Article Submitted to Bioinformatics

A model for passive damping of a membrane

Werner Horn^1 and Jan Sokołowski^2

1Mathematics Department, California State University Northridge, Northridge, CA 91330-8313, USA.

2 Institut Elie Cartan, Laboratoire de Mathematiques, Université Henri Poincaré Nancy I, B. P. 239, 54506 Vandoeuvre les Nancy Cedex, France.

Abstract We introduce a model in which a wire made of shape memory alloy is used to passively damp the vibrations of a membrane. The mechanical energy of the membrane is transformed into heat via the thermo-elastic properties of the shape memory alloy. We describe the model and prove existence and uniqueness of solutions. Finally we will show that for suitable initial and boundary conditions, the energy of the entire system is a decreasing function.

Thermo-elastic materials, non-linear partial differential equations.

1. Description of the Model

Thermo-elastic materials, such as shape memory alloys, have the property that they can transform mechanical (i.e. kinetic and potential) energy into thermal energy and vice versa. This property can be used to damp the vibrations of an elastic structure such as a membrane, plate or beam, by attaching shape memory materials at suitable locations. The mechanical deformations induce phase transitions in the shape memory alloy and a transformation of the mechanical energy into thermal energy via the latent heat of these phase transitions. The thermal energy can be removed from the structure by cooling the shape memory alloy. In this process, the shape memory material does not act as an actuator, but merely as a sink for mechanical energy. No active controls are necessary, except a cooling mechanism for the shape memory alloy.

In this paper we will investigate a model of passive damping of a membrane to which a shape memory wire is attached. The model can easily be extended to a plate or a beam.

We start by a heuristic introduction to this model. Let Ω ⊂ R^2 be a convex

1

W. Horn and J. Sokołowski: Passive damping 2

domain with a Lipschitz boundary Γ and let Ω^± ⊂ Ω be two non-empty subdomains with the following properties:

(Ω^+ ∪ Ω^−) = Ω, (1) Q = Ω^+ ∩ Ω^−, (2) Γ^± = Γ ∩ Ω^±, (3)

where Q is a line segment. From the convexity of Ω, it follows that Q intersects Γ transversally, i.e at angles in (0, 2π). For simplicity, we will assume that Q = [0, 1]. This geometry is indicated in Figure 1, below. Furthermore, we let Ω_T , Q_T etc. denote the cylinders Ω × (0, T ), Q × (0, T ) etc.. The membrane occupies the domain Ω and the line segment Q is occupied by a one-dimensional shape memory rod. To formulate the problem let u be the vertical displacement of the membrane, v the vertical displacement of the shape memory rod and θ be the absolute temperature of the rod. We will also assume that the membrane itself is held at a constant temperature θ_0. This assumption can be removed by modeling the heat transfer on the membrane as well. However, this would not introduce any added insight into the model.

Figure 1: The domain Ω

The displacement u will satisfy a homogeneous wave equation with Dirichlet boundary conditions on Ω^±_T :

u_{tt} − Δu = 0 on Ω^±_T , (4) u = 0 on Γ^±_T . (5)

On the common boundary Q_T , we assume continuity with the displacement v of the shape memory rod:

u = v on Q_T . (6)

For the shape memory alloy on Q = [0, 1], we use the same model as in (Brokate,

W. Horn and J. Sokołowski: Passive damping 3

1996; Bibner, 1995; Bubner, 1998; Sprekels, 1989; Zheng, 1995). In this model the functions v and θ satisfies the equation v_{tt} − (σ(θ, v_x))_x + Rv_{xxxx} = f, (7) θ_t − κθ_{xx} − θ (σ(θ, v_x))_θ v_{xt} = g. (8) Here the function σ is given by

σ(θ, v_x) = γ (θ_1 − θ) v_x − βv^3_x + αv^5_x. (9)

θ_1, α, β, γ, κ and R are positive constants. We refer the reader to (Sprekels, 1989) for a detailed investigation of this model.

