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PROBABILITY DISTRIBUTIONS

For basic probability concepts,
had “simple” random experiments
with some specific outcomes and numerical values

Now, define a Random Variable as a function
that assigns a real number to each outcome
in the sample space of a random experiment

Further, define

Discrete Random Variable

and

Continuous Random Variable
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Discrete Random Variable

A random variable with a finite (or countably infinite) range
(i.e., the set of possible values of a random variable X)

Examples of discrete random variables:

Number of scratches on a surface
Number of transmitted bits received in error
Proportion of defective parts among 1,000 tested

Distributions of discrete random variables include:
Binomial
Multinomial
Hypergeometric
Poission
Geometric
Pascal
Negative Binomial
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Continuous Random Variable

A random variable with an interval (either finite or infinite)
of real numbers for its range

Examples of continuous random variables:
Length |
Pressure
Height
Time

Distributions of continuous random variables include:
Normal
Gamma
Exponential
Beta
Uniform
Log-normal
Rayleigh
Cauchy
Weibull
Extreme value
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BINOMIAL DISTRIBUTION

Independent repeated trials (known as Bernoulli trials)

Each trial results in one of two possible outcomes (i.e.,
“success” or “failure”)

Probability of “success,” p, remains constant from one
trial to the next (i.e., “sampling with replacement”)

EXAMPLE APPLICATIONS

Ten space shots are planned. Each has a probability of
success of 0.95. What are the chances that at least nine
shots will be successful?

Items are manufactured in large lots, from each of _
which twenty units are selected at random. The lot is
accepted if the sample contains three or fewer defective
units. If the production process yields on the average 10
per cent defectives, what is the probability of lot
acceptance?
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BINOMIAL DISTRIBUTION

Binomial Probability Function:
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MIAL

Distribution Function:

The probability of x or fewer successes in n independent
trials, given a probability of success p in a single trial:

(K £2) = F (x; p,n)
2 (%) p* G-y %

Flx) =0 whro x <0

Mean and Variance of Binomial Distribution:
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Tabled Values:
Table 1 Binomial Distribution Function
x [/n
B(x;n,p)= ) p*(1 — py"*
K=o \k
n X 0.05 0.10 0.15 0.20 0.25 0.30 0.
2 0 | 09025 08100 0.7225 0.6400 0.5625 04900 042
| 0.9975 09900 09775 09600 09375 09100 0387
3 0 | 0.8574 0.7290 0.6141 0.5120 04219 0.3430
1 09927 09720 09393 0.8960 0.8438 0.7840
2 | 09999 09990 09966 09920 09844 0.9730
4 0 | 08145 0.6561 0.5220 04096 0.3164 0.2401
| 09860 09477 0.8905 0.8192 0.7383 0.6517
3 09995 09963 09880 09728 0.9492
3 1.0000 09999 09995 0.9984
3 0| 07738 0.5905

0.9774
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BINOMIAL DISTRIBUTION
Example Problem: (Lruree MM ¢ ﬁm,w)

Samples of air each have a 10% chance of containing a
particular molecule. Assume that the samples are
independent with regard to the presence of the molecule.
Find the probability that:
(a) Of 18 samples, exactly 2 contain the molecule, and
(b) Of the 18 samples, at least 4 contain the molecule.

et % B ot rhe srotecate
%M S = 0./0.amel 1= /8

(@) Pu(K=2) = /.’f (0.1)*(0.9Y

/8. | é
= 2/ /6! (0;/)z(0~9),

= 0.204 v J8. 4%
@) P (k24)= | - R (Kk43)
| ma?a/a
Jhuow P (X;l/): /=~ 0.90/8
= 00982 v 9.8 %
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HYPERGEOMETRIC DISTRIBUTION

Probability of exactly x successes in n trials, when »n is
not small relative to the population size

Frequently applicable to problems involving sampling
from a small lot (often referred to as “sampling without
replacement”)

EXAMPLE APPLICATIONS

From an order for 25 high-reliability items, five are
selected at random and life tested. If fewer than two
items fail this test, the remaining 20 items will be
accepted. Otherwise, the complete lot will be rejected.
What is the probability of lot acceptance if four of 25
submitted items are defective?

