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Sungu\ar'l'l:\e,s

I LAY . MAaY \ yr'r\ CLQ i T ;

© A classical angular{"r\, exists 1§
there are incomplete %e.odesfc.s oe
tncomplete ecurves of bounded
Qceceler ation.

e A f‘hua,ntu.m Smgu.l'a.ri\‘y extsts S the
evolution of atest wave Paocket (s not
\.u\\:quc.,lj deSined \95 Yhe wnitial
wavepacket , w/o having to odd
\h§ormat 10N not present \n the wave
operator | spacetime metric 5 Mani§old
alone (e, ,one must add bouwndary
condirvons atthe Smguﬂarﬁ'}/E 'F



AL (;.a.t.c:.gor’ig.s of% Slngu.\&-rt{‘-’s
> Qeuestion ¢
Rre all Q,lO\,SS‘lC.-CLH\/ S\ngu,kcxr STs

O\oa,ntu,m mecho.nfm\\ \3 s\'ngu.lcu’
os well ?

Suswer : N0 Horowite § Maret§ (1235))
J

certain strinqg theory c.xa.rne‘e:
(e.4,acrtain orbifolds ) neq. mass Sche

\A‘& will leok at £his In more
deteil . T n particular ) we will
consider STs which have o
pewer \aw Sorm near o timelike
S\V\'%U.\ou"\'\'\( ot r=0".



Classical Smgud artties

In classical GR  sinqularities are not part of
the ST (the maniSold 15 smooth): they are
Powndary po;m‘;s in on otherwise maximal ST,

Foe the timelike § nuwl\ geo&cétcs (or curves o¥f

bounded a.c.cc.l:.rmi::bh), there 1s an
incompleteness, an abrupt end fns +o the

Classical pa.rtl'c_.lc, Pa..th.

Ay mqu.\o.,rd:\cs in o« maximal ST have been
divided into §3 TyFes) by Ellis§ Schmidk (1977)

® QUASIREQULAR (e, the 2D cone , the
thin jdealrzed cosmic strin

® YoN-SCALAR CULURVATURE
(e.g whimper c,osmolog\cs (Elhsfl(mﬁfﬁ

® SCALAR CURVATURE (e.q., the center
o5 a. Schwarzchild BH , the

be.gchninﬂ e§ o elassicals BiqBamg
C.osmolo%y)



— -v--""".’ i ' ,/Hf-—\
De.scvuption o5 Slnﬁu\c\.r\"\'\/ lepe_s \
N Mathematical

singular point P 'S~ QUASIREGULRAR
SINQULARITY 1§ all components of the Riemann
tensor Raped evaluated In an orthonorma.l
Srame. paralfel propagated along an incomplet
qQeodesic e.nd{n,a at % are (°(orC"7)
(e, tend to a finite limit (or are bounded)).

On the other hand | oo singuloar pownt g 15
CURVATURE SINGULARITY |5 Some com ponent

IS not bounded in this way. IT$ all scalars
(n Qay , the antisymmetric tensor Naped and Rabed
Nevertheless tend +o a. Sinite \imit (or are
bounded ) the S\ngu.lcu'l'\'y \s NON-SCALRR ,
but 1§ any scalar is unbounded | the

point D 1S L ScALAR CURVATURE SWEULA R\TY .



Classical

Slﬁaug\cur{'\'y TLB?QS

SINGWLAR POINT

YES

QUASIREG utLaR
- SINGULARITY

-+

CURVATUWRE 3

curvature
Do scalors dwc.rg&? ‘

NO

NON-SZ;LQK
CLURVATURE
S\NGUAARITY

| ves

R

SCALAR

CUWRVATUWRE

SINGULRRIT




?Dcsc.vupt\.oﬁ 6§ S‘“%“-\Q-f:\'\'\ST‘ﬂPCS .

» Pw yst ca\

The mildest is QUASIREQU.LAR % +he.
Strongest 15 ScALAR CURVATURE,

At a SCALAR CURVATWRE SINGULARITY,
@Jhyst'c.a..l quantitfes such as enerqgy dcn5|+7
4 t+idal Forces dtirerge, (n the §Strame of all
Obseqves who a_ﬂn'ocxclw the .smsu_\q,rler.

