Global L1 Estimates for a Class of Quasi-linear Parabolic Equations

Werner Horn

Abstract In this paper we study quasi-linear parabolic equations which admit solutions which lie in a certain prescribed (possibly infinite) interval. These equations are of the form ut − ∇c^′(u)∇u = f together with appropriate boundary conditions, where c : (a, b) → IR satisfies certain conditions. We derive sufficient conditions for the solution u to lie in the domain of c for all times t > 0.

Keywords Quasi-linear parabolic equations, uniform a priori bounds.

AMS Subject Classification 35K55, 35B45.

1 Introduction

Many physical systems can be described by a quasilinear parabolic initial-value problem of the form ut − ∇c^′(u)∇u = f ∀(x, t) ∈ Ω × IR^+, (1) u(x, 0) = u0(x) ∀x ∈ Ω, (2) together with flux boundary conditions of the form ∂u ∂ν = −A (u − uΓ) ∀(x, t) ∈ ∂Ω × IR^+, (3) or with Dirichlet boundary conditions u = g(x, t) ∀(x, t) ∈ ∂Ω × IR^+. (4) Here Ω is a domain in IR^n, (n = 2, 3) with smooth boundary Γ = ∂Ω. We are interested in the case when c : (a, b) → IR (5) is a smooth inreasing function. The interval (a, b) is either finite or of the form (a, ∞).

The energy balances in several papers about phase field equations have been of this form (see, e.g. [4, 5, 6, 7, 9]). In these cases the interval (0, ∞) was the domain of c.

To get global smooth solutions to the initial-value problem it is necessary to show that u(x, t) ∈ (a, b) (6) for all (x, t) ∈ Ω × IR^+. This has been done for the specific examples mentioned above, but to the best of our knowledge, this has never been done in a more general setting.

The intent of this paper is to generalize the techniques used in [4, 5, 6, 7]. In particular, we will use Moser-type estimates like the ones introduced by Alikakos in [1], to obtain sufficient conditions for global existence.

If c satisfies c : IR^+ → IR^− with c^′(ξ) ≥ K0ξ^{−α}. (7) for all ξ > 0 and some K0 > 0 and α > 1, we have the following theorem for the case of the flux boundary condition.

Theorem 1.1 Suppose that f ∈ L^∞(0, T ; L^p(Ω)) for some p ≥ 2, and that p p − 1 ≤ α ≤ 2 p(p + 1) p − 1 , (8) c^′(ξ)ξ^{p−1} is non-decreasing for ξ > 0. (9) Furthermore, assume that there are numbers 0 < a0 ≤ b0 < ∞ and 0 < aΓ ≤ bΓ < ∞ such that a0 ≤ u0(x) ≤ b0 ∀x ∈ Ω (10) aΓ ≤ uΓ(x, t) ≤ bΓ ∀(x, t) ∈ ∂Ω × IR^+. (11) Then for every T > 0 there exist constants 0 < aT ≤ bT < ∞ such that aT ≤ u(x, t) ≤ bT ∀(x, t) ∈ ΩT = Ω × [0, T ]. (12)

The proof of this theorem can be found in section 2 of this paper. Observe that we do not require f > 0. The equation satisfies an implicit maximum (and minimum) principle.

Remark: The theorem can be easily extended to the case c : (a, ∞) → (−∞, d) (13) by using the linear transformtions w = u − a, c̃(ξ) = c(ξ − a) − d, where w and ~(ξ) satisfy the hypotheses of the theorem.

In section 3 we extend this result to the situation, where c is a mapping c : (a, b) → IR with c^′(ξ) ≥ Ka(ξ − a)^{−α} + Kb(b − ξ)^{−α} (14) for all ξ > 0 and some K > 0 and α > 1. Then the following theorem holds in the case of the flux boundary conditions.

