a-L <Elim: 3,9
11 N AElim: 10
12 LvN vintro: 11
13 |LvN  vElim: 1,5-8,9-12
14 | L LIntro: 4,13
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To show that a set of
sentences is tautologically
inconsistent, derive a
contradiction from the

set’s members.

~(PAQ)
SAR

AW —

R — (P < S)

S —(-Q = R)

L

1=(PAQ)

2|R— (P < S)

3/SAR
415 —= (—Q

— =R)

P<S
P

Q
PAQ
L

Strategy:
Show that this set is tautologically inconsistent:
{7PArQ),R—=(P<5),SARS—(Q—="R)}

@3 1=(PAQ)
Look for a negation g 1; _>R(P =5)
we already have as one member of the S L (-0 — —R)
contradictory pair. Here, try for ‘P A Q’ to ;
contradict the sentence on line 1. PAQ
1
c@ To get ‘P A Q’, we need 1| =P A Q)
each conjunct. First get ‘P’. ‘P’ 2IR—=>P<YS)
occurs only in lines 1 and 2. We 3/SAR
can’t break apart line 1, so we must 4|8 — (-Q — -R)
use line 2. We need to separate out 5/ R AElm:
its consequent. 6/ P<S —Elim:2,

(jjk

To get ‘P <= S’ from 2, we must
first get the antecedent, ‘R’. Get

PAQ

‘R from 3 by AE. | |

®

To get ‘P’ from

‘P < S, weneed ‘S,
which we can also get
from 3.

@ ‘Q’ appears above only
in lines 1 & 4. We can’t get
‘Q’ directly, so plan to get a
contradiction. 'R'and '~R'
look promising. Assume '—Q'
to help us get '~R'and ‘L’.

1| =(PAQ)
2 R= (P <5 1/—=(P A Q)
3]SAR 2IR—=(P<Y)
4 S—=(—Q —="R) 3/SAR
5/R A Elim: 3 4'S—=(—Q ——R)
6/P<S —>Elim: 2,5 5 R A Elim: 3
7S AEllm:3 6 P<S — Elim: 2,5
8P <FElim: 6,7 718 A Elim: 3
:Q 8 P‘ <> Elim: 6,7
9 —
PAQ : EQ
1 —R
1
——Q
Q
PAQ
1
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@ ‘=Q’ leads easily to

‘“—R’. With ‘R’

(line 5), we have a
contradiction. This
completes the proof.

~(PAQ)

R— (P <Y

SAR

S —(-Q = —R)

R A Elim: 3

P<S — Elim: 2,5

S A Elim: 3

P < Elim: 6,7
—Q — R —Elim: 4,7
—R —Elim: 9,10
L 1 Intro: 5,11

——Q — Intro: 9-12

Q ——Elim: 13

PAQ Alntro: 8,14

1 1 Intro: 1,15