A radio manufacturing company puts into a container
24 items for shipment. An inspector at the plant will
test two items at random prior to shipping, and if any of
the tested items prove defective he will return the whole
container for examination. If there are actually two
defectives in each container, what is the probability that
a box will not be shipped?
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HYPERGEOMETRIC DISTRIBUTION

Probability Function:

Probability of exactly x defective units in randomly selecting
n units from a lot of /V units, of which exactly k are defective

FEO ) (et )

f(z Mon#k) = (;:/)

X=0,/,2, - 71», x £ A
n-x) £ (M- %)

Mean and Variance of Hypergeometric Distribution:
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POISSON DISTRIBUTION

Probability of exactly x independent occurrences in a
given time period (or volume or area)

Assumes occurrences take place independently and at a
constant rate

EXAMPLE APPLICATIONS

In 10 random commuter train trips from Santa Barbara
to Los Angeles, a total of 15 separate and independent
delays were recorded. The train company claims that
the long-run average number of delays per run is 1.2. If
the number of delays is a Poisson variate, do the data
refute the company’s claim?

The average number of independent insulation breaks
per yard in an enameling process is 0.07. What is the
probability of finding one break in a piece of wire 16
yards long?
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POISSON DISTRIBUTION

Probability Function:
A5 -2
f(z:d) < S7 €

%= 0,02, 5 AXO
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Distribution Function:

£F(z) 22 5"

S X
Flx)= O wher x<0

Mean and Variance of Poisson Distribution:
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POISSON DISTRIBUTION

Example Probability Functions:
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POISSON DISTRIBUTION
Tabled Values:

Table 2 'Poisson Distribution Function

| x
F(x; 1) = kgoe A o
* 2
-1

0.02 0.980 1.000
0.04 0.961 0.999 1.000
0.06 0.942 0.998
0.08 0.923 0.997
0.10 0.905 0.995
0.15 0.861 0.990
0.20 0.819 0.982
0.25 0.779 0.974
0.30 0.741 0.963
0.35 —-21(15//
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POISSON DISTRIBUTION

Example Problem: (dorwree: WM ¢ ’a‘")""' )

Contamination is a problem in the manufacture of optical
storage disks. The number of particles of contamination that
occur on an optical disk has a Poisson distribution, and the
average number of particles per centimeter squared of media

m surface is 0.1. The area of a disk under study is 100 square
/ centimeters. Find the probability that:

N (a) 12 particles occur in the area of this (1131_(
(b) no more than 12 particles occur in the area of this
disk -

564 2 %mwm #‘/lb/a/uaa,o; rho

A =100 &m*)(0.1 partico/ G7?) = 10 particteddik

e"/O/O/QJ . M
X = 0. 095 (mw’icrﬂ)

S
F/u-‘ (2 Yoo (K=72) =
Functrew

Sum (1) 12 (K£12) #0792

WY
Note : porta) com T poirtd caing. Lodlid
Aotliie

7"»(;:212)3 (X E/2)—Bu (XE 1)
- 0-7?1- 00677
= 0. 095
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GEOMETRIC DISTRIBUTION

Probability Function:

Fexsp) < + (1-p)"""

x:0,2,3, 5 Ofpgd
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(il -fuu.tW)
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Example Probability Function:
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Geometric distribution with p = 4
Mean and Variance of Geometric Distribution:
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GEOMETRIC DISTRIBUTION

Appropriate to problems in which we desire the
probability that exactly x independent Bernoulli trials,
each with a probability of “success,” p, will be required
until the first “success” is achieved

Special case of the Pascal distribution, which is a
special case of the generalized negative binomial
distribution

EXAMPLE APPLICATION

The probability is 0.1 that a bit transmitted through a
digital transmission channel is received in error.
Assume the transmissions are independent events, and
that the number of bits transmitted until the first error
is a random variable. What is the probability that the
first incorrect bit will be the fifth one?
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Table 2 Poisson Distribution Function® (4" fa_w )
x Jx
F(x; ) = Z e“ —
Sy k!
.
X
1 h 0 | 2 3 4 5 L] 7 8 9