Theorem 1.2Suppose that f ∈ L^∞(0, T ; L^p(Ω)) for some p ≥ 2, and that α > 1. Furthermore, assume that there are numbers a < a0 ≤ b0 < b and a < aΓ ≤ bΓ < b such that a0 ≤ u0(x) ≤ b0 ∀x ∈ Ω (15) aΓ ≤ uΓ(x, t) ≤ bΓ ∀(x, t) ∈ ∂Ω × IR^+. (16) Then for every T > 0 there exist constants a < aT ≤ bT < b such that aT ≤ u(x, t) ≤ bT ∀(x, t) ∈ ΩT = Ω × [0, T ]. (17)

There are fewer restrictions on α in this case than in Theorem 1.1. Remarks:

• Both theorems can be extended to the case of Dirichlet boundary conditions (4). In this case there is a restriction on g(x, t): aΓ ≤ g(x, t) ≤ bΓ (18) • Throughout the paper we assume local existence of solutions to these equations. Global existence of solutions follows from local existence together with the L^∞− bounds proven in this paper (see, e.g. [2, 3]).

2 Proof of Theorem 1.1

We restrict ourselves to the flux boundary condition case. The proof for the Dirichlet boundary conditions is very similar. We assume that the equation admits a unique local solution. The crucial part of the proof of this theorem is to show that there exist uniform a priori bounds on u. To do this we need the following technical lemma, which is an extension of the lemma proven by Ph. Laurençot (Lemma 4.1.5. of [9], and [6]).

Lemma 2.1Let a > 1, b ≥ 0, c ∈ IR, c0 ≥ 1 and η0 > 0 be given numbers and {ηk}_{k≥0}, {γk}_{k≥0}, and {αk}_{k≥0} be sequences of positive real numbers such that

η0 + c a − 1 > 0 (19) ηk+1 = aηk + c, ∀k ∈ IN (20) γ0 ≤ c^{η0}_1 (21) αk = a(1 + rk) such that Π^∞_{k=0}(1 + rk ) < ∞ (22) γk+1 ≤ c0η^b_{k+1} max(c^{ηk}_1 , γ^{αk}_k ). (23)

Then γ 1 ηk k ≤ M, ∀k ∈ IN, (24) where M is a positive constant which depends on c0, c1, a, b, η0, and c.

Proof: The proof is very similar to the proof of the Lemma by Laurençot, which can be found in the references. We only sketch it here. To start let Ak = max(c^{ηk}�^1_1 , γk), and τk = max(ηk/ηk−1, αk). Then τk has the same properties as αk and Ak+1 ≤ c0η^b_{k+1}A^{τk}_k We get Ak+1 ≤ c^{Πkj=1 τj}_0 η^{bΠkj=2 τj}_1 η^{bΠkj=3 τj}_2 · · · η^b_{k+1}A^{Πkj=0 τj}_0 Taking the ηk+1 root on both sides we see that the right-hand-side stays bounded as k → ∞ and the result follows immediately.

Q.E.D.

Lemma 2.2For every T > 0 there exists a constant bT such that

‖u‖_L1_{(ΩT )} ≤ bT (25)

Proof: We start by multiplying the equation by u^{p−1}, where p is the norm of f (p < ∞). We obtain after integration by parts: 1 p d dt ‖u‖^p + (p − 1) ∫ Ω c^′(u)u^{p−2}(∇u)^2 dx +A ∫ ∂Ω c^′(u) ( u^p − uΓu^{p−1} ) dγ = ∫ Ω fu^{p−1} dx.