At a. NON-SCALAR CURVATE RE SINGULARITY,
there exist eurves throuslv each point
O.rb{+ra_ri\7 alose to the smsu.la.rrl'y sweh
that observers on these curves experience
Perfactly regular tidal Sorces.

At o QUASIREGULAR SINGULRRITY | no

o bservers see or §eel 'P\(\xss\’c.qk cy\ua,n-ﬁ\'hig,s
diverge ,even though their world\ines
end at the S\nsm\cxr’l"\"lj \n a.Sinite proper
time .



(Q uestion®

Rre there classical, swnaularity
Yend points?o$§ : :
(\r?c.gr?np\ete, %e.o&e.s\c.g\_ which are
\'nvis'\\o\e to real C‘Uq,n-f;u,m

Pa.r'i'ic,(cs (c.omp\e.-‘:e. wWow e 'pmgn}ggf\:

S Pe.c:\‘g\'cq,-t,°\o“\' ‘{?. ?.



EraTic (Horowr‘rt é.
g';:%: AN’S\N’ER Marel & 1895

With
Tmelike SINGLE RELATIVET\C
Singularities (SCAMYPARTIC L 5. W/ MASS M2 o

KLEIN-GORDON EQUATION &

X . _ AP O(A) =
a't" C_:’CH:@

where AE'VD:' (VD )+ Vim:

[.-l'lme.\\ke. Kt“lns §ield g"‘ . Vi=- f“ e |
‘:D.< ~“spatiol covariant derivative Z (static slice)

, ' | wro |
Given (o) 15 T UNWW?;?U

Yes ! ~—

ILF A \s ESSENTIALLY
SELF- ADTOINT (esAY . |

There 1s o umque,seJS-o.dSonh-t:

extension AE which 1's pesitive deSinite
=Y -)

L d 8l a.
L%-U\ﬂ T > / UNiave

- SounN
P(t)=exp (-it (AR*) F(0)

(A 1s ESSENTIALLY SELF-ADToINT

> Q.M. _NONSINGULAR




MG.'HOQ.M g.{' \ Q@Jﬁ_
Quantum mechmmal,\_Backﬁrou.nA

LA H||bev‘b SpPote 1S an 1nper
ond\»c:h Space whiah s c'.szIe.t‘e.

ol Carchy se uencest
Lonverqe to an efemen

in the space

2
E.Y.o.mple | (U) , the set of all Square
Swenmable sequences.,

AP I
"“’/ tnnew preduct
w —
<L) ¥a)> = S X, Yn

n=p

T: T=K

An operator on oo Hilbert Space s a,linear
mMap 5rom one Hilbert Space to another.

There is o distinction made between bou..ndc.d.'
and unbounded operators, Here we deal
w/n\boq..nde.d operators but §iest we' 40 Lok ot

ounded ones.



Oeperaters ﬁl' Adjofn'ts

Dﬁ—}m- 2: Let 3, K be Hilbert spoces
with T: I —2K alincar map. The
gollowina are equi ve_lent ;

(D T is continuovs
(D T Vs continuovus ot some pom‘l:

(3) Fecro0: llTxll= clixll.

In this case , T is called o bownded
opevator.

(R&QAM . J..‘, 3 !hﬂeﬁ"‘ Q’C‘é@g.‘h ) <- J°>)
then I x il = Lx,x>2)

DeSn 3.2 Let TiT—T be a bounded operator
T he a.Jjoint ©o§ T is a. bounded operator
that So..+f$5i€-$ <Tx)¢j>=4x)'r*y> \/ x)je 3’,

SG-‘lS'-ad:)o*m‘h operator T=T*

L&_]G... n;:.e.cL ":-o ‘,ccﬁ- k, at unbﬁu.ﬂc{f«c{
Qpe;rcu&::@rs P however.

L§ T does not satiS5y the requuromcn‘hs n
DeSn. 22, then T is unbounded.