The boundary conditions for these equations are given by

θ_x(0, t) = θ_x(1, t) = 0, (10) v(0, t) = v(1, t) = v_{xx}(0, t) = v_{xx}(1, t) = 0, (11) (12)

It remains to describe the source terms f and g in these equations. The deformed membrane will act on the shape memory rod via the elastic force. As in previous papers (Horn, 2000, 2001) this force is proportional to the jump of the normal derivatives of u across Q. To define this let ν be the outward normal on Q with respect to Ω^+, then we define f = − [ ∂u ∂ν ] = lim_{y→0+} ∂u ∂y + lim_{y→0−} ∂u ∂y (13)

The source term g provides a mechanism for cooling the rod. g should be function of θ − θ_0, which has the opposite sign of θ − θ_0, i.e. g acts as a sink when θ > θ_0, and g acts as a source if θ < θ_0. For simplicity we will use

g(θ) = k (θ_0 − θ) .

Initial conditions on u are given as follows:

u(x, y, 0) = u_0(x, y) on Ω, (14) u_t(x, y, 0) = u_1(x, y) on Ω. (15)

We will assume that the initial conditions for v and θ are compatible with those for u, i.e.

v(x, 0) = v_0(x) = u_0(x, y)|_Q , (16) v_t(x, 0) = v_1(x) = u_1(x, y)|_Q , (17) θ(x, 0) = θ_0. (18)

We conclude this section by formally showing that the energy of this system

W. Horn and J. Sokołowski: Passive damping 4

decreases. Formally, one can compute the energy of this structure as follows. After multiplying (4) by u_t and integrating the result over Ω one receives: 1 2 d dt ∫ Ω ( |u_t|^2 + |∇u|^2 ) dxdy = ∫ Q [ ∂u ∂ν ] u_t dx. (19) Multiplying (7) by v_t and integrating over Q and adding the result to the integral of (8) over Q one gets 1 2 d dt ∫ Q ( |v_t|^2 + R |v_{xx}|^2 + γθ_1 |v_x|^2 − β |v_x|^4 + α |v_x|^6 + |θ| ) dx = ∫ Q fv_t dx + k ∫ Q (θ_0 − θ) dx. (20)

This computation can be found in (Sprekels, 1989). Next we add (19) and (20) and see that the terms ∫ Q [ ∂u ∂ν ] u_t dx, and ∫ Q fv_t dx cancel. We get 1 2 d dt ∫ Ω ( |u_t|^2 + |∇u|^2 ) dxdy + 1 2 d dt ∫ Q ( |v_t|^2 + R |v_{xx}|^2 + γθ_1 |v_x|^2 − β |v_x|^4 + α |v_x|^6 + |θ| ) dx(21) = k ∫ Q (θ_0 − θ) dx. The left hand side of this equation is the time derivative of the total energy of the structure, consisting of the kinetic energies of the membrane and the rod, the potential energy of the membrane and the rod and the thermal energy of the rod. The right hand side is the heat flux into or out of the rod. We see, that if θ_0 is sufficiently small, the right hand side will be negative, and the total energy will decrease, i.e. the motion of the membrane will be damped.

In the next section we will give a weak formulation of this system. In section 3 we will prove uniform a priori estimates for the solution, which will justify the heuristic energy balance above. This will also allow us to prove an existence and uniqueness result.

2. Weak Formulation of the Problem

To obtain a weak form of this problem we again start with the linear wave equation (4) u_{tt} − Δu = 0 on Ω^±_T , (22) u = 0 on Γ^±_T . (23)

W. Horn and J. Sokołowski: Passive damping 5 We multiply this equation by a smooth test function ϕ ∈ Y_2 where Y_1 = { ϕ ∈ H^{2,2}(Ω_T ) : ϕ|_{t=T} = ϕ_t|_{t=T} = 0, ϕ|_Γ = 0 } and integrate over Ω = Ω^+ ∪ Ω^− ∪ Q and over [0, T ] to get 0 = ∫_T 0 ∫ Ω (u_{tt} − Δu) ϕ dxdt = ∫_T 0 ∫ Ω^± (u_{tt} − Δu) ϕ dxdt, where ∫