Using (7) and Hölder’s inequality yield: 1 p d dt ‖u‖^p + (p − 1)K ∫ Ω u^{p−2−α}(∇u)^2 dx +A ∫ ∂Ω c^′(u) ( u^p − uΓu^{p−1} ) dγ ≤ ‖f‖_{Lp(Ω)} ‖u‖^{p−1}_{Lp (Ω)} . Note that (p − 1)K ∫ Ω u^{p−2−α}(∇u)^2 dx = K 4(p − 1) (p − α)^2 ∫ Ω ( ∇u^p�^{α2}

)_2 dx. For fixed t the boundary can be decomposed into two parts as follows: Γ+(t) = {z ∈ ∂Ω : u(z, t) ≥ uΓ(z, t)} Γ−(t) = {z ∈ ∂Ω : u(z, t) < uΓ(z, t)} . This implies that the boundary term on the left is positive on Γ+(t) and negative on Γ−(t). Since c^′(ξ)ξ^{p−1} is monotonically increasing, we have ∫ Γ�(t)^c ′(u)u^{p−1}uΓ dγ ≤ ∫ Γ�(t)^c ′(uΓ)u^p_Γ dγ ≤ ∫ ∂Ω c^′(uΓ)u^p_Γ dγ ≤ C. Using this we can drop the boundary terms and get 1 p d dt ‖u‖^p + K 4(p − 1) (p − α)^2 ∫ Ω ( ∇u^p�^{α2}

)_2 dx ≤ ‖f‖_Lp_{(Ω)} ‖u‖^{p−1}_{Lp (Ω)} + C. Applying Gronwall’s Lemma to this last inequality, we arrive at: sup 0≤s≤T ‖u‖_{Lp(Ω)} ≤ K1, (26) ∫ Ω ‖ ‖u^p �α_2^‖2

H^1(Ω) dx ≤ K2. (27) To continue let Pn be a sequence given by P0 = p Pn = 2Pn−1 + α, which implies that Pn ≥ p for all n ≥ 0. We multiply the equation by u^{Pn −1} to get 1 Pn d dt ‖u‖^{Pn}_{Pn} + (Pn − 1) ∫ Ω c^′(u)u^{Pn −2}(∇u)^2 dx +A ∫ ∂Ω c^′(u) ( u^{Pn} − uΓu^{Pn −1} ) dγ = ∫ Ω fu^{Pn−1} dx. The boundary terms are treated as before, and the lower bound on c^′(u) is used. After applying Hölder’s inequality to the right-hand-side we obtain 1 Pn d dt ‖u‖^{Pn}_{Pn} + K 4(Pn − 1) (Pn − α)^2 ∫ Ω ( ∇u^{Pn} �^{α2} )_2 dx

≤ ‖f‖_Lp_{(Ω)} (∫ Ω u^{(Pn −1)q} dx ) 1_q + ∫ Γ�(t)^c ′(uΓ)u^{Pn}_Γ dγ

≤ C1 (∫ Ω u^{(Pn −1)q} dx ) 1_q + C2.

Next since α < 2p − 3 and Pn−1 ≥ p, we have that^{(Pn −1)q}_{Pn}�_1 < 4, and we can estimate the term on the right-hand-side as follows: (∫ Ω u^{(Pn −1)q} dx ) 1_q = (∫ Ω ( u^{Pn}�^1

)^{(P}n�^{1)q}

Pn�1_{dx}^{) 1q}_{(28)} ≤ C3 ‖ u^{Pn}�^1

‖2+^α�^1_{Pn}�_1

L^4(Ω) (29)

To continue we apply the Nirenberg-Gagliardo inequality followed by Young’s inequality ‖ u^{Pn}�^1

‖2+^α�^1_{Pn}�_1

L^4(Ω) ≤ C ‖ u^{Pn}�^1

‖^9_{14} (2+^α�^1_{Pn}�_1 )

H^1(Ω) ‖ u^{Pn}�^1

‖^5_{14} (2+^α�^1_{Pn}�_1 )

