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1. SIX WAVE EQUATIONS COUPLED THROUGH THREE CONSTRAINT EQUATIONS

Let x;; be a symmetric matrix field in €, consider the system of equations

(1) 8?/@']‘ = 818“%»
coupled through the constraint
(2) Mj = 8%2-]- — 8j/<;§ =0.

System (1), (2) is a simplified model problem derived from the BSSN system [??
??7] in general relativity under the linearization assumption (with unit lapse and
zero shift) by taking a second order reduction in time (see Alekseeenko [??] for
detail). Here, x,; plays the role of perturbation of the extrinsic curvature and M;
is the linearized momentum constraint.

Lemma 1. If k;;(xz,t) is a solution of (1) then the constraint quantity M; defined
by (2) obeys the vector wave equation:

(3) D2 M; = 9'9, M
Proof. The proof follows by substitution, commuting derivatives, and using (1). O

Similarly to the previous section, we want to construct boundary data for (1)
that is consistent with (2). There are examples of such data known, in particular,
the homogeneous constraint preserving Dirichlet data proposed in [??7], and the
inhomogeneous Dirichlet data for the first order reduction of (1) [?? ?? ?7], obtained
by integration along the boundary. However, examples of the radiative data are
limited, and those existing are lacking rigor. We eliminate this gap by using the
trivial constraint evolution reduction method. In particular, we prove that problem
(1), (2) admits well-posed (maximally dissipative) boundary conditions with five
modes freely specifiable. On the basis of these conditions, constraint preserving
boundary conditions for the free evolution problem are constructed.

1.1. The trivial constraint evolution reduction. The auxiliary problem con-
sists of the equation

1
(4) O kij = 0'Oksj — 20, My + 5(sijalMl
subject to the constraint (2).

Lemma 2. Evolution of constraint quantity in system (4), (2) is trivial. That is,
let ki; be any (sufficiently smooth) solution to (4), then

(5) ORM; =0

Proof. The proof follows from using the definition of M; (equation (2)), commuting
derivatives, and substituting (4) for the time derivatives of ;. O

We now proceed with the derivation. First of all, substituting the definition of
M, into (4) we write it explicitly in terms of x;; as

1 1
(6) 8?]61] = 6‘1851% - Qa(iallﬁimj) + 284%1@ + iéijﬁlammm - iéijalalﬂm.
1
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Let us denote by T the space of all triple-indexed arrays wpq, € R? x R? x R? which
are symmetric in the last two indices, wpqr = wprq. Notice that at each point, the
gradient Oyt € T. We introduce the linear algebraic operator L% : T — T by
the formula

. 1 1
LYE = 678007 — 807,07 — duab) 0% + 20,6709 + 56156767 — 561,676

In terms of the operator Ljj" which we call the algebraic operator of the second
order equation, (6) can be restated in the divergence form

(7) 6t2 kij = alL%raqur-

Lemma 3. Let vectors n;, m;, and l; constitute an orthonormal triple in R3, the
(right) eigenvalues and eigenvectors of Lﬁ%—r, that is solutions y, wypqr to the equation

pqr — vons s :
Ly;i wpgr = awyij, are given by

3
a=—=:

2

wlpgr = ﬁ[anm(qlT) — Myl gy — lpngmy)]
W2pgr = Mpl(gnry — lpn(gMmy)
1

W3pgr = %[np(mqmr —lgly) = (mpmgq — Lplg)np)]
1

wWhpgr = ﬁ[mp(lqlr —ngny) — (Ipliqg — npn(g)mr)]
1

Whpgr = ﬁ[lp(nan —mgm,) — (npn(g — Mmpmq)ly)

a=0:
Whpgr = npmyglyy + mplgnyy + lpngmy
Wlpgr = Np(mgmy — lgly) + 2(mpmq — lplg)nr
W8pgr = My (lgly — ngny) + 2(1plg — npn(qg) My

WIpgr = lp(Ngny — mgmy.) + 2(npng — mpmyg)ly)



wl0pgr = npngn, —

1
§np(mqmr + lglr) = (mpmqq + lpl(g)nr)

