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Outline

• A constrained evolution system;

• Constraint preserving boundary conditions;

• The static constraint evolution reduction;

• Well-posed IBVP for the constraint evolution;

• Well-posedness of free-evolution problem.
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A constrained evolution system

(∆ui =
∑3

l=1
∂

∂xl

∂
∂xl

ui = ∂l∂lui, divu = ∂iui)

Vector wave equation, ui(x) : Ω ⊂ R3 → R3,

∂2
t ui = ∂l∂lui (Evolution equations)

subject to the divergence-free constraint

∂iui = 0. (Constraint equations)

Need to find a solution in a bounded region Ω.

(Maxwell’s Equations, Navier-Stokes equations, Einstein’s

equations)
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Static constraint evolution system

Constrained evolution{
∂2

t ui = ∂l∂lui

C := ∂iui = 0
⇒

∂2
t C = ∂l∂lC

Free evolution

∂2
t ui = ∂l∂lui

BCs: 2 + 1 on ∂Ω
C = 0
∂
∂nC = 0
∂tC+ ∂

∂nC = 0

⇓ ⇑
Constrained evolution #2{

∂2
t ui = ∂l∂lui − ∂iC

∂iui = 0

∂2
t C = 0

BCs: (natural?)

∂tuA + ∂nuA − ∂Aun = 0
∂tun + ∂nuA = 0

∂2
t u = curlcurlu
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Static constraint evolution reduction

∂2
t ui = ∂j∂jui − ∂i∂

juj

∂iui = 0 (∂2
t ∂

iui = 0)

Recall: (curlu)k = εlm
k ∂lum, also εk

ijε
lm
k = δl

iδ
m
j − δl

jδ
m
i

Finally, ∂j∂jui−∂i∂
juj = ∂j[δl

iδ
m
j −δl

jδ
m
i ]∂lum = ∂jεk

ijε
lm
k ∂lum

= curlcurlu

First order decomposition: define v = ∂tu, w = curlu
∂tv = curlu
∂tw = curlv

specify BCs, use the solution for second order system.

– Typeset by FoilTEX – 5



Well-posed IVBP for constraint evolution

(1) ∂2
t ui = ∂j∂jui

(2) ∂iui = 0

Theorem 1. The constrained evolution problem (1),(2) has

a unique solution satisfying boundary conditions

(∂tuA + 2∂[nuA]) = αB
A(∂tuB − 2∂[nuB]) + gA, ‖α‖ ≤ 1

provided that the initial data satisfies the constraint (2). In

addition, the solution satisfies the energy estimate

sup
0≤t≤T

[‖∂tui‖L2(Ω) + 2‖∂[jui]‖L2(Ω)]

≤ c

∫ T

0
‖g‖L2(∂Ω)dt + [‖∂tui(0)‖L2(Ω) + 2‖∂[jui](0)‖L2(Ω)].
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The free-evolution problem

(1) ∂2
t ui = ∂j∂jui

Theorem 2. The free evolution problem (1) has a unique

solution satisfying boundary conditions

(3) (∂tuA + 2∂[nuA]) = α(∂tuB − 2∂[nuB]) + gA, |α| ≤ 1
(∂tun + ∂nun) = −α(∂tun − ∂nun) + g

provided that the initial data satisfies the constraint (2)

and functions g and gA satisfy the compatibility conditions

∂tg = −∂AgA, g(0) = (1 + α)∂tun(0) + (1 − α)∂nun(0), on

∂Ω.

The solution satisfies constraint (2) and the energy estimate

of Theorem 1.
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The Laplace-Fourier analysis

Consider first-order reduction of (1): (∂tui = πi, ϕki = ∂kui)

∂tπi = ∂jϕji

∂tϕji = ∂jπi

We seek a solution as a superposition of modes(
πi

ϕji

)
=

(
π̃i(x1)
ϕ̃ji(x1)

)
exp(st + ıωAxA),

where s ∈ R, <(s) > 0, ωA is a real two-vector

Kreiss condition:

‖(π̃i(0), ϕ̃xi(0))‖ ≤ K‖g, gA‖ (≤ K‖h, hA‖, ≤ K‖fA‖)

The Kreiss condition is satisfied for (3)
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The proposed result

(1) ∂2
t ui = ∂j∂jui

Theorem 3. (Constraint (2) is not enforced) Free

evolution problem (1) has a unique solution satisfying

(3) (∂tuA + 2∂[nuA]) = α(∂tuB − 2∂[nuB]) + gA, |α| ≤ 1
(∂tun + ∂nun) = −α(∂tun − ∂nun) + g

provided that functions g and gA satisfy ∂tg = −∂AgA,

g(0) = (1 + α)∂tun(0) + (1− α)∂nun(0), on ∂Ω.

In addition, the solution satisfies the energy estimate

sup
0≤t≤T

[‖∂tui‖L2(Ω) + 2‖∂[jui]‖L2(Ω) + ‖∂iui‖L2(Ω)] ≤ I+B data
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