Ω^± f dx = ∫ Ω^+ f dx + ∫ Ω^− f dx. Integrating by parts twice gives; ∫_T 0 ∫ Ω^± u_{tt}ϕ dxdt = − ∫_T 0 ∫ Ω^± u_tϕ_t dxdt + ∫ Ω^± u_tϕ dx | | |^T t=0 = ∫_T 0 ∫ Ω^± uϕ_{tt} dxdt − ∫ Ω^± u_1ϕ(0, x) dx + ∫ Ω^± u_0ϕ_t(0, x) dx. Next we integrate the term with the Laplacian by parts over Ω^+ to get − ∫_T 0 ∫ Ω^+ Δuϕ dxdt = ∫_T 0 ∫ Ω^+ ∇u∇ϕ dxdt − ∫_T 0 ∫ ∂Ω^+ ∂u ∂n ϕ dσdt = − ∫_T 0 ∫ Ω^+ uΔϕ dxdt + ∫_T 0 ∫ ∂Ω^+ u ∂ϕ ∂n dσdt − ∫_T 0 ∫ ∂Ω^+ ∂u ∂n ϕ dσdt. Similarly we integrate by parts over Ω^− to get: − ∫_T 0 ∫ Ω^− Δuϕ dxdt = ∫_T 0 ∫ Ω^− ∇u∇ϕ dxdt − ∫_T 0 ∫ ∂Ω^− ∂u ∂n ϕ dσdt = − ∫_T 0 ∫ Ω^− uΔϕ dxdt + ∫_T 0 ∫ ∂Ω^− u ∂ϕ ∂n dσdt − ∫_T 0 ∫ ∂Ω^− ∂u ∂n ϕ dσdt. As a result we have − ∫_T 0 ∫ Ω Δuϕ dxdt = − ∫_T 0 ∫ Ω uΔϕ dxdt − ∫_T 0 ∫ Q [ ∂u ∂n ] Q ϕ dσdt − ∫_T 0 ∫ Γ ∂u ∂n ϕ dsdt + ∫_T 0 ∫ Γ ∂ϕ ∂n u dsdt.

W. Horn and J. Sokołowski: Passive damping 6 Because of the boundary conditions on u and ϕ on Γ the last two terms vanish. This allows us now to establish the weak form of the wave equation; ∫_T 0 ∫ Ω u (ϕ_{tt} − Δϕ) dxdt − ∫ Ω u_1ϕ(0) dx + ∫ Ω u_0ϕ_t(0) dx (24) − ∫_T 0 ∫ Q [ ∂u ∂n ] Q ϕ dσdt = 0 for all ϕ ∈ Y_1. The term [ ∂u ∂n ] Q can now be replaced by the balance of momentum for shape memory alloys as follows v_{tt} − (σ(θ, v_x))_x + Rv_{xxxx} = − [ ∂u ∂n ] Q , where the function σ(θ, v_x) is given in (9). After this (24) becomes ∫_T 0 ∫ Ω u (ϕ_{tt} − Δϕ) dxdt − ∫ Ω u_1ϕ(0) dx + ∫ Ω u_0ϕ_t(0) dx (25) + ∫_T 0 ∫ Q (v_{tt} − (σ(θ, v_x))_x + Rv_{xxxx}) ϕ dσdt = 0 In the last term we can again integrate by parts to get ∫_T 0 ∫ Q v_{tt}ϕ dσdt = ∫_T 0 ∫ Q vϕ_{tt} dσdt + ∫ Q v_0ϕ_t(0) dσ − ∫ Q v_1ϕ(0) dσ, and − ∫_T 0 ∫ Q (σ(θ, v_x))_x ϕ dσ = ∫_T 0 ∫ Q σ(θ, v_x)ϕ_x dσ, where the boundary terms vanish because of the choice of Y . Finally, we have ∫_T 0 ∫ Q Rv_{xxxx}ϕ dσdt = ∫_T 0 ∫ Q Rv_{xx}ϕ_{xx} dσdt. Again the boundary terms vanish by the choice of Y and the boundary conditions on v. We can combine this with the weak wave equation (25) to get ∫_T 0 ∫ Ω u (ϕ_{tt} − Δϕ) dxdt − ∫ Ω u_1ϕ(0) dx + ∫ Ω u_0ϕ_t(0) dx (26) + ∫_T 0 ∫ Q (vϕ_{tt} + σ(θ, v_x)ϕ_x + Rv_{xx}ϕ_{xx}) dσdt = 0