0.02 0.980 1.000
0.04 0.961 0.999 1.0DO
0.06 0.942 0.998 1.000
008 | 0923 | 0997 | 1.000
0.10 0.905 0.995 1.000
0.15 0.861 0.990 0.999 1.000
0.20 0.819 0.982 0.999 1.000
0.25 0.779 0.974 0.998 1.000
0.30 0.741 0.963 0.996 1.000
0.35 0.705 0.951 0.994 1.000
0.40 0.670 0.938 0.992 0.999 1.000
045 0.638 0.925 0.989 0.999 1.000
0.50 0.607 0910 0.986 0.998 1.000
0.55 0.577 0.894 0.982 0.998 1.000
0.60 0.549 0.878 0.977 0.997 1.000
0.65 0.522 0.861 0972 0.996 0.999 1.000
0.70 0.497 0.844 0.966 0.994 0.999 1.000
0.75 0472 0.827 0.959 0.993 0.999 1.000
0.80 0.449 0.809 0.953 0.991 0.999 1.000
0.85 0427 0.791 0.945 0.989 0.998 1.000
0.90 0.407 0.772 0.937 0.987 0.998 1.000
0.95 0.387 0.754 0.929 0.984 0.997 1.000
1.00 0.368 0.736 0.920 0.981 0.996 0.999 1.000
1.1 0.333 0.699 0.900 0.974 0.995 0.999 1.000
1.2 0.301 0.663 0.879 0.966 0.992 0.998 1.000
1.3 0.273 0.627 0.857 0.957 0.989 0.998 1.000
14 0.247 0.592 0.833 0.946 0.986 0.997 0.999 1.000
1.5 0.223 0.558 0.809 0.934 0.981 0.996 0.999 1.000
1.6 0.202 0.525 0.783 0.921 0.976 0.994 0.999 1.000
1.7 0.183 0.493 0.757 0.907 0.970 0.992 0.998 1.000
1.8 0.165 0.463 0.731 0.891 0.964 0.990 0.997 0.999 1.000
1.9 0.150 0434 0.704 0.875 0.956 0.987 0.997 0.999 1.000
2.0 0.135 0.406 0.677 0.857 0.947 0.983 0.995 0.999 1.000

* Reprinted by kind permission Jrom E. C. Molina, Poisson’s Exponential Binomial Limit, D. Van Nostrand Company,
Inc., Princeton, N.J., 1947,
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Table 2

Poisson Distribution Function (Continued)

0 1 2 3 4 5 6 7 8 9
22 0.111 0.355 0.623 0.819 0.928 0.975 | 0993 0.998 1.000
24 0.091 0.308 0.570 0.779 0.904 0.964 | 0988 0.997 0999 1.000
2.6 0.074 0.267 0.518 0.736 0.877 0.951 0.983 0.995 0.999 1.000
28 0.061 0.231 0.469 0.692 0.848 0935 | 0976 | 0992 0.998 0.999
3.0 0050 | 0.199 0.423 0.647 0.815 0916 | 0966 | 0.988 0.996 0.599
32 0.041 0.171 0.380 0.603 0.781 0.895 0.955 0.983 0.994 0.998
34 0.033 0.147 0.340 | 0.558 0.744 0.871 0942 | 0977 0.992 0.997
3.6 0.027 0.126 0.303 0.515 0.706 0844 | 0927 | 0969 0.988 0.996
ig 0.022 0.107 0.269 0.473 0.668 0816 0509 | 0960 | 0984 | 0.9%4
4.0 0.018 0092 | 0.238 0.433 0.629 0.785 0.389 | 0.949 0.979 0.992
4.2 0.015 0.078 0.210 0.395 0.590 | 0.753 0.867 | 0936 0972 0.989
44 0.012 0.066 0.185 0.359 0.551 0.720 | 0844 | 0.921 0.964 0.985
4.6 0010 | 0056 | 0.163 0.326 0.513 0.686 0818 | 0.905 0.955 0.980
48 0.008 0.048 | 0.143 0.294 0476 0.651 0.791 0.887 0.944 0975
5.0 0.007 0.040 | 0.125 0.265 0.440 0.616 0.762 | 0.867 0.932 0.968
5.2 0.006 0.034 0.109 0.238 0.406 0.581 0732 | 0.845 0918 0.960
54 0.005 0.029 0.095 0213 0373 0546 | 0.702 | 0.822 0.503 0.951
5.6 0.004 0.024 0.082 0.191 0.342 0.512 0.670 | 0.797 0.886 0.941
58 0.003 0.021 0.072 0.170 0.313 0478 0.638 | 0.771 0.867 0.929
6.0 0.002 0.017 0.062 0.151 0.285 0446 | 0606 | 0744 0.847 0916

