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Chapter 1

Preliminaries

1.1 Basic Definitions

Thecomplex plan€ is the set of all ordered pai(g, b) of real numbers, with addition and multipli-
cation defined by
(a,b)+(c,d) = (a+c,b+d)

(a,b)(c,d) = (ac—bd,ad+ bc).

If i = (0,1) and the real numbex is identified with(a,0), then(a,b) = a+ bi. The expression
a+ bi can be manipulated as if it were an ordinary binomial expression of real numbers, subject to
the conditioni = —1. With the above definitions of addition and multiplicati@his a field.
If z=a+ bi, thenais called the real part of, writtena = [z, andb is called thamaginary part
of z, writtenb = Oz Theabsolute valugor modulus, or magnitude, dfis defined aga? + b?)/2.
An argumentof z= a+ bi (written argg) is defined as the angle which the line segment f(6n®)
to (a,b) makes with the positive real axis. The argument is not unique, but it is determined up to a
multiple of 2rt (The argument of 0 may be defined arbitrarily.) mcipal argumenof z, denoted
by Argz, is the argument in the intervah-1t, 1.
If r is the modulus o and®6 is an argument of, we can write

z=rcosB+irsind
and it follows from trigopnometric identities that
zW = |Z]|w]

and
arg(zw) = argz+ argw

(that is, if8, is an argument of and@,, is an argument ofv, then8,+ 8,, is an argument otw). If
w # 0, then argz/w) = argz— argw.
If z=a+ bi, theconjugateof zis defined ag = a— bi, and the following properties hold:

1) [2=1Z
(2) argz= —argz

) z+tw=z+W
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(4) zZw=2z2w
(5) 20z=12z+2
(6) 20z=2z-2
(7) z= |22
Thedistancebetween two complex numbezsndw is defines as
d(zzw) = |z—w|

Thusd is simply the usual Euclidean distance betweandw regarded as points in the plane. Thus
d defines anetricon C, and furthermor€ is complete, that is, every Cauchy sequence converges. If
Z, is a sequence of complex numbers, tagn- zif and only if 0z, — OzandUz, — Oz

If Zo is a complex number and> 0, then the set of complex numbersuch thaiz—z| <r is
called the (open) disk of radiusand centery, and it denoted by (z;r).

1.2 The Extended Plane

Consider the complex plar@ embedded ifR® as the plane spanned by the first two axes. In coordi-
nates, a complex numbee= x; + ix; is identified with the pointxy, x2,0) in R3.
The set of unit vectors iR? is the unit 2-spher&?,

S = {(x1, %2, Xa) | X + X5+ %5}

The stereographic projectiohy, of the 2-sphere onto the complex plabés defined as follows. Let
N = (0,0, 1) be the north pole of?. If pis another point in the 2-sphere, defimg p) to be the point
in C obtained as the intersection of the line throdgland p with C. This defined a mapping

hy: S\ {N} —C

called the stereographic projection.

Consider the set of pairs of complex numbérsv) having the property that not both are 0.
Declare two pairgz,w) and(Z,w') two be equivalent if there is a non-zero complex nuntbeuch
thatAz= Z andAw = w. The set of equivalence classes is denote®bynd is precisely the set of
lines in the vector spad@?. A general element d?, that is, all pairs equivalent to a given pérw)
will be denoted byjz,w].

There are two obvious maps 6Gfinto P, namely,g(z) = [z, 1] and@,(z) = [1,Z]. These maps are
one to one, and tehir common doamin is the set of non-zero complex numbers

1.3 Analytic functions

Let f : U — C, whereU is an open subset @. Thenf is said to be analytic oo if and only if for
everyze U, (f(z+h) — f(2)) /h approaches a limif’(z) € C ash — 0 in C. This means that given
€ > 0 there exist® = d(¢) > 0 such that ifh| < , then

f(z+h) - f(2)

h —f'(2)| <e.
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Analyticity on a non-open s& C C means analyticity on an open $¢tO S. In particular,f is
analytic at a poinkg if and only if f is analytic on an open st with zy € U.