W. Horn and J. Sokołowski: Passive damping 7

This equation has to be combined with the non-linear heat equation (8). To obtain a weak formulation of (8) one multiplies this equation by a smooth function ψ and integrates it over Q_T = Q × (0, T ) to get ∫_T 0 ∫ Q (−θψ_t + κθ_xψ_x − θ (σ(θ, v_x))_θ v_{xt}ψ − gψ) dσdt = 0, (27) for all ψ ∈ Y_2 = { Ψ ∈ H^{1,1}(Q_T ) : Ψ(T ) = 0 } . The complete problem can now be formulated as:

Find

(u, v, θ) ∈ L^2(Ω_T ) × L^2(0, T ; H^2(Q)) ∪ H^1(0, T ; H^1(Q)) × L^2(0, T ; H^1(Q))

such that (26) and (27) are satisfied for all (ϕ, ψ) ∈ Y_1 × Y_2.

Remark: Observe that for our choice of the function σ given in (9) we have θ (σ(θ, v_x))_θ v_{xt} = −θγv_xv_{xt}, i.e. this expression is an L^2(Q_T ) function for v ∈ H^1(0, T ; H^1(Q)). This requirement can be eased, but we will see that it is automatically satisfied.

3. Uniform a priori estimates

Before going into details of the entire system we will investigate the wave equation on domains with corners by itself. Whereas there is a rich bibliography on elliptic boundary value problems in domains with corners (see, for example, (Kozlov, 1997, 1999; Nazarov, 1994)), there are only few papers on hyperbolic problems with non-homogeneous boundary conditions. The wave equation with homogeneous Dirichlet boundary conditions has been investigated extensively (See, for example (Grisvard, 1989)). These results all depend on the results for elliptic problems. In our case we do not have homogeneous Dirichlet conditions, which complicates the situation significantly. This case was studied in great detail in a recent paper by Kokotov and Plamenyevskii (Kokotov, 2000). To start recall (4) together with (6):

u_{tt} − Δu = 0 on Ω^±_T , u = 0 on Γ^±_T , (28) u = v on Q_T .

In each of the sub-domains Ω^± this system satisfies the requirements for the systems studied in (Kokotov, 2000). Hence we have the following inequality on Ω^+:

λ^2 ∫_T 0 ∫ Ω^+ e^{−2λt}|∇u|^2 dxdt + λ ∫_T 0 ∫ Q e^{−2λt} | | | | ∂u ∂n | | | | 2 dsdt (29) ≤ cλ ∫_T 0 ∫ Q e^{−2λt} | | | | ∂u ∂τ | | | | 2 dsdt

W. Horn and J. Sokołowski: Passive damping 8

where ∂u ∂τ denotes the tangential derivative along Q, λ > 0 is a parameter and c a positive constant that does not depend on λ. In the specific case at hand we have of course ∂u ∂τ = v_x, and furthermore we have that 0 ≤ t ≤ T and we therefore get λ^2e^{−2λT} ∫_T 0 ∫ Ω^+ |∇u|^2 dxdt + λe^{−2λT} ∫_T 0 ∫ Q | | | ∂u ∂n | | | 2 dsdt ≤ cλ ∫_T 0 ∫ Q |v_x|^2 dsdt, (30) which immediately implies

‖u‖_L2_{(0,T ;H}1_{(Ω}+_{))} ≤ C ‖v‖_L2_{(0,T ;H}1_{(Q))} . (31)

The same inequality holds also for Ω^− and we can combine them to get ∫_T 0 ∫ Ω^± |∇u|^2 dxdt + ∫_T 0 ∫ Q | | | | [ ∂u ∂n ] Q | | | | 2 dsdt ≤ C ∫ 0 ∫ Q |v_x|^2 dsdt (32) Hence, we have shown the following lemma:

Lemma 3.1: Let u satisfy (28) and v ∈ L^2(0, T ; H^1(Q)), then u satisfies the following estimate:

‖u‖_L2_{(0,T ;H}1_{(Ω}±_{))} ≤ C ‖v‖_L2_{(0,T ;H}1_{(Q))} .