L^1(Ω) (30) ≤ δn ‖ u^{Pn}�^1 ‖_2 H^1(Ω) + C1 1 δn ‖u‖^{Pn}�^{1 Qn} L^{Pn}�^1 (Ω) , (31)

where Qn = 5 14 (2 + α − 1 Pn−1 ) 28Pn−1 10Pn−1 − 9(α − 1) = 2(10Pn−1 + 5(α − 1)) 10Pn−1 − 9(α − 1) . Observe, that these last two steps are always possible for the choice of α and p in the theorem. Choosing δn small enough, we can move the H^1-term to the left with the derivative term. Applying the previous Lemma with Pn = ηn and Qn = αn, and a = 2 we have ‖u(t)‖_LP_{(Ω)} ≤ bT ∀t ∈ [0, T ], ∀P ∈ [p, ∞), (32) where the constant bT is independent of P . This immediately implies the Lemma.

Q.E.D.

Remark: In the first part of this proof we used the H^1−norm of u^p�^{α2} . This is only correct, if p ≠ 2 and α ≠ p. However, the term (p − 1)K ∫ Ω u^{p−2−α}(∇u)^2 dx is always positive (independent of p and α) and we do not need the H^1−norm later. It follows that the proof will work independently of the size of p and α, as long as they satisfy the restrictions of the theorem.

To get the lower bound for u in Theorem 1.1 let w = 1 u (33)

Then w satisfies the following boundary-value problem: wt w^2 − ∇ c^′(1/w) w^2 ∇w = −f (34) c^′(1/w) w^2 ∂w ∂ν = A ( 1 w − uΓ ) for all (x, t) ∈ ∂Ω × [0, T ]. (35)

For this new variable, we have:

Lemma 2.3For every T > 0 there is positive constant CT such that max 0≤s≤T ‖ w^{α2} (s) ‖ L1_{(Ω)}^{≤ C}T^{(36)}

Proof: The proof of this assertion again relies on a Moser-type argument. To start we multiply the equation (34) by w^{r+1} for some r > 0 and integrate over Ω to get 1 r d dt ‖w‖^r_Lr_{(Ω)} + (r + 1) ∫ Ω w^r c^′(1/w) w^2 |∇w|^2 dx −A ∫ ∂Ω ( w^r − uΓw^{r+1} ) dγ = − ∫ Ω fw^{r+1} dx

For the boundary terms observe that uΓ ≥ aΓ and therefore AaΓ ‖ ‖w^{r+α2} ‖ ‖ 2(r+1) r+α L 2(r+1) r+α (∂Ω) = AaΓ ∫ ∂Ω w^{r+1} dγ ≤ A ∫ ∂Ω uΓw^{r+1} dγ. For the second boundary term we have A ∫ ∂Ω w^r dγ = A ‖w‖^r_Lr_{(∂Ω)} ≤ A ‖ ‖w^{r+α2} ‖ ‖ 2r r+α L^{2rr+α} (∂Ω) ≤ Aδ r + 1 r ‖ ‖w^{r+α2} ‖ ‖ 2(r+1) r+α L^{2rr+α} (∂Ω) + A δ(r + 1) . Choosing δ sufficiently small and using the bounds on c^′(1/w) we get 1 r d dt ‖w‖^r_Lr_{(Ω)} +

4K(r + 1) (r + α)^2 ∫ Ω | |∇w^{r+α2} | |^2 dx + c2 ‖ ‖w^{r+α2} ‖ ‖ 2(r+1) r+α L 2(r+1) r+α (∂Ω) ≤ A δ(r + 1) + ‖f‖_{Lp(Ω)} ‖ w^{r+1} ‖ L^q(Ω) ≤ A δ(r + 1) + ‖f‖_{Lp (Ω)} ‖ ‖w^{r+α2} ‖ ‖ 2(r+1) r+α L 2q(r+1)

r+α (Ω)

The remaining boundary term and the term with the gradient can be combined in the H^1−norm to get: 1 r d dt ‖w‖^r_{Lr (Ω)} + C1(r) ‖ ‖w^{r+α2} ‖ ‖^2_{H1(Ω)} ≤ A δ(r + 1) + ‖f‖_{Lp (Ω)} ‖ ‖w^{r+α2} ‖ ‖ 2(r+1) r+α L 2q(r+1)

r+α (Ω)