DeSn.Y ¢ Let T be a Hilbert space with
T alinear oPe,ro..tor With demT jranT & J.
T is densely de§ined 15 dom T =T,

DeSn. 5 Consider a.cle.nsc,lj defined o?ova;borT:T—‘)',
Tt's ad['oh")t) _—I_:_:ﬂ) is deSmed os Sollows : domT* =
$y€7: FLeT with<Th,;>=<h,4> ¥ hedomT
and T’F;} = »é_.




Ofcra.'bor s cont.

e E——

nbound ed ‘ — -
Anrofcr~tor 'S !_se.lz-g_éﬂgg ,.5'_ I.:.;I-*
ond demT=domT¥ =

— o ——

An operator is essentially sel§ -odjoint
' $ its closure is sel§-adjodt JThat s,
T =T¥(it's symmetric) and we can make

the doma.ins &c‘uo,..l . o

A EE— —

CTR) §  LAR)
The Hilbert spoce we will be u.si'nt.:j Lor

owr werk 1s .
Start w/ the metric sa:mu) the
Set of all Sanctions Svrom R to € that are

di§Serentioble To every ordevr § qero outside
o bownded interval. There is an wmner product

Oasciated w/ +his space s tor §,9€ CJ(R),
<4,9>= _%ﬁ,& .

De$n. b X is ametric space. Tts c.omple‘l:fon
'S a_metric spacejw tth the propertics:

(1) ')'(— s complete

() There axists an sometry L X=X so that
((X)is dense in X.

The completion of s




i 2/ D
We can think of the elements oy L(R)

a.s equive.lence classes oF Sunctions

- 5 R=>C +hat are square integrable .

PeSnF: A Sunction § is square integrable
on a. demaiin P 1§ S'LH?-4°0

D
We! PR, wsu \wst say +hat owr

Hil bert space THR) is the space of
square ihteqrable SFunctions.

—— — —— ——  gEmy  SEm— ey S— _a——

Q. m Slnsu..'a.,r'

The operator we will use is Yhe Klein-Gord
operator ( LAY . Follow inq Horowitz ¢ Marols
we will say that a_static ST s QM- sm.gu.(q.r

1§ the spakial portion of this operator is
NOT EssenTIALLY SELE-ADTO\NTonCs” in'd".

I'n cur work the Spad:ia.l Portlbn o% +he K"’C:I
operator w/ be separable and we w)ll be
lest w/ only an " r” e_clua;t ron ., We will +hus
be asking (G +he assoe. ™1 operator. 15
essentially sel§-adjont on a C;°(0,2) demain

In S *0,°0).

R wsesul way Yo do this s ‘o S'f'wdks Yhe
|l tmit point = limit circle behavior. o +his
Operatoe..

@



\'\)EYI-‘S Limyy POINT - Limyr C\RCLE. CR\T&-R\ON

Re-Waite RaoinL fq w
AD SCHRODINGER FORM ¢

H P (k) = EAN e,
where csvne.rcu.\\\.b % e (o)
o 20
é\ H:—%.ia_-\-\l(x\ 5d; "{"L"T‘<

Theorem (Weyl's) 4

TF V(x) 1s CONTINUOUS REAL-VALUED
FUNCYION ON (0,%0) THEN H s
ESSENTIALLY SELF - AD‘Somv ON C (0 ,20)
L§S V@) is 'n ¥he LimiT PoinT CASE
AT Borw O t‘, 0,

THE POTENTIAL V&) is 1n
+he Lim+ ciwrcle case ok x =0 5
for seme, and thereSore oll , E all
selutions 0§ % ore square integrable
ot zero. I§ V(x) is not \n he
Limit circ\e case )\* vs 0 Yhe Limit poin-h case,

(S\M\\aw ‘Scr T oo )



Limit Povnt - Limit Civele T heorems

'rhwr&ﬁ (. Let V@) be oo continuovs real -valued
onction on (0,70) 0nd suppose +hat there exists
o. pogr¥ive c\ts-fe,ren-b\'a.b\e Sunction M(x) se £hak

() V&) 2~ N\(x)
(Z-) S'.O[M(-K)j‘/zdx = O

(3) H'(x)/(HCu))‘/z' is bounded near o< -
Then V(x) is in the i1t Eomt case ot <o,
#

T heorem 2. et V(x) be continuous ond
positive near tevo . IS VK = (Fh™
hear zero +hen V) is in +he Wimit point Case.
T§ Sor seme. €70 , VIx) £ (] -£) K" near zero,
£hen V) is in the Vimit civcle case..