Furthermore, we have that ‖ ‖ ‖ ‖ [ ∂u ∂n ] Q ‖ ‖ ‖ ‖_{L2(QT )} ≤ C ‖v‖_L2_{(0,T ;H}1_{(Q))} .

This lemma now allows us to prove the following apriori estimate:

Lemma 3.2: Let (v, θ) satisfy (7) and (8) together with the boundary conditions (10) and (11). Furthermore, let

u_0|_Q ∈ H^2(Q), u_1|_Q ∈ L^2(Q) and θ_0|_Q ∈ L^2(Q).

Then we have

v ∈ C(0, T ; H^2(Q)), v_t ∈ C(0, T ; L^2(Q)), and θ ∈ C(0, T ; L^1(Q)).

W. Horn and J. Sokołowski: Passive damping 9

Proof: As in the introduction, we multiply (7) by v_t and integrate over Q_T . Furthermore, we integrate (8) over Q and add the two resulting equations to get 1 2 d dt ∫ Q ( |v_t|^2 + R |v_{xx}|^2 + γθ_1 |v_x|^2 − β |v_x|^4 + α |v_x|^6 + |θ| ) dx = ∫ Q [ ∂u ∂n ] Q v_t dx + k ∫ Q (θ_0 − θ) dx. The first term on the right can be estimated using the previous Lemma as follows: | | | | ∫ Q [ ∂u ∂n ] Q v_t dx | | | | ≤ (∫ Q [ ∂u ∂n ]_2 Q dx ) 1_2 ‖v_t‖ ≤ C ‖v_x‖ ‖v_t‖ ≤ C 2 ‖v_x‖^2 + C 2 ‖v_t‖^2 . An application of Gronwall’s inequality will yield the desired result.

In the next step consider, we start by formally taking the time derivative of the wave equation to get

U_{tt} − ΔU = 0 on Ω^±_T (33) U = 0 on Γ^±_T (34) U = v_t on Q_T (35)

together with the initial conditions

U(0, x) = u_1 on Ω^± (36) U_t(0, x) = Δu_0 on Ω^±. (37)

This can always be done provided that u_0 satisfies the compatibility condition that u_0 ∈ H^2(Ω^±).

We can again apply the result of (Kokotov, 2000) to get: ‖ ‖ ‖ ‖ [ ∂U ∂n ] Q ‖ ‖ ‖ ‖_{L2(QT )} ≤ C ‖v_t‖_L2_{(0,T ;H}1_{(Q))} . (38)

Furthermore, since we have U = u_t a.e. it follows that ‖ ‖ ‖ ‖ [ ∂u_t ∂n ] Q ‖ ‖ ‖ ‖_{L2(QT )} ≤ C ‖v_t‖_L2_{(0,T ;H}1_{(Q))} . (39)

To get higher apriori estimates for v, we multiply (7) by −v_{xxt} an (8) by θ_t and follow exactly the proof of Lemma 4.2.4 of (Zheng, 1995) to obtain: 1 2 ( ‖v_{xt}(t)‖^2 + ‖v_{xxx}(t)‖^2 + ‖θ_x(t)‖^2 ) + ∫_t 0 ‖θ_t‖^2 ds

W. Horn and J. Sokołowski: Passive damping 10 + ∫_t 0 ∫ Q ((σ(θ, v_x))_xv_{xxt} − θ(σ(θ, v_x))_θv_{xt}θ_t) dxds = 1 2 ( ‖v_{xt}(0)‖^2 + ‖v_{xxx}(0)‖^2 + ‖θ_x(0)‖^2 )