10 11 12 13 14 15 16
28 1.000
3.0 1.000
j2 1.000
34 0.999 1.000
16 0.999 1.000
38 0.998 0.999 1.000
40 0.997 0.999 1.000
42 0.996 0.999 1.000
44 0.994 0.998 0.999 | 1.000
4.6 0.992 0.997 0.999 1.000
4.8 0.990 0996 | 0.999 1.000
50 0.986 0995 | 0598 0.999 1.000
52 0.982 0.993 0.997 0.999 1.000
54 0977 0.990 | 0996 0.999 1.000
5.6 0.972 0.988 '| 0.995 0.998 0.999 1.000
58 0.965 0.984 0.993 0.997 0.999 1.000
6.0 0.957 0.980 | 0.991 0.996 0.999 0.999 1.000




Table 2

Poisson Distribution Function (Continued)

1 0 ! 2 k] B 5 6 7 8 9
6.2 0.002 0.015 0.054 0.134 0.259 0414 | 0.574 0.716 | 0.826 0.902
6.4 0.002 0.012 0.046 0.119 0.235 0384 | 0.542 | 0.687 0.803 0.886
6.6 0.001 0.010 0.040 0.105 0213 0.355 | 0511 0.658 0.780 0.869
6.8 0.001 0.009 0.034 0.093 0.192 0.327 | 0480 | 0.628 0.755 0.850
7.0 0.001 0.007 0.030 0.082 0.173 0.301 0450 | 0599 | 0.729 0.830
7.2 0.001 0.006 0.025 0072 | 0.156 0276 | 0420 | 0569 | 0.703 0810
74 0.001 0.005 0.022 0.063 0.140 | 0253 0392 | 0.539 0.676 0.788
1.6 0.001 0.004 0.019 0.055 0.125 0.231 0365 | 0.510 | 0.648 0.765
78 0.000 0.004 0016 0.048 0.112 0.210 | 0338 | 0481 0.620 0.741
8.0 0.000 0.003 0.014 0.042 0.100 0.191 0.313 | 0453 0.593 0.717
8.5 0.000 0.002 0.009 0.030 | 0.074 0.150 | 0256 | 0386 | 0.523 0.653
9.0 0.000 0.001 0.006 0.021 0.055 0.116 | 0207 0.324 0.456 0.587
9.5 0.000 0.001 0.004 0.015 0.040 0.08% | 0165 | 0269 | 0392 0.522
10.0 0.000 | 0.000 0.003 0.010 0.029 0.067 | 0.130 0220 | 0333 0.458