Observe that^{2q(r+1)}_{r+α} ≤ 4 and^{r+1}_{r+α} < 1. We can therefore use the Sobolev imbedding theorem and Young’s inequality to get ‖f‖_{Lp (Ω)} ‖ ‖w^{r+α2} ‖ ‖ 2(r+1) r+α L 2q(r+1)

r+α (Ω) ≤ ‖f‖_{Lp(Ω)} ‖ ‖w^{r+α2} ‖ ‖ 2(r+1) r+α H^1(Ω)

, (37) ≤ δ1 r + 1 r + α ‖ ‖w^{r+α2} ‖ ‖^2_{H1(Ω)} + 1 δ1 α − 1 r + α ‖f‖ r+α α�1_{Lp(Ω) . (38)}

Choosing δ1 sufficiently small and integrating over [0, t] yields

‖w(t)‖^r_Lr_{(Ω)} + C(r) ∫_t 0 ‖ ‖w^{r+α2} (s) ‖ ‖^2_{H1(Ω)} ds ≤ Ar δ(r + 1) t + C0 + rt 1 δ1 α − 1 r + α ‖f‖ r+α α�1_{Lp (Ω) .}

Note that all the terms on the right can be bounded by a polynomials in r as r → ∞. Taking the supremum on both sides for 0 ≤ t ≤ T and the r^{th} root we get. sup 0≤t≤T ‖w(t)‖_{Lr(Ω)} ≤ (C0 + T P (r))^{1r} .

Since the right-hand side of this inequality stays bounded by a constant CT as r → ∞, it follows immediately that ‖w‖_L1_{(ΩT )} ≤ CT .

Q.E.D.

Choosing aT = 1/CT we get that u(x, t) ≥ aT ∀(x, t) ∈ ΩT . Remark: The proof of Lemma 2.3 has very few restrictions on the size of α, only in (37-38) we need α > 1.

3 Proof of Theorem 1.2

We prove the case when a = 0 and b = 1. The general case easily follows using the linear transformation w = u − a b − a The proof consists of changing the dependent variables and applying Lemma 2.3 to the resulting system. To start let u = ϕ 1 + ϕ , then du dϕ = 1 1 + ϕ^2 , and ϕ satisfies the parabolic equation 1 1 + ϕ^2 ϕt − ∇ ( dc dϕ ∇ϕ ) = f, (39)

and the boundary condition dc dϕ ∂ϕ ∂ν = −A ( ϕ 1 + ϕ − uΓ ) . (40)

We now show that 1 + ϕ satisfies the following a priori bound:

‖1 + ϕ‖_L1_{(ΩT )} ≤ BT , (41)

for some constant AT . To do this, multiply (39) by (1 + ϕ)^{r+1} for an arbitrary large positive number r. We can proceed exactly as in the proof of Lemma 2.3., using the fact that dc dϕ ≥ K1(1 + ϕ)^{α−2}.

We get: 1 r d dt ‖(1 + ϕ)‖^r_Lr_{(Ω)} + K(1 + r) ∫ Ω (1 + ϕ)^{r+α−2} |∇ϕ|^2 dx + ∫ ∂Ω (1 + ϕ)^{r+1} ( ϕ 1 + ϕ − uΓ ) dγ ≤ ∫ Ω f(1 + ϕ)^{r+1} dx

The boundary terms have to be treated differently. Let Γ^+(t) be the subset of the boundary where ϕ 1 + ϕ ≥ c = 1 + bΓ 2 i. e. ϕ ≥ c 1 − c , and Γ^−(t) its complement. We have A ∫ ∂Ω (1 + ϕ)^{r+1} ( ϕ 1 + ϕ − uΓ ) dγ = A ∫ Γ^+(t)