+ ∫_t 0 ∫ Q gθ_t dxds − ∫_t 0 ∫ Q [ ∂u ∂n ] v_{xxt} dxdt Only the last term on the right is new and has to be treated differently. Integration by parts in t yields: ∫_t 0 ∫ Q [ ∂u ∂n ] v_{xxt} dxds = ∫ Q [ ∂u(t) ∂n ] v_{xx}(t) dx − ∫ Q [ ∂u(0) ∂n ] v_{xx(0)} dx − ∫_t 0 ∫ Q [ ∂u_t ∂n ] v_{xx} dxds The last term can be estimated as follows: | | | ∫_t 0 ∫ Q [ ∂u_t ∂n ] v_{xx} dxds | | | ≤ ‖ ‖ ‖ ‖ [ ∂u_t ∂n ] Q ‖ ‖ ‖ ‖_{L2(QT )} ‖v‖_L2_{(0,T ;H}2_{(Q))}

≤ C ‖v_t‖_L2_{(0,T ;H}1_{(Q))} ‖v‖_L2_{(0,T ;H}2_{(Q))} . Furthermore, observe that | | | ∫ Q [ ∂u(t) ∂n ] v_{xx}(t) dx | | | ≤ (∫ Q [ ∂u(t) ∂n ]_2 dx ) 1_2

‖v(t)‖_H2_{(Ω)} ,

and that ∫ Q [ ∂u(t) ∂n ]_2 dx = ∫ Q [ ∂u(0) ∂n ]_2 dx + 2 ∫_t 0 ∫ Q [ ∂u ∂n ] [ ∂u_t ∂n ] dxds ≤ 2C ‖v‖_L2_{(0,T ;H}1_{(Q))} ‖v_t‖_L2_{(0,T ;H}1_{(Q))} The terms involving ‖v_t‖_L2_{(0,T ;H}1_{(Q))} can be treated using Gronwall’s inequality. We arrive at:

Lemma 3.3: Let (v, θ) satisfy (7) and (8) together with the boundary conditions (10) and (11). Furthermore, let u_0|_Q ∈ H^2(Q), u_1|_Q ∈ L^2(Q) and θ_0|_Q ∈ L^2(Q).

Then there exists a constant C which depends only on the data such that sup 0≤t≤T 1 2 ( ‖v_{xt}(t)‖^2 + ‖v_{xxx}(t)‖^2 + ‖θ_x(t)‖^2 ) + ∫_T 0 ‖θ_t‖^2 ds ≤ C. Moreover, we have ‖θ‖^2_L2_{(0,T ;H}2_{(Q))} ≤ C

W. Horn and J. Sokołowski: Passive damping 11

This Lemma has an immediate consequence

Corollary 3.1: Let u satisfy the system (28) together with the compatibility condition u_0 ∈ H^2(Ω^±) then we have

u_t ∈ L^2(0, T ; H^1(Ω^±), and u ∈ C(0, T ; H^1(Ω^±))

The previous lemma gives v_t ∈ C(0, T ; H^1(Q). This in turn can be used in (38) to get the estimate.

This Corollary allows us to multiply (4) by u_t to get the energy inequality. We can now combine these estimates to get the following existence and uniqueness result:

Proposition 3.1: Let u_0 and u_1 satisfy the hypotheses of the previous lemmas and the corollary. Then there exists a unique triple

(u, v, θ) ∈ L^2(Ω_T ) × L^2(0, T ; H^2(Q)) ∪ H^1(0, T ; H^1(Q)) × L^2(0, T ; H^1(Q))

that satisfies (26) and (27) for all (ϕ, ψ) ∈ Y_1 × Y_2. Moreover, we have

u ∈ C(0, T ; H^1(Ω^±)), (40) u_t ∈ L^2(0, T ; H^1(Ω^±)), (41) v ∈ C(0, T ; H^3(Q)), (42) v_t ∈ C(0, T ; H^1(Q)), (43) θ ∈ C(0, T ; H^1(Q)) ∩ L^2(0, T ; H^2(Q)). (44)

Finally, the triple satisfies the energy relation 1 2 d dt ∫ Ω ( |u_t|^2 + |∇u|^2 ) dxdy + 1 2 d dt ∫ Q ( |v_t|^2 + R |v_{xx}|^2 + γθ_1 |v_x|^2 − β |v_x|^4 + α |v_x|^6 + |θ| ) dx(45) = k ∫ Q (θ_0 − θ) dx.