1
wllpgr = mpymgm, — imp(lqlr +ngng) — (Iplq + npnig)my

w12pgr = lplgly — Slp(ngny +mgm,) — (npn(q + mpm(q)lr)

2
1
o= —:
2
1
OJ].?)qu = ﬁ[ép(an)]
1
wldyy, = ﬁ[ép(qmﬂ]
1
wWldpgr ﬁ[(sp(qlr)}
a=20
1
w16y, = \/ﬁ[&%(an) Np0gr]
1
WlTpgr = \/T[S(Sp(qmr) MypOgr]
1
W]-Spqr = \/775[85;0((117”) — lp(sqr]

Proof. For the proof, recall that a symmetric matrix g, is spanned by {nyn,, mem,+
llrs Mgy — gl nigMmyy, niglyy, Mgl }. Correspondingly, Opkg, is spanned by
{ng,mq,lq} % {nan,mqmr +l lr,mqmr llryngMyy, nglyy, Mglyy}. Then the
lemma follows from the direct substitution. O

Remark. Notice that the eigenvectors wlygr, ..., w12, are mutually perpendicular
in the sense of contraction with the flat metric: (Wpgr, Npgr) = Wpern??", while the
rest of the eigenvectors form the three pairs: {w13p4r, wl6pgr}, {Wldpgr, wlTper},
and {wlbp,qr, w18pgr }, which are not perpendicular within the pair, but orthogonal
to the rest of the eigenvectors. Failure of orthogonality among the eigenvectors
means that L Z-T is not symmetric. However, a symmetric positive definite linear
operator B’ can be easily constructed using the left eigenvectors of Ljj%" such that
all eigenvectors are mutually perpendicular in the scalar product (Apgr,Mpgr)B =
A\l Bﬁgrni’qr, SO LZZ‘T is symmetrizable.

Remark. The fact that L% is not symmetric implies that there is no straight-
forward first order symmetric hyperbolic reduction of (6). For example, if one
introduces A;;; and 7n;;; as the new variables, the characteristic variables of the re-
sulting first order system have zero and imaginary eigenspeeds only as the direct
consequence of non-orthogonality of eigenfields ;;; and py;;. A symmetric first order
reduction of (6) therefore relies on existence of a positive definite algebralc operator
N with a property: N [“)lLZqT o' By Lyi7. Construction of such N however
is expected to be difficult (if possible at all), and not needed for the well-posedness
result below.



1.2. System’s natural energy and the boundary conditions. The spectral
structure of L% suggests to split gradient of r;; into the four components:

(8) Opkgr = Apgr + Hpgr + Tlpgr + Ppgrs

where (denoting x = k)

1 1 1 1
3000 sir) + 50p(qOn K + 50qr0°Ksp — 50grOph],

Apgr = g[apliq,« — Oghiryp — 5

1 4 s 2 2 o 1
Hpgr = g[apliqr + Qa(qKT)p — gép(qa‘ K|s|r) — 5(5p(qar)/€ - 5(5("0 Ksp — 5(5,”8;0/{],
Mpar = ~[0p(g0°Kjsjr)] + 3[0p(4Or) ],

1 2
Ppgr = 5[85p(q85n|s‘r) — 0gr0°Kgp| — 3[8617((1&)/4 — OgrOpk].

The next lemma summarizes properties of decomposition (8).

Lemma 4. Let fields Apgr; tpgr NMpgrs Ppgr D€ defined by (8), then

(a) at each point, Apgr is spanned by wlpgr, ..., wWSpgr, pgr bY Wpgr, - - ., W12pgr,
Npgr Oy Wl3pgr, Wldpgr, wWlbpgr, and ppgr by wlbpgr,wlpgr, wl8pe, corre-
spondingly;

(b) at each point, fields Apgr; Hpgr Tpgrs Ppqr are eigenvectors of Ly with
eigenvalues, respectively, 3/2, 0, 1/2, and 0;

(c) fields Apgr satisfy the cyclic identity Apgr+Agrp+Arpg = 0, in addition, Apgr
is trace free with respect to second and third indices, that is 69" Apqr = 0.
From these two properties one can deduce that A\pqr is also trace free in first
and third index, that is 0" Apqr = 0. Fields pipgr are trace free in both pairs
of indices pq and qr.