If f andg are analytic oiJ, so aref +g, f —g, kf fork € C, fg, andf /g (providedg is never
0 onU). Furthermore, the usual rules for differentiation of functions of a real variable apply, with
basically the same proof. This means th&t ), the space of analytic functions &h is a ring.

Exercise 1.3.1.If f is analytic orlJ, thenf is continuous otJ. This is proved as in the real variable
case.

By direct calculation, the identity functian— zis analytic onC andZ = 1. Using the product
rule,

d -1
d—z(z”)_ni“ n=0,12,---
using the quotient rule this extendsrie= —1,—2,---. More generally, the functioffi(z) = 1/2" is

analytic onz+# 0, as it follows by direct calculation.
Example 1.3.2.Let f(z) =1/(z—a). Then, ifzp # aand|z— z| < |z — a|, then,
f(2)— f(20) 1

z2-2 (z—a)(n—-a)
which converges to Az — a)? asz — .

Example 1.3.3.Let f(z) =z Then

f(z+h) - f(2)
h

o e |

which has no limit at — 0.

If fis analytic onJ andgis analytic onf(U) (that is, ifg is analytic on an open s&tc C such
that f (U) C V), then the compositiogo f is analytic onJ and

(9o 1)(2) =g(f(2)f'(2),
just as in the real case. Indeed, da# go f, fix zp € U and putwp = f(z). Then
f(2)— t(20) = [f'(20) +0(2)] (2 20)

g(w) —g(Wo) = [d(Wo) + B(w)] (W—wp),

wherea(z) — 0 asz— zp andB(w) — B(wp) asw — wp. Putw = f(z) and substitute the second
identity into the third. Then, iZ # 7,

h(z) —h(z)
Z—7
The differentiability off forcesf to be continuous a; therefore

=2 Z— 20

— [0/(f(2)) +B((2)] [f'(20) +a(2)].

=g (f(20))f'(20),

as desired.
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1.4 Cauchy-Riemann Equations

Let f : U — C, whereU is an open subset &. Letu be the real part of, andv the imaginary part
of f, so that

f(2) = f(x+iy) = u(xy) +iv(xy)
If fisanalytic onJ, theCauchy-Riemann equatiohsld onU

ou_ ov
ox oy

and u__ov
dy  ox’

Also
~0u .0v_0v .0u

/ _ _—
F@)= ax T'ox dy oy

Conversely, iff = u+iv is defined orJ andu andv have continuous first partial derivatives and
satisfy the Cauchy-Riemann equationd.brthenf is analytic onJ.

A similar statement can be made about differentiability at a poinf. iff defined in a neighbor-
hood ofz and is differentiable aty, then the Cauchy-Riemann equations holdgat Conversely,
if the first partial derivatives ofi andv exist in a neighborhood of,, are continuous &, and the
Cauchy-Riemann equations holdzgtthenf is differentiable at.

Example 1.4.1.(1) Let f(2) = |z. Thenu(x,y) = (X*+y?)¥2 andv(x,y) = 0. The functionf is
continuous everywhere and differentiable nowhere.

(2) Let f(2) = |22 This is continuous everywhere, differentiable at 0 but nowhere else.

(3) Let f(2) = |xy}¥/2. All the partial derivatives ofi andv are 0 az= 0, so the Cauchy-Riemann
equations hold at that point. Howevdrjs not differentiable az = 0 (approach along =y). The
partial derivatives are discontinuous at the origin.

If f =u+ivis analytic on the open sk, thenu andyv satisfy the Laplace equation

1.5 Power series

The only result from power series that we need at this point is that given a power Sgrie(z—
2p)" there exists a numberQ R < « such that the series converges absolutelyzenz| < R and
diverges onz—zy| > R. Furthermore, the series converges uniformly on compact subsets nf] <
R. Therefore,f(z) = ¥ an(z— 2) is a continuous function ojz— 7| < R.

This numbemR s called theradius of convergenc&nd is given by the root test:

1
= — limsuplag|Y/"
R = limst plan|

(with the standard convention thatd= o and /o = 0).

