Critical Step in the Proof that all Splitting Fields of a Polynomial are Isomorphic.

Suppose F and F( are fields and 
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Let p(x) ( F[x] be an irreducible polynomial over F. Let 
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is also irreducible over F(.     

Suppose E is an extension of F and a is a root of p in E, i.e. p(a) = 0. 
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We know that we can define an epimorphism from F[x] to F(a) by f(x) 
[image: image9.wmf]a

 f(a).
The kernel of this epimorphism is < p(x) >, and so by the First Isomorphism Theorem for Rings, F[x] / < p(x) > ( F(a). Let ( be the isomorphism ( : F(a). ( F[x] / < p(x) >, defined by ((f(a)) = f(x) + < p(x) >.
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Similarly, suppose E( is an extension of F( and b is a root of 
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 in E(, i.e. 
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We can define an epimorphism from F( [x] to F( (b) by f(x) 
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 f(b).

The kernel of this epimorphism is <
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>, and so by the First Isomorphism Theorem for Rings, F( [x] / <
[image: image14.wmf](x)

p

> ( F( (b). Let ( be the isomorphism ( : F( [x] / <
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> (  F((b), defined by ((  g(x) + <
[image: image16.wmf](x)

p

> ) = g(b).
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Just as the isomorphism 
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 induces the isomorphism 
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, 
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 induces an isomorphism 
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between F[x] / < p(x) > and F([x] / <
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>, defined by 


[image: image23.wmf]f

( f(x) + < p(x) > ) = 
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(f(x)) + <
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Let ( be the composition of the three isomorphisms (, 
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, and (: ( = ( ( 
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 ( (. Thus ( is an isomorphism from F(a) to F((b).
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Suppose f(x) is any polynomial in F[x] . Let’s compute (( f(a) ). 
From the definitions of (, 
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, and (, we get:

(()   (( f(a) ) = ((
[image: image31.wmf]f

(( (f(a))) = ( (
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Suppose f(x) = x. Then f(a) = a, and since 
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(f(x) ) = x, (
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f) (b) = b. 

Therefore ((a) = ((f(a)) = (by (() ) (
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f) (b) = b. 
So ( maps a into b. 
Next let c be an arbitrary element of F, and suppose g(x) ( F[x] is the constant polynomial g(x) = c. Then g(a) = c and 
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Therefore ((c) = ((g(a)) = (by (() ) (
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g) (b) = 
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(c). Hence ( acts the same as 
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 on all elements of F;    (  F = 
[image: image46.wmf]f

.
� EMBED Equation.3 ���





� EMBED Equation.3 ���





� EMBED Equation.3 ���





� EMBED Equation.3 ���





(





� EMBED Equation.3 ���





� EMBED Equation.3 ���





(





(








� EMBED Equation.3 ���





� EMBED Equation.3 ���





(





(








� EMBED Equation.3 ���





� EMBED Equation.3 ���





� EMBED Equation.3 ���





(





(








� EMBED Equation.3 ���





(








_1192551688.unknown

_1192553024.unknown

_1192553785.unknown

_1192553902.unknown

_1192554148.unknown

_1192554276.unknown

_1192554038.unknown

_1192553900.unknown

_1192553728.unknown

_1192553753.unknown

_1192553262.unknown

_1192553043.unknown

_1192553105.unknown

_1192551966.unknown

_1192552903.unknown

_1192552942.unknown

_1192552812.unknown

_1192552068.unknown

_1192551741.unknown

_1192551887.unknown

_1192551774.unknown

_1192551841.unknown

_1192551710.unknown

_1192454697.unknown

_1192550802.unknown

_1192550956.unknown

_1192551282.unknown

_1192550896.unknown

_1192455333.unknown

_1192549759.unknown

_1192550725.unknown

_1192537726.unknown

_1192454789.unknown

_1192454103.unknown

_1192454394.unknown

_1192454485.unknown

_1192454127.unknown

_1192453934.unknown

_1192454016.unknown

_1192453805.unknown