(d) the following table summarizes the mutual orthogonality of Apgr, tpgr Mpqrs
Ppqr With respect the to usual scalar product, (Vpgr, Opgr) = VpgroP":

Alpn|p
Mol lL]L]L
pl Ll L)L
ni Ll £
pl L] L]L]I

Proof. (a) To prove that \pq, is spanned by wl,,q,...wHper it is enough to check
that it is orthogonal (and thus linearly independent) to the rest of the eigenvectors
Whprq, - . - W18pqr. Similarly, ppqr is orthogonal to wlpg, . .. WHpgr, W13prg, . . . W18pgr,
thus is spanned by w6y,q, ... wl2,q.. Notice that 7,4 and pp,, are not mutually
perpendicular, but both are orthogonal to wlpg,...w12,.. At the same time,
Npgr a0d ppgr decompose into a linear combination of wl13y,q,, wldpgr, w1bpe, and
Wl6pgr, w17 pgr, w18pg, with obvious coefficients.
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Part (b) follows directly from (a). Let us prove (c). To prove the cyclic identity,

it is enough to show that A\pqr = —Agrp — Argp. Indeed,
2 1 1 1 o 1 s
)\pqr = 5[31,/%7« — iaqlirp — iarliqp — iﬁpqa Rgr — Z&pra K/Sq

1 1 1 . 1
+ Z(Spqar:‘i + Zépraqﬁ? + 56(17,86/4351; - iéqrapﬁ]

2 1 1 1 . 1
= 5[_(9an” + §8pﬁq, + iﬁrnqp + ngrqab“sp + Zépqasnsr

1 1 1 1
— Z(Sqrapﬁ; — Zéqparl‘ﬂ? — 5(5177‘88/{5(1 + 557«1)8(1/‘@]

2 1 1 1. ., 1. .
+ g[—arﬁlqp + iaquT + §8ql'€7«p + z(srqa( Rsp + Z(S’,«pa‘ Rsq

1 1
—0pg0°Ksyr + iéqpar/ﬁ]

1 1
— Zérqapﬁl — Z(Srpaq/i — 9

= —Agrp — Argp-

The trace free property is verified by the direct substitution:

. 2 o 1 s 1 1 s 1
09 /\pqr = -9 [8plﬁq,« — 8(qliT)p — 5517((13 K|s|r) T §5p(qar)l-€ + 55“8 Ksp — §5q7~3pn}

1 1 3 3
= g[a,,n — 0Kgp — iasnsp + iapm + 535/{31, - ié‘pn] =0,

By contracting the cyclic identity and using the trace free property 09" \,q = 0,
0 =07 (Apgr + Agrp + Arpg) = 209 Agrp-

Similarly, one can check by direct substitution that 679p,q, = 0, and 69" piper = 0.
Part (d) essentially summarizes proof of part (a), but one can quickly see that
the trace free properties of A,q, and fi,q, imply that their orthogonality to 7,4, and
Ppgr- The orthogonality between A, and fipg- can be verified by using the trace
free properties and then the cyclic property of A,q;. O

Remark. Because of the trace free and cyclic properties, which are purely algebraic
properties of the corresponding fields, the orthogonality between the fields remains
even if one replaces k;; with different matrix fields in definitions of A, p, n, and
p. Thus, decomposition (8) should be thought rather as a projection on different
subspaces of the gradient. This important observation will simplify our calculations
essentially when deriving energy estimates.