Theorem 1.5.1.Suppose that the power serigg_anz" converges for some z 0. Then ifz] < |z|,
the two serie§ ;,_panz" and,_, na,z" converge absolutely.



1.5 Power series 5

Proof. If the seriesy a,z) converges, then the sequer@az;} converges to 0 is therefore bounded.
Thus there exist®l > 0 such thatagzj| < M for all n. Then

n

z
anZ' = |angy||—
@ = [andf|
n
< m|Z
Z
Since the serie$,_q|z/7|" converges, the seri€sa,z" converges absolutely. O

Theorem 1.5.2.For any power series

P

one of the following three possibilities must be true:
(1) The series converges only foe20.
(2) The series converges absolutely for all £in

(3) There exists a number:RO0 such that the series converges absolutelg ik R and diverges if
|zl > R.

Proof. LetS= {xe€ R| S _oa.W" converges for some with |w| = x}. Suppose th&sis unbounded.
Then for every complex numberthere existx € Ssuch thatz < x, which, by the definition oS,
means thaf _oa,w" converges for some with |w| = x > |z|. By Theoren???, the series }_yanz"
converges absolutely.

Suppose now th&iis bounded, and I€R be the least upper bound 8f If R= 0, theny_janZ"
converges only fore= 0. If R> 0, then given a complex numbewith |z| < R, there is a numberin
Swith |z] < x. As before, this means that the sefj&s a,w" converges for some with |w| = x> |z,
so thaty _panz" converges absolutely. Moreover,|#f > R, theny_ya,z" does not converge since
|zl is notinS. O

Definition 1.5.3. The power serie§,_,a,w" converges uniformly on the s8if there is a function
B: S— C such that for each > 0 there is an intege¥ such that

<e

i anZ'— B(2)
K=0

for all ze Sand alln > N.

Theorem 1.5.4.If the seriesyy_pan(z— 2)" converges at the point z, wheje— zp| =r, then the
series converges absolutely (m-zp| < r, and uniformly on each closed subdisk ofzRr), hence
uniformly on compact subsets ofdg;r).

Proof. Apply the Weierstrass M-test. O

Definition 1.5.5. A function f defined onU is representable by a power series initJto every
disk D(zp;r) C U there corresponds a serig§_oan(z— 2)" which converges td (z) for all zin
|lz— 20| <.
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Theorem 1.5.6.If f is representable by a power series in U, then f is analytic in U. In fact, if
f2)= Y an(z—2)"
2
for z in D(zo;r), then for these z we also have
f'(2)= S nan(z—2z)"*
nzl

Proof. The power serie§,_qsan(z— zo)" converges irjz— 7| < r, and the root test shows that the
seriesy 1 Nan(z— 70)"~* also converges there. Takg= 0, without loss of generality, and lgtz)
denote the sum of the seri§§_, nan(z—2)"1. Fixwin D(0;r), and choos@ so thatjw| < p <.

If z=£w, then

f(z) — f(w) o [z”—vvn

9w =% an | —— —n\/\/“l].

The expression in brackets is nit= 1, and is
n—-1
(z—w) Y kw2t
K=1

if n> 2. If |z] < p, the absolute value of the sum above is less than

n(n — 1) n—-2
2 p

SO
f(z) —f(w) ol = 2 n—-2
7w W) slz=wl 3 el

Sincep < r, the last series converges. Hence the left side of this inequality tends -8 as This
says thatf’(w) = g(w), and completes the proof. O

Sincef’ satisfies the same hypothesisfagoes, the theorem can be appliedtoTherefore,

Corollary 1.5.7. If f is representable by a power series in U, then f has derivatives of all orders,
and each is also representable by a power series in U. In fact

f(k)(z) = in(n_ 1)---(n—k+ l)an(Z—Zo)n_k

on|z—z| <rif f(2) =Snoan(z—2)"on|z—2z| <.

In particular, for suctf, the coefficients of the series are given by

1K) (20)
i

ay = k=0,1,2,---

so that the series is uniquely determinedfby
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1.6 The Elementary Functions
Theexponential functioiis defined as follows. Iz = x-+ iy, define
e’ = €'(cosy+isiny).