Power Law ™M etrics

SYs as vr— o .

Z 2 . .
ds" = -r™ de* 4 P gt "é“z, rfae*, .8 de®

m/ =, é)») S censtanks

El\ﬂ\\na}t& of b ‘__,"_n
Qet Z metric -)-2‘;&51

[ 4

ijpe. L: ds™=-rfde®s rfPdc™s .sc.!_rd’d&?"
+r3de? ({ﬁ. P B12)

Type IL. ¢ dst= -rPtZ 2 rrPde” -.P.é—t r’det
+rode?* (Y= 13-*'2»)

chfe. L metrics are C\/\mértccu.tt.
Symmetric



Type T metrics can be put n Sorm

©§ general eyl, Sym: qeometry,

2(K-U) -2.U
ds* = e. (- dtZ+ c[rz') + e — \Aiz'cld;l'

r e (d=z+ A d4)*

Lo/ A=0 ) C-z'u'= ‘_8) c‘.Z'Kz ""a“-s 3
\»lt= JC__z.r i
The Z-pa.rame,ter Levi, - CLivita STs "

ds¥s - R4 gp . RETTIT (0, dz?%)

+ Ver RTYg0%

Are T-\:Spe,I (\f S £ '/z) ” The. o= '/Z..
*ve Type L é\ Slat.



All curvature scolloss van,sh ' §
%only ¥ 2 B=0 4 (i) }=§=0,
(cc) ¥F=0,8%2  (ui) F=2,8=0,
Each is Slat everywhere , altheugh
(n cone (idl) Yhow W o quaaaregular
( conical.) :fnqua..r!"")f wnless C=| )
assu.mins O«c@ <« 21T, £xccp+\ﬁ3
Hese 3 special caneo , T%“‘I

STs have a scalar cwurvatune
Slr'\ﬁu..l.q,rff-y as r— o \_H_; p>-2 .

Tﬁpe]I .

All carvature scalars varuah DH-» f=8§=0,
'S'\a,:b Cas es . In a..lL G‘H"UJO o , T*P‘.E

STs have a scelonw curwoadusg Ms.
a.8 =20 ;“4' p>-2.o



Qun.n'(:m S nau.\ c-l'c'l‘]

joal * +e tden'l'\‘}tj e ro.nacs 0§
p,%, 8§, C Ser which QMs “heals”
the classical singularities in the
Sense of Horowitz € Marol¥.

Foer whieh parcx.me,-&er's is Haw ao
Classicals ,but no quantum, s|n3u.lq,n-}/
as rr—=20 ?

Klein —C'.,ovdon eqgn . $ = M*P

hos mode solns & = -Lwt P Ll

For szPe.I : R(r) obeys
R™+ (‘3‘4-5 R’ ¢+ Lw?-mzcxr A7

_k?rﬁ'S_M"'rﬁ] R = 0O

For Tgpe.]l'- R(e) obeys
R’ +{&+S"2“ R Jw mrcteP- T L A8

-M"rp] R=0



Qm s Sor EPGE STs

QV\ a.n 3& R." ﬁ% n +°c l];” Sf!* F:e:; d f: n &g er

L]

=g d*¥ .  CE-vI¥ =0
d x™

where r=ze¥ % R(r)=Tc e (t&‘)xl‘r’(x)
! ré. - wz._ B
Here E (LS‘S)

V(x) = m* ¢* e_(P‘NS)x + k* ccp-sw_)x

3 M=t PTER

Where —o°o< x <20, At beth end:

V(K) o K‘z, y S© 'S llMlt POin‘e (l‘l‘ir:,mf‘fmﬁtj

f'@"' AL-L ‘:q.ro..m ceter valves .