Substituting decomposition (8) and using Lemma 4 part (b), we rewrite (7) as

(9) O ki = 3l(g>\zw‘ + %mij)-

Remark. Note that (9) is as a second order equation on k;;, since A;;; and n;;; may
be replaced with their definitions at any moment. However, we will keep A;;; and
M5 for some time as shorthand notations for the corresponding parts of the gradient
of k;;: first, because we want to use the structure and the spanning properties of
these fields to simplify proofs; second, because the boundary conditions that we are
about to write look rather confusing in terms of x;;, but clearly make sense as the
normal components of fields of A;;; and ;.



To formulate the boundary conditions, we need to introduce some more nota-
tions: let vectors n;, m;, and l; constitute an orthonormal triple in R3, the following
vectors form the basis in the space of all symmetric matrices S (MOVE THIS DEF-
INITION UP):

elij = \@n(imj), 621‘3' = \/5 (ilj)7 63,‘j = \@m(ilj),

1 1
edij = —=(mym; — Lily), edy; =nyny, €65 = —=(mym; + ;l;).
J \/5( J i) J J J \/5( J i)
Let each of the constants al,...,a5 be either 0 or 1, we introduce the projection
operator (Ps)7 : S — span{el, e2,e3,e4,e5} C S by the formula
(P5)f_]q =al e]-pqe]-ij + -+ ab €5pq€5ij.

Let n; be the outward unit normal to the boundary 912, the following (homogeneous)
condition will be imposed on fields x;; at the boundary,

(10) (P5)7{ 0ckipg + 3P Apij + nPrpiz = 0, on Of).
Here we assume that the vector of coefficients a = (al, ..., ab) consists of 0s and

1s which may or may not change within the face. The value 0 corresponds to the
Neumann type data on the corresponding components, while 1 gives the radiative
type data. Notice that we intentionally skip the case of Dirichlet data, mostly be-
cause the examples of Dirichlet data (and especially, the homogeneous) for systems
arising in numerical relativity are well known in the literature [?? ?? 7?77, but also
for simplicity of presentation. However, one can easily see that generalization of
proofs to include case of the Dirichlet data is straightforward.

Remark. Generalization to the inhomogenous boundary data is, however, more
involved. First of all, because the equations are second order both in space and in
time, the energy argument below does not extend to inhomogeneous boundary data.
Instead, one may try reduce the problem to the case of homogeneous boundary
conditions. In particular, the reductions formulated in [Kreiss and Lorentz, Chapter
7]) can be applied to our problem in the case when coefficients of (10) are constant
along the face (and both boundary and initial data are consistent).

Theorem 5. Let k;; be a (sufficiently smooth) solution to (6) ((7), or (9)) satisfy-
ing boundary condition (10) (for either pair (a,b)). Then the solution k;; is unique
and on the time interval 0 < t < T satisfies the energy estimate

3 S
10eki; 1> + §||>\lz‘j\|2 + [|0° k55 — 3M]|* + 91|05

3 S
< 2|0k (0)]1% + 3 23 ()1 + [10%55;(0) = 3M;(0)||* + 91145 |1 (0)]

T
(11) +/ F(t) e T=D/2qt.
0
where F(t) = [[M;(0)[* + (5 + Z1)[10:M;(0)|2,

Proof. First of all, let us verify that condition (10) makes sense, namely, that
the quantity (3nPA,;; + nPn,;;) is spanned by {el,...,e5}. Choose a face of the
boundary, let n; be the outward unit normal, and vectors [; and m; be mutually
perpendicular unit vectors tangential to boundary. According to Lemma 4, in a
small neighborhood of the face, Ap;; is spanned by wlp;j, ..., w5ps;. In other words,

)\pij = Alwlpij + ...+ )\5w5pij,



where \1 = )\pijwlp”, ey AD = /\pijw5pij. Also,
Npij = Nlwl3pi; +n2wldy:; + n3wldy;;,

where 71 = v2(=8'ky; + 30;k)n7, 12 = V2(=0'r; + 30;k)m!, 93 = V2(—0'rs; +
30;k)7. Substituting expressions for Ap;;, and 7,;; into (3nP A, ; +nPny;;) we obtain
after simplification

3 1 3 1 1
(\/g)\él + 57]2)611‘]‘ + (—\/g)\5 + 5773)621‘]‘ + \/6)\1 €3ij + \/6/\3 e4ij + Enl e5ij~
Thus the expanded version of (10) is (here k1 = k;jel¥, ..., Kb = k;;e5", and
similarly, g1 = g;;el¥, ..., g5 = g;;e57):

3 1 3 1
aldkl + \/g)\él + 57]2 =0, a20;k2— \/g)\5 + 5773 =0,

1
a30;k3 4+ V6Al =0, addkd +V6A3 =0, abdikb + ﬁm =0.