Then
eZ+W — eZeW

The exponential function can be defined by the power series

21
iy
The Cauchy-Riemann equations show that € is analytic on all ofC andd/dz€*) = €~
Alternatively, note that

eZ:1+z<z (n+11)lz”> =1+2zf(2)

n=1
and that the series representifi@) in parenthesis converges in all©f with f(0) = 1. Therefore,

gth_¢? -1
h =¢ h

&t (h)

which converges te? ash — 1.
Theorem 1.6.1. The exponential function satisfies the following properties.
(a) expz+£ Ofor all z.
(b) The derivativeexg = exp.
(c) exp(z+ 2mi) = expz
(d) t— €' maps the reals onto the unit circle.
(e) Ifw=# 0is a complex number, then there exists z such that.

Proof. If w# 0, leta = w/|w|. Since|w| > 0, there is a real numbersuch thate* = |w|. Since
|a| =1, there is a real numbgrsuch thae” = a. Thereforeg™ = |wja = w. O

If k is an integer, the exponential function maps the sf@k — 1)t <y < (2k+ 1)y} (in fact,
any horizontal strip of width ) one-to-one ont&€ \ {0}, and thus there are infinitely many ways of
defining the inverse of the exponential.

The sine and cosine functions are defined by

g% —¢? 6%+ ¢?

sinz= andcog = >

The usual trigonometric identities and differentiation formulas hold.
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1.7 Logarithms and Roots

If z# 0, define a logarithm afby logz= In|z +i(6+ 2kr), wherek is an integer an@, the argument
of zis chosen inBo, 80 + 217, wherefy is a fixed real number.

Then€°9Z = z, so for eachk, the corresponding branch of the logarithm is an inverse of the
exponential. log mapsC \ 0 one-to-one onto the strip

{u+iv |8+ 2kt < v < 6p+ (2k+ 2)T}.

The logarithm is analytic of \ L, whereL is a ray from the origin with angl8y. All the branches
have the same derivative/{4
If k=0 andBy = —T1, the resulting branch is called the principal branch, and denoted bg. Log

Exercise 1.7.1.Compute Log.
Solution. The absolute valug| = 1 and the principal argument Arg- 11/2. Thus Log = iT/2. [

Exercise 1.7.2.1f D is a disk inC which does not contain the origin, then show that there is an
analytic branch of the logarithm defined bnthat is, show that there is an analytic functtoon D
such that exp(z) = zfor all ze D.

For a complex numbex define
A — o logz _ ‘Z|aeiq(e+2kr[)

If o =m/nis arational number (in lowest terms), there are anbranches (all analytic o8 \ L. In
particular,

Zl/n _ ’Z|1/nei(6+2kr[)/n
fork=0,1,--- ,n—1.
For eaclk, the corresponding branch of the nth root m&psne-to-one onto the sector

{reie
Define ¢/" = 0.
For the principal branchk(= 0,89 = —1) the sector is defined by1/n < 8 < 11/n. A particular
branch ofz/" has derivative1/n)Z%/"-1 = (1/n)zZY/"/zonC\ L.

)

r>0,
n n

0o + 2kmt <0< B0+ 2(k+ 1)1'[}



Chapter 2

The Basic Theory

2.1 Integration on Paths

Definition 2.1.1. A pathis a continuous, piecewise continuously differentiable mfpm a bounded
closed intervala, b] of the reals tcC.

If y(a) = y(b), theny s called a closed path. {fis a path, its imagg[a, b] will be denoted byy*.
If y* C U, thenyis said to be a path id.

Piecewise continuously differentiable for a patvith parameter intervgl, b] means that there
are finitely many pointsj, a=1tp <ty < --- <ty = b such that the restriction ofto each interval
[tj,tj+1] has continuous derivative dt),t;.1]; however, at the points, - - - ,t,_1, the left- and right-
handed derivatives gfmay differ.

