Notes for Math 460
#1

Let R be an arbitrary ring.

For all a in R and for all n in Z, define n∙a, an element of R, by induction on n as follows:

i) if n = 0, n∙a = 0; if n =1, then n∙a = a,

ii) assuming n∙a has been defined for n > 0, set  (n + 1) ∙ a = n∙a + a,
iii) if n < 0, let n∙a = -(-n∙a)

Proposition 1.  For all n in Z,  n∙a = -(-n∙a).

Proof:  When n < 0, the statement of the proposition is just iii) above. So assume n > 0. Then we can apply iii) to -n:  -n∙a = -(-(-n) ∙a) = -(n∙a). Then the additive inverses of the first and last expressions are equal, giving -(-n∙a) = -(-(n∙a)) = n∙a.
Replacing n by –n in the above proposition, gives

Proposition 2. For all a in R and for all n in Z, (-n)∙a = -(n∙a).

Proposition 3. For all a in R and for all n in Z, n∙a + n∙(-a) = 0.
Proof: By induction on n. If n = 0, both terms are 0. If n = 1, 1∙a + 1∙(-a) = a + (-a) = 0.
Then, (n+1) ∙a + (n+1) ∙(-a) = n∙a + a + n∙(-a) + (-a) = n∙a + n∙(-a) + a + (-a) = (I.H.)

0 + 0 = 0. If n < 0. then n∙a + n∙(-a) = -(-n ∙a) + (-(-n ∙(-a))) = - (-n ∙a + -n ∙(-a)) = - 0 = 0, 

by the first part of the proof, since -n > 0.
Proposition 4. For all a in R and for all n in Z,  n∙(-a) = -(n∙a).

Proof: The preceding proposition states that n∙(-a) is the additive inverse of n∙a, hence

n∙(-a) = -( n∙a).

Proposition 5. For all a in R and for all n in Z, (-n) ∙(-a) = n∙a.
Proof:  Replacing n by -n in the preceding proposition gives (-n)∙(-a) = -(-n ∙a) = n ∙a, where the last equality follows from Proposition 1. 

Proposition 6. For all a in R and for all n in Z, n∙a  + a = (n+1)∙a.

Proof: If n ≥ 0, then the proposition follows from the beginning definition.

If n = -1, (-1) ∙a + a = (Proposition 2)  -(1∙a) + a = -a + a = 0 = ((-1)+1) ∙a. 
If n < -1, then -n-1 > 0, so by the first part of the proof, 



-n∙a = ((-n-1)+1)∙a = (-n-1)∙a + a,

adding -a to both ends of this equation gives;  -n∙a + (-a) = (-n-1)∙a. 
Hence (n+1)∙a = (Proposition 1)  -(-(n+1) ∙a) = -(-n-1∙a) = (from the line above)  
-(-n∙a + (-a)) = -(-n∙a) + -(-a) = (Proposition 1, again) n∙a + a, and the proof is finished.
Lemma 7. For all m in Z, m∙(ab) = (m∙a)b = a(m∙b).
Proof:  First we do induction on m: If m = 0, all expressions are 0. 

If m ( 0, (m+1) ∙ (ab) = m∙(ab) + ab = (I.H.) (m∙a)b + ab = (m∙a + a)b = ((m+1) ∙a)b.
Also, (m+1) ∙ (ab) = m∙(ab) + ab = (I.H.) a(m∙b) + ab = a(m∙b + b) =a((m+1) ∙b).

If m < 0, m∙(ab) = Proposition 5  (-m) ∙(-(ab)) = Theorem 12.1 (-m) ∙((-a)b) = 

(by first part of proof, since –m > 0) ((-m) ∙(-a))b = (m∙a)b.

Similarly, (-m) ∙(-(ab)) = (-m) ∙(a(-b)) = a((-m)(-b)) = a(m∙b).
Lemma 8.  For all a in R and for all m and n in Z, (n+m)∙a = n∙a + m∙a.

Proof: Let m be an arbitrary integer. We prove the lemma first for non negative n, by induction. If n = 0, the result is clear. Then (n+1)∙a + m∙a = n∙a + a + m∙a = (I.H.)

 (n+m)∙a + a = (Proposition 6)  ((n+m)+1)∙a = ((n+1)+m)∙a.

If n < 0,  two applications of Proposition 5 give: n∙a + m∙a = (-n)∙(-a) + (-m)∙(-a) = (since –n > 0) ((-n) + (-m))∙(-a) = -(n+m)∙(-a) = (n+m)∙a.
Lemma 9.  For all a,b in R, and for all n, m in Z, (n∙a)(m∙b) = (nm)∙(ab).

Proof: Let m be an arbitrary integer. We prove the lemma first for non negative n, by induction. If n = 0, the result is clear. Then ((n+1)∙a)(m∙b) = (n∙a + a)(m∙b) = 

(n∙a)(m∙b) + a(m∙b) = (I.H.) = (nm)∙(ab) + a∙(mb) = (Lemma 7)  (nm)∙(ab) + m∙(ab) = (Lemma 8) (nm + m)∙(ab) = ((n+1)m)∙(ab).
If n < 0, (n∙a)(m∙b) = [-((-n)∙a)](m∙b) =  -[((-n)∙a)(m∙b)] = (since -n > 0)
-[((-n)(m))∙(ab)] = -[-(nm)∙(ab)] = (Proposition 1) (nm)∙(ab).

Lemma 10. For all a in R and for all m and n in Z, (nm)∙a = n∙(m∙a).

Proof: Let m be an arbitrary integer. We prove the lemma first for non negative n, by induction. If n = 0, both expressions are 0. Then ((n+1)m)∙a = (nm+m)∙a = (Lemma 8), (nm)∙a + m∙a = (I.H.)  n∙(m∙a) + m∙a = (Proposition 6) (n+1)∙(m∙a). 

If n < 0, we have (nm)∙a = [-((-n)m)]∙a = (Proposition 2) -[((-n)m)∙a] =  (since -n > 0 )

-[(-n)∙(m∙a)] = (Proposition 2) -[-(n∙(m∙a))] = n∙(m∙a). 