(1 + ϕ)^{r+1} ( ϕ 1 + ϕ − uΓ ) dγ

+A ∫ Γ�_{(t)}^{(1 + ϕ)r+1} ( ϕ 1 + ϕ − uΓ ) dγ ≥ A 1 − bΓ 2 A ∫ Γ^+(t)

(1 + ϕ)^{r+1} dγ +A ∫ Γ�_{(t)}^{(1 + ϕ)r+1} ( ϕ 1 + ϕ − uΓ ) dγ To continue observe that | |A ∫ Γ�_{(t)}^{(1 + ϕ)r+1} ( ϕ 1 + ϕ − uΓ ) dγ | | ≤ 2μ(Γ^−(t)) ( 1 + c 1 − c )_{r+1} = C1, and ∫ ∂Ω (1 + ϕ)^{r+1} dγ ≤ ∫ Γ^+(t)

(1 + ϕ)^{r+1} dγ + μ(Γ^−(t)) ( 1 + c 1 − c )_{r+1}

This provides us with a bound for the L^{r+1}−norm of 1 + ϕ on the boundary. From here one follows exactly the steps in the proof of Lemma 2.3. to obtain the desired result. This implies that ϕ is uniformly bounded by BT . It follows that u(x, t) ≤ BT 1 + BT = bT < 1 ∀(x, t) ∈ ΩT . (42) To get the lower bound for u a different change of dependent variable is used. We let u = 1 1 + ψ . Then ψ satisfies 1 1 + ψ^2 ψt − ∇ ( c^′(1/(1 + ψ))

(1 + ψ)^2 ∇ψ ) = −f, (43)

and the boundary condition c^′(1/(1 + ψ)) (1 + ψ)^2) ∂ψ ∂ν = A ( 1 1 + ψ − uΓ ) . (44)

This is the same equation as (34) for the variable 1 + ψ. We can apply Lemma 2.3 directly to get

‖1 + ψ‖_L1_{(ΩT )} ≤ AT ,

and it follows that u(x, t) ≥ 1 1 + AT = aT > 0 ∀(x, t) ∈ ΩT . This concludes the proof of Theorem 1.2.

References

[1] N. Alikakos, L^p-bounds of solutions of reaction-diffusion equations, Comm. PDE 4, 827–868, 1979. [2] H. Amann, Dynamic theory of quasilinear parabolic systems III. Global Existence, Math. Z. 202 (1989), 219–250.

[3] H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems, in ”Function Spaces, Differential Operators and Nonlinear Analysis,” H.J. Schmeisser, H. Triebel eds., Teubner Texte zur Math. 133, 9–126, Stuttgart-Leipzig, 1993.

[4] W. Horn, Ph. Laurençot, J. Sprekels, Global solutions to a Penrose-Fife phase-field model under flux boundary conditions for the inverse temperature, Math. Methods in the Appl. Sciences 19 (1996), No. 13, 1053–1072.

[5] W. Horn, J. Sprekels, S. Zheng, Global existence of smooth solutions to the Penrose-Fife model for Ising ferromagnets, Adv. in Mathematical Sciences and Applications 6 (1996), No. 1, 227–241.

[6] Ph. Laurençot, Solutions to a Penrose-Fife model of phase-field type , J. Math. Anal. Appl. 185 (1994), 262–274.

[7] J. Sprekels, S. Zheng, Global smooth solutions to a thermodynamically consistent model of phase-field type in higher space dimensions, J. Math. Anal. Appl. 176 (1993), 200–223.

[8] S. Zheng, Global Existence for a thermodynamically consistent model of Phase field type, Diff. Integral Equations (1992), 241–253.

[9] S. Zheng, Nonlinear Parabolic Equations and Hyperbolic-Parabolic Coupled Systems, in ”Pitman Monographs and Surveys in Pure and Applied Mathematics 76,” Longman Group Ltd., 1995.