Definition 2.1.2. Thelengthof the pathy defined over the intervad, b is

engitty) = [ (0]t

Definition 2.1.3. Lety be a path with domaifa, b] and letf : y* — C be a continuous function. The
integral of f onyis defined by

b
[1@dz= [ty
% a

Let ¢ be a piecewise continuously differentiable one-to-one mapping of an infegvhl] onto
[a,b] so thatp(a;) = a and@(b;) = b, and putys = yo@. Theny; is a path with parameter interval
[a1,b1], called a reparametrization gfthe integral off overy; is

by by
[ tmmodt = [ @)y o) ¢ @t

= [Mivowwa

so that the “reparametrization” gthas not changed the integral:

. f(z)dz= /yf(z)dz
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Whenever this identity holds for a pair of patisandy (and all f), we shall regardy, andy as
equivalent.

Itis convenient to be able to replace a path by an equivalent one, i.e., to choose parameter intervals
at will. For instance, if the end point @f coincides with the initial point of,, we may relocate their
parameter intervals so that andy; join to form a pathy, with the property that

/ f= / [ 1
Y Y1 Y2
for every continuoud ony* = y; UYs.
However, suppose thi, 1] is the parameter interval of a paghandys (t) =y(1—t),0<t <1.
Theny; is calledthe path opposite tg, for the following reason: iff is continuous ory; = y*, then

1 1
| fnomodt = - [Cfiya-n)ya-a
0 0
1
- - [t s

f:—/f
Y1 Y

Lemma 2.1.4 (Basic Integral Estimate).Lety be a path inC and f be continuous oyi. Then

/yf(z)dz

Example 2.1.5.(1) If ais a complex number and> 0, then the patly(t) = a+re', 0<t < 2m, is
called thepositively oriented circlevith centera and radiug. We have

so that

< sup|f(z)|length(y).
zey*

2n o
/f(z)dz:ir/ f(a+re®)é®do
% 0
and the length of is 2rrr.

(2) If z7 andz are points ofC, then the path defined byt) = (1-t)z; +tz, 0<t <1, is the
oriented intervalz;, z,|; its length is|z, — z;|, and

1
/ f(z)dz= (22—21)/ f(zi+ (22— 2)t)dt.
[21,22] 0

vl(t):(b_t)zéfg_a)zz (a<t<b)

theny; is an equivalent path, which will be still denoted [y, z,]. The opposite path tfr;, 7| is
[22,21].

(3) Let{z1,2,,23} be an ordered triple of complex numbers, det= A(z1,2,23) be the triangle
with verticesz; z, andzz, and define

/ - / T B
AN (21,22] (22,73] (z3,21]
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for any f continuous on the boundary &f.
(4) More generally, if” is an oriented polygon with vertices labelgrdz,, - - - ,z, = zy, then

n—1
f(z)dz= / f(z)dz
/F kZO [Zc,Z11]
The following theorem computes an elementary but useful integral.

Theorem 2.1.6.Forn=0,1,---, the integral

1 ontl
(z1,22]

n+1
Proof. Lety(t) = (1—t)z; +tz, 0<t < 1; then

1
Z'dz = /c)((l—t)zl+tzz)n(zz—zl)dz

C[(a-ta+tz)"
B n+1 0
1 1
z -7
n+1

(21,22

as claimed. O

Theorem 2.1.7.Let f(z) = 2" and lety(t) = €', 0 <t < 21 Then
O ifn#-1
./yf(z)dz { o ifn=-1
Proof. The derivativey (t) = iel: hence, ifn # -1,

21
/f(z)dz — / g1t gy
y 0

1

dinrat "

n+1
= 0.

0

2.2 The Local Cauchy Theorem

There are several forms of Cauchy’s theorem. They all assert that & closed path i), andy and
U satisfy certain topological conditions, then the integral of every analytic funétmreryis 0. We
will first derive a simple local version of this theorem which is quite useful for many applications.