10 11 12 13 14 15 16 17 18 19
6.2 0.949 0.975 0.989 0.995 0.998 0.999 1.000
6.4 0.939 0.969 0.986 0.994 0.997 0.999 1.000
6.6 0927 0.963 0.982 0.992 0997 | 0999 | 0.999 1.000
6.8 0915 0.955 0.578 0.990 | 0996 0.998 | 0.999 1.000
7.0 0.901 0.947 0973 0.987 0.994 0.998 | 0.999 1.000
7.2 0.887 0.937 0.967 0.984 0.993 0.997 { 0.999 0.999 1.000
7.4 0.871 0.926 0.961 0.980 0.991 0996 | 0.998 0.999 1.000
16 0.854 0.915 0.954 0.976 0.989 0995 { 0998 | 0999 1.000
78 0.835 0.902 0.945 0.971 0.986 0.993 0997 | 0999 1.000
8.0 0816 0.888 0.936 0.966 0.983 0.992 0.996 | 0.998 0.999 1.000
8.5 0.763 0.849 0.909 0.949 0.973 098 | 0993 0.997 0.999 0.999
9.0 0.706 0.803 0.876 0.926 0.959 0978 | 0989 | 0995 | 0.998 0.999
9.5 0.645 0.752 0.836 0.898 0.940 0967 | 0982 | 0991 0.996 0.998
10.0 0.583 0.697 0.792 0.864 0917 0.951 0973 | 0986 | 0.993 0.997
20 21 22
8.5 1.000
9.0 1.000
9.5 0.999 1.000
10.0 0.998 0.999 1.000




Table 2

Poisson Distribution Function (Continued)

1 0 1 2 3 4 5 6 7 8 9
10.5 0.000 0,000 0.002 0.007 0.021 0.050 0.102 0.179 0.279 0.397
11.0 0.000 0.000 | 0.001 0.005 0.015 0.038 0.079 0.143 0.232 0.341
1.5 0.000 0.000 0.001 0.003 0.011 0.028 0.060 0.114 0.191 0.289
12.0 0.000 0.000 0.001 0.002 0.008 0.020 0.046 0.090 0.155 0.242
12.5 0.000 0.000 0.000 0.002 0.005 0015 0.035 0.070 0.125 0.201
13.0 0.000 0.000 0.000 0.001 0.004 0.011 0.026 0.054 0.100 0.166
13.5 0.000 0.000 0.000 0.001 0.003 0.008 0.019 0.041 0.079 0.135
14.0 0.000 0.000 | 0.000 0.000 0.002 0.006 0.014 0.032 0.062 0.109
14.5 0.000 C.000 | 0.000 | 0.000 0.001 0.004 0.010 0.024 0.048 0.088
15.0 0.000 0.000 0.000 | 0.000 0.001 0.003 0.008 0.018 0.037 0.070
10 11 12 13 14 15 16 17 18 19
10.5 0.521 0.639 0.742 0.825 0.388 0.932 0.960 0978 0.983 0.994
11.0 0.460 0.579 0.689 0.781 0.854 0.907 0.944 0.968 0.982 0,991
11.5 0.402 0.520 0.633 0.733 0.815 0.878 0.924 0.954 0.974 0.986
12.0 0.347 | 0462 0.576 0.682 0.772 0.844 0.899 0.937 0.963 0.979
12.5 0.297 0.406 0.519 0.628 0.725 0.806 0.869 0.916 0.948 0.969
13.0 0.252 0.353 0.463 0.573 0.675 0.764 0.835 0.890 0.930 0.957
13.5 0.211 0.304 0.409 0.518 0.623 0.718 0.798 0.861 0.908 0.942
14.0 0.176 0.260 0358 0.464 0.570 0.669 0.756 0.827 0.883 0.923
14.5 0.145 0.220 0.311 0.413 0.518 0.619 0.711 0.7%0 0.853 0.901
15.0 0.118 0.185 0.268 0.363 0.466 0.568 0.664 0.749 0.819 0.875
20 21 22 23 24 25 26 27 28 29
10.5 0.997 0.999 0.9%9 1.000
1.0 0.995 0.998 0.999 1.000
11.5 0.992 0.996 0.998 0.999 1.000
12.0 0.988 0.994 0.997 0.999 0.999 1.000
12.5 0.983 0991 0.995 0,998 0.999 0.959 1.000
13.0 0.975 0.986 0.992 0.996 0.998 0.999 1.000
13.5 0.565 0.980 0.989 0.994 0.997 0.998 0.999 1.000
14.0 0.952 0.97] 0.983 0.991 0.995 0997 0.999 0.999 L.00O
14.5 0.936 0.960 0.976 0.986 0.992 0.996 0.998 0.999 0.999 1.000
15.0 0917 0.947 0967 0.981 0.989 0.994 | 0997 0.998 0.999 1.000




