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e A constrained evolution system;

e Constraint preserving boundary conditions;

e [ he static constraint evolution reduction;

e Well-posed IBVP for the constraint evolution;

e Well-posedness of free-evolution problem.



A constrained evolution system
(Au; =77 ag{jl(fmuz = 'O, divu = 9'u;)

Vector wave equation, u;(x) : Q C R’ — R?,
8,521@@- — 9'Ou; (Evolution equations)
subject to the divergence-free constraint
O'u; = 0. (Constraint equations)

Need to find a solution in a bounded region ().

(Maxwell’s Equations, Navier-Stokes equations,
equations)

Einstein’s



Static constraint evolution system
Constrained evolution

[ 0%u; = 00,

\



Static constraint evolution system
Constrained evolution

)
0?u; = 0'Oy,

\ 52C = 9'9,C




Static constraint evolution system

Constrained evolution Free evolution
< 07 u; = alazui N 8752%; — 9'Ou;
C:= ﬁzu@- = (
) 87520 — 0'0,C'| BCs: 2 + 1 on OX)
C =0
O
%C =0

OC+LC =0



Static constraint evolution system

Constrained evolution Free evolution
< 07 u; = alﬁzuz‘ N 8152%; — 9'Ou;
C:= ﬁzui = (
) 87520 — 0'0,C'| BCs: 2 + 1 on OX)
C =0
) 90 =0
Constrained evolution #2 6}0+(%C — 0

[ 0%u; = 0'0u; — §;,C

\

92C — 0




Static constraint evolution system

Constrained evolution Free evolution

< 07 u; = alﬁzui N 8152%; — 9'Ou;

C:= ﬁzui = (
) 87520 — 0'0,C'| BCs: 2 + 1 on OX)
C =0
) 90 =0

Constrained evolution #2 6’t0+(%0 — 0

(92, Al A

) 8’{% = 0 0w; — O,C BCs: (natural?)

\ O'u; =0 Oua + Opug — Oauy = 0

Othy, + Ot 4 = 0

92C — 0

0?u = curlcurlu




Static constraint evolution reduction

8t2uz — 8j8juz- — @iajuj



Static constraint evolution reduction
quz — 5’j8juz- — &;Wuj
Ou; =0  (070u; = 0)
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Static constraint evolution reduction

quz — 5’jf9jui — @c?juj

Ou; =0  (070u; = 0)
Recall: (curlu)y, = " Oyuny, also eje)” = 8,07 — 8%0;"
~inal Y, Gj(?jui—@@juj — 8j [555}”’1—65527”‘]8111”1 — (9j5fj5§€m(9;um
— curlcurlu




Static constraint evolution reduction

Ofu; = 0" 0ju; — 0;,07u;

Ou; =0  (070u; = 0)
Recall: (curlu), = €§€mﬁzum, also 5@'5?}’ — 521'5? - 5§'5§n
-inally, ﬁjﬁjui—ﬁiajuj — aj[5§5?_5§5?]alum — ngfjeim({?gum
— curlcurlu

First order decomposition: define v = dyu, w = curlu
O v = curlu
Oyw = curlv

specify BCs, use the solution for second order system.



Well-posed IVBP for constraint evolution

Theorem 1. The constrained evolution problem (1),(2) has
a unique solution satisfying boundary conditions

(Orua + 20pu4)) = 4 (Opup — 20up) + ga, [laf] <1
provided that the initial data satisfies the constraint (2). In

addition, the solution satisfies the energy estimate

sup {[|Oyuil| r2(0) + 2[|0)ui| 2(0)]
0<t<T

T
< [ lallzonyde + [10(0) 2oy + 20055(0) 20



The free-evolution problem

Theorem 2. The free evolution problem (1) has a unique
solution satisfying boundary conditions

(3) (Qwua+20pu4) = a(Oup — 20up) + ga, |af <1
(atun + anun) — _a(ﬁtun — anun) + g

provided that the initial data satisfies the constraint (2)
and functions g and g4 satisfy the compatibility conditions
O, = —0%g4, g(0) = (1 4+ a)0u,(0) + (1 — a)d,u,(0), on
0f).

The solution satisfies constraint (2) and the energy estimate
of Theorem 1.



The Laplace-Fourier analysis

Consider first-order reduction of (1): (Ou; = m;, ©r; = Opu;)
Oy = 3j90jz'
Owpji = Ojm;



The Laplace-Fourier analysis

Consider first-order reduction of (1): (Ou; = m;, ©r; = Opu;)
Oy = & pji
Opji = O;m,;

We seek a solution as a superposition of modes

( gk ) — ( Z”(xl) )exp(8t+zwA:EA),
Lii pii(x1)

where s € R, R(s) > 0, w4 is a real two-vector



The Laplace-Fourier analysis
Consider first-order reduction of (1): (Ou; = m;, ©r; = Opu;)
Oym; = 3j90jz'
Orpji = Oy,
We seek a solution as a superposition of modes
( i ) — ( ,7?(5”1) )exp(st+zwaA),
Lii pii(x1)
where s € R, R(s) > 0, w4 is a real two-vector

Kreiss condition:
(7:(0), 224(0))|| < Kl|g,g9al (< KR, hall, < K| fall)

"he Kreiss condition is satisfied for (3)




The proposed result

Theorem 3. (Constraint (2) is not enforced) Free
evolution problem (1) has a unique solution satisfying

(3) (Qwua+20pu4) = a(Oup — 20up) + ga, |af <1
(atun + anun) — _a(ﬁtun — 8nun) + g

provided that functions g and ¢4 satisfy 9,9 = —0%¢yu,
g(0) = (1 + a)du,(0) + (1 — a)F,u,(0), on OS2,
In addition, the solution satisfies the energy estimate

sup (I19huill 20y + 2019yl 2@ + [0l £ogen] < 4B data
0<t<T
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