Theorem 2.2.1.Suppose that f is analytic in U and thati$ continuous in U. Then
/ f(z)dz=0
Y

for every closed pathinU.
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Proof. If [a,b] is the parameter interval gf the fundamental theorem of calculus shows that

b
[1@dz = [ fyoNOd
% a

f(y(b)) — f (v(a))

=0
sincey(a) = y(b). O

Theorem 2.2.2 (Cauchy’s Theorem for a Triangle).Suppose thaf\ is a closed triangle in the open
set U, If f is analytic on U, then

f(zydz=0
A
Proof. Subdivide the triangle\ into 4 triangles/Ag; with boundarydAgj, the vertices of\o4 being
the midpoints of the vertices dk. Then

4

[ t(@)dz= J;/MOJ_ f(2)dz

Choosek such thatf,,, f has the largest magnitude, and call = A, etcetera. Then

/ f‘<4/ f
[AJAN 0N

Continuing this process, we obtain a nested sequence of triafigieg\; O --- such that

/f‘§4”/ f‘
[sJaN 0An

Furthermore, since the length of the segment joining the midpoints of two sides of a triangle
has length equal to half that of the opposite side, the diametér,of lengthd A, = 27 "lengthd A.
Therefore the diameter @k, — 0 asn — o, and thus the intersectign,, A, consists of exactly one
pointzy € U.

Letg(z) = f(2) — f(z0) — (z—20) f'(20). Sincef is analytic atzy, givene > 0 there existd > 0
such that

92)| < &lz— 2,
for 0 <|z— 7| < €. If nis sufficiently large, therd\,, C {|z— 2| < 8}, and so

/Mn f(@z= | , 11(20)~ (2= 2) ') dz+ | , 9@z

The first integral on the right is zero by Theorem 2.1.6, and the absolute value of the second integral
is, by Lemma 2.1.4,
| g
oA,

< egmaxX{|z—z| | ze 0/, }(lengthdA,)

< ¢g(lengthdA,)?
£4 "(lengthdA)?
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Therefore,
< g(lengthdA)?,

f(z)dZ
oA

and since is arbitrary the theorem is proved. O

Definition 2.2.3. Let f : U — C. The functionF : U — C is said to be grimitiveof f onU if F' = f
onU.

Theorem 2.2.4.Let f be a continuous function on the open set U. Then f has a primitive on U if
and only iffyf = 0 for every closed path inU.

Proof. If F' = f onU and[a, b] is the parameter interval ¢f the fundamental theorem of calculus
shows that

b

[F@dz = [Fyoyoa
% a
F(

y(b)) - F(y(a))
=0

sincey(a) = y(b).
Conversely, assume thﬁ;f = 0 for every closed patkiin U. First letU be connected and fix
Zy € U. Define

F(z):/zozf(w)dw

where the integral is taken along any pathlifrom z; to z. The hypothesis of the theorem guarantees
that such integral is independent of the path. lrsufficiently small in absolute value,

F(z+h) —F(2 |1
'@ —’

This is bounded above by
max{|f(w) — f(2)| |we [z+h,7}

which converges to 0 as— 0 becausd is continuous. U is not connected, then apply the above
argument to each componentlof O

If U is convex, then triangles are adequate in Theorem 2.2.4.

Theorem 2.2.5.Let f be a continuous map:flU — C, where U is a convex open subset®f If
Jon T =0 for every triangleA in U, then f has a primitive in U, so that, f = 0 for every closed
pathyinU

Proof. Fix zy € U and set

F(2) :/[ZO. ) dw

Note that[z,z] C U becauseJ is convex. The argument of Theorem 2.2.4 shows Eiat f on
u. O
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Theorem 2.2.6 (Cauchy’s Theorem for a Convex Set)Suppose that\ is a closed triangle in the
open subsetU dE, z € U, f is continuous on U and analytic on\}{z}. Then

f(z)dz=0
an

In particular, on account of Theorem 2.2.5, if U is convex, t[ﬁpﬁ: 0 for every closed path in
uU.