= Quantwm mechanics
“Heals" aul classicoal,

S\'nsu.l arities Sor ﬂpgn STs.



M. Sor Tape,I STs

CJha_fnrejes Rwe%n to D Scherodinger

‘53’5' y (E-Vv)) Y=o
x?..

-(&*S)
where r=x, i = 1C'X " "l}“(x) é

Normeallizotion (s
5o T3 R*R = (ur {222 /¥R
= (dx Ap*ap

where F=w?* and
V(x):(i:%)(*—‘;-s-l)—h £ meCty A

+ k> x P75 4+ MT P

&asy +o Sahcuj V(x) 15 \\'N'\‘t 'Po'm't
&s X—oe (.a.ssu.Mt. also ¥Frue Ler

exXxact met r--fc:.) .



For what parameter values (o
V() 1imit peint as X—>070°2

Since V@)= ¢ ,x" as x—o,

the simple rude s that the petential

15

ko

Limit peint 1§ Co2z0 é,‘ also
n<-2 ,o0%r n=-<%4 i'i c,oz;q

Limit circle § C,Z0 & alse

n= -24 and C043/bf- yof N> -2,

or
(§ €< O

See 30 plot of
p)x.)s — sSpace.



Limit Cirele Bouﬂ

vertical
== plane

¥+8 =6

orizonta|
plane




W/ >=,
Except 3 Slat STs oll Type I STy,

have C_la-SSlé.Q.Qa scalloar curvatvre

5‘“3\*—‘@-“5“'"55 ag r—>0 . STs in +he
limiE carele bewl have V&)

llem;'!;': C,.lf“C-l | % arc Qm. SlﬂgLL,LQ,F’

as well. However , Q.la.ssfc.n.uj
singwlar STs w/ 8>-2 lie outside
Hhe L/mit eircle bow!l € are
quantum mec.hq.nfcaJ.L-D " heoled .
I n these STs the classical

S\ f\%x\,\ o.v L.'l:' \e. S are in e,fg"’ e.cl'f'i

>  «_ s reall .
invisible fo A.C1ua.ntu.,m Par'-\t:lc.!.eﬁ



F‘lﬂLjSlC.aJ-» mea__nl,na 05 We,, LP/L-C» (‘,.\"L{?Qz\'lo.n ',S;OT'
thee I mekrics

Theorem: LS (asx=>0),V(x)= cox” ,the porential IS

LP l-f COZO é\ olso erther n<-2 of Nn==-2 é coz_S/L’

LC l"f' Cpo =0 F: also erther N>-2Z or n=-2 v.'; 0_043/5-}

or 1§ €,<0 .

This means that eall Potcn‘tl.q.ls are LC except
Ehose Ehat are su§Siciently repulsive near %X=0.

V(x)

,/ .

The Potcntl‘o,, tan be d‘/xz as leng as & T,
or (t can be any repulsive potential steeper
than Yx* ) such as ‘/7(.3,1/’)(.4) et e,



Is the potential i1s su§ficient!

repulsive ,one o§ the solutions Aiveraes
So O'utc.kl as x20 that it is net n -
g€ Cannet be wsed .

Lot om‘\j one Funckion valid near the
5{n3u.\cu-'\\'j , the S\hsu,\o\.rrby cannot af§fect
the phase oF an @u:l:go»‘na scattered wave ,
So +the Scou\:*\:er"\.ns cross=-section 1s 3ero
€he Slngu,lourc*?'(:) 1s In V\s\He to an

\i'\c.omina C\uq,“‘hq_m Mec.hct.h\oeul pa..r"t\'c,le..

Thece Sore. one can soay that even theouqh
'l:slncrc. may be. a classical Stngwld.r‘ﬁ'y "

1§ the potential as x—=0 is \imit point,
there is no quantum sinqw\o..r{-\—?p ?ve,.se,wt.
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