Proof: The existence proof follows along the lines of the existence proof for the quasi-static system as in (Horn, 2000, 2001). We will therefore only sketch it and omit some most of the details.

We start by considering the system v_{tt} − (σ(θ, v_x))_x + Rv_{xxxx} = f(v), θ_t − κθ_{xx} − θ (σ(θ, v_x))_θ v_{xt} = g,

W. Horn and J. Sokołowski: Passive damping 12

where f(v) = [ ∂u ∂n ] Q , for u a solution of (28). Then f is a linear pseudo-differential operator which is bounded as a map

f : L^2(0, T ; H^1(Q)) → L^2(0, T ; H^1(Q))

and furthermore we have f : v_t → f(v_t) is bounded in the same space. The previous Lemmas and Corollaries give the a priori estimates (40)-(44). With these a priori estimates and the Banach Fixed Point Theorem we obtain local existence of a unique solution

(v, θ) ∈ L^2(0, t; H^2(Q)) ∪ H^1(0, t; H^1(Q)) × L^2(0, t; H^1(Q))

for a sufficiently small t ∈ (0, T ). Since the apriori estimates are uniform in T this solution can be extended to the whole interval (0, T ). Since the solution v satisfies the necessary regularity for existence of a solution to (28), the solution to this problem follows. Finally, the a priori estimates allow us to rigorously do the formal computations in (19)-(20) which yield the energy inequality.

Acknowledgement:

The possibility of passive damping was brought to the authors’ attention by Prof. Stefan Seelecke, to whom we are deeply indebted.

References

M Brokate, J Sprekels, Hysteresis and Phase Transitions, (1996). Springer Verlag, Berlin, N Bubner, (1995). Essen, N Bubner, J Sprekels, (1998). Optimal control of martensitic phase transitions in a deformation driven experiment on shape memory alloys, Adv. Math. Sci. Appl., 8, 299–325.

N Bubner, W Horn, J Sokołowski, (2001). Weak Solutions to Joined Non-linear Systems of PDE, J. Appl. Math. Phys. (ZAMP), 52, 713–729. P Grisvard, (1989). Contrôlabilité exacte des solutions de l’équation des ondes en présence de singularités,, J. Math. pures et appl., 68, 215–259. W Horn, J Sokołowski, (2000). Models for Adaptive Structures using Shape Memory Actuators, Procedings of MTNS 2000, Perpignan, W Horn, J Sokołowski, (2001). An elastic membrane with an attached nonlinear thermoelastic rod, to appear in AMCS ,

W. Horn and J. Sokołowski: Passive damping 13

A Yu Kokotov, B A Plamenevsky, (2000). On the Cauchy-Dirichlet Problem for Hyperbolic Systems in a wedge, St. Petersburg Math. J., 11, 497–5.34 V A Kozlov, V G Maz’ya, J Rossmann, (1997). Elliptic Boundary Value Problems in Domains with Point Singularities, American Mathematical Society, Providence, R. I., V A Kozlov, V G Maz’ya, (1999). Comparison Principles for Nonlinear Operator Differential Equations in Banach Spaces, Amer. Math. Soc. Transl., (2), 189, 149–157.

S A Nazarov, B A Plamenevsky, (1994). Elliptic Problems in domains with Piecewise Smooth Boundaries, Walter de Gruyter, Berlin, J Sprekels, S Zheng, (1989). Global Solutions to the Equations of a Ginzburg– Landau Theory for structural Phase Transitions in Shape Memory Alloys, Physica D, 39, 59–76.

S Zheng, (1995). Nonlinear Parabolic Equations and coupled Hyperbolic- Parabolic Systems, Longman House, Burnt Mill, UK,