Proof. LetV be the interior ofA. If zg ¢ A, then [, f =0, by Theorem 2.2.2. Ify is a vertex of
A, then there is a sequence of poigisE A such thatz, — 7. Let A, be the triangle determined by
Z, and the side of\ not containingzg. Then, becausé is uniformly continuous o\,

/ N
0/n A
asn — oo,
If Zo € A but it is not a vertex, subdividé into three triangles, each haviagas a vertex, and
apply the reasoning of the previous paragraph. O

Remark. It will be shown later in Theorem 2.2.11 that if is continuous orlJ and analytic on
U\ {2}, thenf is necessarily analytic dd. However, the weaker formulation of the hypothesis will
simplify the proof of the general Cauchy formula.

The following result will establish that if is analytic on a closed disk, then the valuefadt any
interior point is completely determined by its values on the boundary, and furthermore, there is an
explicit formula describing the dependence.

Theorem 2.2.7 (Cauchy’s Integral Formula for a Circle). Let f be analytic on an open set U
containing the circld” = {|z— 7| =r} and its interior V. Then for anye V,

1 f(w)
>—ﬁ/rr_zdw

Proof. Fix ze V and letg: U — C be defined by

{ f(W)_;(Z) if Wz

g(w) = W—

f'(z otherwise.

Theng is continuous orJ and analytic orJ \ {z}. Hence, by Theorem 2.2.6 (note that it is
possible to find a larger didR c U containingV, and thaD is convex)fyg(w) dw=0, that is,

l/ f(W)dW:f(z.)/ ! dw
21 Jrw—z 21 Jrw—2z

/1dw = / ! dw
rw—z wW—29—(z— zo)

= L3

Now
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Since
(z-2)" |_|z—2|"
(W_Zo>n+l - rrH-l
and|z— z| < r, the series inside the integral converges uniformly and can be integrated term by term.
Now
/ 1 [0 ifn=12--.
r(w—z)"l | 2m ifn=0
Therefore

idw:2ni.
rw—z

The preceding proof evaluates a useful contour integral.

Corollary 2.2.8. If T is a circle, then

/ 1 dw— 2n if z is insidel
rw—z | 0 ifzisoutsidd”

Proof. If zis insiderl’, the result follows from Theorem 2.2.7.4fs outsidd", thenf(w) =1/(w—2)
is analytic on an open disk containifigbut not onz, hence Cauchy’s Theorem for a Convex Set
(Theorem 2.2.6) applies. O

Theorem 2.2.9 (Cauchy’s Formula for Derivatives).Under the hypothesis of Theorem 2.2.7, f has

derivatives of all orders at U, and the nth derivative® is given by
g M [ TW)
S 2m Jr (w—2z)n+1 W

Proof. First taken = 1. Then by Theorem 2.2.7 (Cauchy’s Theorem for a Circle),
fz+h)—-f(z7 1 f(w)
h 21 Jr (W—2)2

1 /r[ f(w) f(w)  hf(w)

2rhi Jrlw—z—h w—z (w—2)>

dw

h f(w)
27Tli/r (W—2)2(w—2z—h)

which converges to 0 &s— 0 becausd is bounded o and|(w— z)(w—z—h)| is bounded below
away from O forw € I', z a fixed point inV, andh sufficiently small in absolute value so that the
closed diskD(z |h|) is contained irV.

Assume that the result has been provedierk. Then, as above

dw

{90@+h) - 19 (k+2)! [ f(w)
h T 2m /F(W_Z)mzdz
_ X fw) fw)  hk+1)f(w)
= 2T[hi/r[(w_z_h)k+1_ (W_Z)k+1_ (W—z)k+2 dw

The expression in brackets is of the ordehbfash — 0 (form a common denominator and use the
binomial theorem) so that the integral approachesi®-as0. O
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Corollary 2.2.10. If f is analytic on the open set U, then f has derivatives of all orders on U. In
particular, if f has a primitive, then f is analytic on U.

Proof. This is immediate from Theorems 2.2.7 and 2.2.9. In particul&,i a primitive for f, then
F” = f/ exists. O

The following theorem takes care of the lose end in the statement of Theorem 2.2.6.

Theorem 2.2.11 (Removable Singularity).Let U be an open set and:tJ — C be continuous. If
Zp €U and f is analytic on U\ {2z}, then f is analytic on U.