Now we will establish the estimate (11). By contracting equation (9) with 0;x;;
from both sides and integrating over 2, we get

/8t2kij(8tnij)dl‘:/al(é/\lijJrlnlij)(at’iij)dz'
. 002 2

By rearranging the terms in the left side and integrating by parts in the right side
we get
1

1 3 -
§5t\|5tkij||2 = —/(5)\”]’ + 27]”]')(6,58%”)@ +/
Q

3 1 .
np(i)\pij + = 1pij) (Oek" )do.
o0

2

Consider the volume integral in the last expression. Using decomposition (8) we
rewrite it as

3 1 3 3 - -
/ (S + §7hz'j)(5t(>\l” + p 4t 4 pl))da.
Q

Using orthogonality between the fields (see the remark to Lemma 4), the latter
simplifies into

3 i 1 i g
/ [5)\%]’(816)\[ )+ 577%]’(81&(771 T4 ') de.
Q
Substituting definitions of 7;;; and p;;; we simplify the second term to
3 lijy o Lo o P j
9[5)\”]'(@)\ ) + 5(—8 KRsj + 3(9]/£)(6t8 Iip)}dx.
Notice that the first term in this integral is in the convenient “energy” form, so we

rewrite the expression,

1.3 1
Z 0= A 2

5/(—85553' +3ajn)(8tapm;)dx
Q
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The second term can also be transformed to the energy form. To do so, first, we
rewrite —0°kg; + 30;5 = 20°Ks; — 3M;, then

/Q(asnsj - §Mj)(8t8p/€f,)dx

2
1 s 2 s 3 3
= 50:10%ksj = 3MGII° + | (0°ksj — 5 M;)0(5 My)da
Q
1 s 2 9 2 3 s
= 2010 — M1 = FIMGIP) + [ (@00
Q

Finally, we write our basic integral identity:
2, 3 2 s 2 9 2
Oelldekis I” + Sl Auis 17 + 10% k55 — 3M;1" = 2 [[M;]7]
(12) = 3/ (8smsj)8thdx +/ np(3)\pij + npij)(&mij)da.
Q oQ
The next step in the proof is standard: the boundary condition (10) implies that
the boundary integral is non-positive and the volume integral can be estimated
using the elementary inequality 2u;v; < u;u’ + v;v?,
2, 3 2 s 2 9 2
OulllOckii |1 + S Auis 1° + 11055 — 3M; 1= = [1M5]17)
3 as
< 110 g P + 100, ).
Notice that the trivial evolution of the constraint quantity plays an important role
in the energy estimate. Indeed, since M; evolves trivially, for any solution of (6)
it is mandatory that 0°ks; — 0jk = M; = M;(0) + t(0,M;)(0). In other words,
one can treat ||0;M;|| and 8;||M;|* as known functions. With this, the rest of the

estimate is straightforward. By adding 8t%||MjH2 to both sides of inequality, we
get

3 S
Be [0k |I* + §||/\lij\|2 +110% ks — 3M;|* + 9] M; 1)
31 s 45
< 5llo sjl|* + 110:M; %) + ZatlleH2~
Then, by the triangle inequality,

3 S
D[l Ockis 1> + §|\/\lij||2 + [10°K5 — 3M|* + 9] M;||?]

3

. 45
< S[10%ks; — M |I* + 9 M; ||* + [|0:M51|%] + Z@IIM]'IIQ.