Table 2

Poisson Distribution Function {(Continued)

1 4 5 6 7 8 9 10 11 12 13
16 0.000 0.001 0.004 0.010 0.022 0.043 0.077 0.127 0.193 0.275
17 0.000 0.001 0.002 0.005 0.013 0.026 0.049 0.085 0.135 0.201
18 0.000 0.000 0.001 0.003 0.007 0.015 0.030 0.055 0.092 0.143
19 0.000 0.000 0.001 0.002 0.004 0.009 0.018 0.035 0.061 0.098
20 0.000 0.000 0.000 0.001 0.002 0.005 0.011 0.021 0.039 0.066
21 0.000 0.000 0.000 0.000 0.001 0.003 0.006 0.013 0.025 0.043
22 0.000 0.000 0.000 0.000 0.001 0.002 0.004 0.008 0.015 0.028
23 0.000 0.000 0.000 0.000 0.000 0.001 0.002 0.004 0.009 0.017
24 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0.003 0.005 0.011
25 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0,001 0.003 0.006
14 15 16 17 18 19 20 2] 22 23
16 0.368 0.467 0.566 0.659 0.742 0.812 0.868 0.911 0.942 0.963
17 0.281 0.371 0.468 0.564 0.655 0.736 0.805 0.861 0.905 0.937
18 0.208 0.287 0.375 0.469 0.562 0.651 0.731 0.799 0.855 0.899
19 0.150 0.215 0.292 0.378 0.469 0.561 0.647 0.725 0.793 0.849
20 0.105 0.157 0.221 0.297 0.381 0.470 0.559 0.644 0.721 0.787
21 0.072 0.111 0.163 0.227 0.302 0.384 0471 0.558 0.640 0.716
22 0.048 0.077 0.117 0.169 0.232 0.306 0.387 0.472 0.556 0.637
23 0.031 0.052 0.082 0.123 0.175 0.238 0310 0.389 0.472 0.555
24 0.020 0.034 0.056 0.087 0.128 0.180 0.243 0.314 0.392 0.473
25 0.012 0.022 0.038 0.060 0.092 0.134 0.185 0.247 0.318 0.394
24 25 26 27 28 29 30 31 32 33
16 0.978 0.987 0.993 0.996 0.998 0.999 0.999 1.000
17 0.95% 0.975 0.985 0.991 0.995 0.997 0.999 0.999 1.000
18 0.932 0.955 0.972 0.983 0.990 0.994 0.997 0.998 0.999 1.000
19 0.893 0.927 0.951 0.969 0.980 0.988 0.993 0.996 0.998 0.999
20 0.843 0.888 0.922 0.948 0.966 0.978 0.987 0.992 0.995 0.997
21 0.782 0.838 0.883 0.917 0.944 0.963 0.976 0.985 0.991 0.994
22 0.712 0.777 0.832 0.877 0913 0.940 0.959 0.973 0.983 0.989
23 0.635 0.708 0.772 0.827 0.873 0.908 0.936 0.956 0.971 0.981
24 0.554 0.632 0.704 0.768 0.823 0.868 0.904 0.932 0.953 0.969
25 0.473 0.553 0.629 0.700 0.763 0.818 0.863 0.900 0.929 0.950
34 35 36 37 38 39 40 41 42 43
19 0.999 1.000
20 0.999 0.999 | 1000
21 0.997 0.998 0.999 0.999 1.000
22 0.994 0.996 0.998 0.999 0.999 1.000
23 0.998 0.993 0.996 0.997 0.999 0.999 1.000
24 0.979 0.987 0.992 0.995 0.997 0.998 0.999 0.999 1.000
25 0.966 0.978 0.985 0.991 0.994 0.997 0.998 0.999 1.000