o |

Finally,
3
Ope < 7€ + F(t),

where € = |9k |-+ 2 i 219~ 35 |29][ 045 2, amd F(t) = 42]|2; (0) >+
(2L + 454)|19,M;(0)||?. Integrating the last inequality, we get the desired energy

estimate. Uniqueness follows from the energy estimate. (I



2. THE FIRST ORDER SYSTEM. PROOF OF EXISTENCE
Introducing the new variables
Yij = OyKij, Y = —0%ksj + 305k,
2 1. ., 1 1., 1
(13) >\lij = g[allﬂj — a(iﬁ:j)l — 55[@8 K|s|5) —+ iél(iaj)ﬁ + 55”({9 Kel — 55@'81/{},

we rewrite (9) as (the second and third equation results by differentiating definitions
of Aj;; and ;):

3 1
(14) Orpij = ial)\lij + 55(1‘%‘),
2 1. ..
Oediig = 3100pij — Oawii — 501:0°P1slj)
1 1 1
(15) + §5l(13j)80 + 55@‘88%1 - 55@'3150},
(16) 6t1/1j = *68(,031' -+ 36j<p.

Notice, that 7, = 0y(;95); the initial data ¢;;(0), 1;(0), and \;;(0) is obtained by
substituting x;;(0), 0;k;;(0), into the definitions (13).

Equations (13) are added to system (14)-(16) and are enforced as (the artificial)
constraint equations. Enforcement of the artificial constraints is necessary since a
solution to (14)—(16) solves (6) only if all three equations of (13) hold.

Note that system (14)—(16) is not hyperbolic: its characteristic variables (with
complex coefficients) have zero and imaginary speeds only. Moreover, it does not
seem possible to have a first order symmetric hyperbolic reduction of (6) unless
constraint preservation is invoked. However, we show next that methods of the
standard theory of symmetric hyperbolic equations with maximal dissipative con-
ditions can be applied to this system after modification to take the advantage of
the fact that the system propagates constraint (2) trivially.

We introduce two constraint quantities

M; = 0'¢1; — D0,
N 3 l o 1 l 1 l
Nj = 58 0 >\lij + 18 8le — 18]8 ;.

The first one has an obvious relationship with constraint (2), Mj = 0;M;, while
the second one is an easy consequence of (13). Keep in mind that Mj and Nj
are not independent variables but rather shorthand notations for combinations of
derivatives of ¢;;, A5, and ;.

The boundary conditions on ;;, A;j, and 7; are obtained from (10) as

(17) (Ps)7j¢pq + 30" Apij + nabjy =0, on 0Q.

We need to introduce some additional notations. First of all, we define U =
(©ij, \iij, V), and introduce the space F of all C* vectors U with the property
02M; = 0 and 9;N; = 0, that is

F = {(ijs Mij» ¥3) | 7 M; =0, 8;Nj := 0},

The differential constraints in the definition of F may seem too restrictive, but in
fact, if any smooth solution exists to system (10) it must belong to F. Therefore, it
is certainly hopeless to look for the solution outside of this class. At the same time,
class F is not empty: let f,g € C*, it is easy to verify that (9,0;f,0,0;9) € F.
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We introduce operator £ defined by (14)-(16), and rewrite the system in the
form

(18) LU =0.
Lemma 6. The operator L maps F into itself. That is if U € F then LU € F.

Proof. Let U = (pij, Aiij, ;) € F, consider V. = LU, where explicitly, V1;; =
Oupij— (30" N +10u5), V2u; = Qt)\nj*(%[az@ij*' 1), V3 = 0hj — (—=0%psj+
30;¢). It is easier to verify the ON; = 0 constraint first. Indeed, by taking the
corresponding combination of V2;;; and V3; and simplifying,

3 , 1 1 3 ; 1 1 -
5alfwvzm—Zalé‘lvsj—Zajalml = at(§alau“-j—Ealale—zajalm) = ON; = 0.
Similarly,
l 2 ql 3 L i 1 i 1 !
8t(8 Vllj — 8jV1) = 6t (8 Y15 — 6j§0) — 8t(§8 0 )\lij — 18 ali/Jj - 1@8 ’L/}l)