Proof. Let D = D(z;r) C U; it suffices to show thaf is analytic onD. By Theorem 2.2.6/, f =
0 for every closed patly in D, and thusf has a primitive orD, because of Theorem 2.2.4. By
Corollary 2.2.10/f is analytic onD. O

Theorem 2.2.12 (Morera’s theorem).Let U be an open subset@fand let f: U — C be continuous.
If [3, T =0forevery triangleA C U, then f is analytic on U.

Proof. LetD be a disk contained id. By Theorem 2.2.5 has a primitive oD; by Corollary 2.2.10,
f is analytic onD. O

Theorem 2.2.13.Lety be a path, and let gy* — C be continuous. Define, for eackezC \ v,

)
f(z)= pal /yw—zdw
Then f is differentiable at z and

n! g(w)

Thus f and all its derivatives are analytic @\ y*. Furthermore,
f(z2) -0
as z— o for each n.

Proof. Because/* is compact, it is contained in a closed djgc< r. Because is continuous ory*,
there is a constat such thatfg| < M ony*. Then, for|z >,

n!
an(fd—

which converges to 0 as— . O

1f(z)| < lengthy),

The Cauchy integral formula allows to show that analytic functions can be locally represented by
power series.

Theorem 2.2.14 (Taylor Series)Let f be analytic on Dzy;r). Then

o f(”)(zo)

"7 = n!

(Z_ ZO)nv

n=

for ze D(zo;r). The series converges absolutely ofed)r), and uniformly on compact subsets of
this disk.
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Proof. Let|z—2z| <ry <r, and letl” be the circlg§z—z| =r1. By Theorem 2.2.7 (Cauchy'’s Integral
Formula for a Circle),

1 f(w)
f(zg = ﬁ/FW—_ZdW
1 f(w) z—27]t
= Z‘d/rw—zo[l_w—zo] dw
_ /e (z—2)"
_ m/rn;f(w)(wm)"“dw

[fW)[[(z=2)" _ M(fiT) <r1>”

|W_Zo‘n+l - ri a

Now, if z— 27| <rp <1,

hence the series

- (z—2)"
f(w)———
n;) ( ) (W— Zo)n+l
converges uniformly fow € I' and can therefore be integrated term by term. We obtain

® w)

1 f
f(z2) = n;(z—zo) 2m'/r(vv—(zo)“+1dw
o " (z0)

- 5 e

by Theorem 2.2.9. The statements about absolute and uniform convergence follow from Theo-
rem 1.5.4. O

In order to prove the converse to Theorem 2.2.14(Taylor series), namely that a convergent power
series defines an analytic function, the following basic result is required.

Theorem 2.2.15 (Analytic Limit). Let f;, fo,--- be analytic on the open set 0 C, and assume
that f, — f on U, uniformly on compact subsets. Then f is analytic on U. Furthermore, for each k,

£ _ £(9 on U, uniformly on compact subsets.

Proof. Sincef, — f uniformly on compact subset$,is continuous. Le\ be a triangle inJ. Since
A is compact,

lim fo=inf f

Nn—oo aA aA
Each [;, fn = 0, by Cauchy’s Theorem for a convex set. Thiygs f =0, andf is analytic, by
Morera’s theorem.

Let D(zo;r) be a disk whose closure is containedun and letl" be the circlew —z| =r. If

ze D(zy;r), then Theorem 2.2.7 (Cauchy’s Integral Formula for a Circle) yields

fn(2) = 1 de

ToniJrw—z

Then fy(w)/(w—2z) — f(w)/(w—2) uniformly onl", becausé is compact andw — z| is bounded
away from O forw € I'. Thus

1w
f(z)_z—m./rw—_z,dw
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Now f is analytic atz because of Theorem 2.2.13, and sizaeas an arbitrary point dfJ, f is
analytic onU.
By Cauchy’s Formula for the Derivatives,
k! fn(w)
f(k) _ n
(D= o r (w—z)k+l’
for ze D(zo;r), and similarly forf. Therefore,
Ky 05— K[ fn(w) — F(w)
fn'(2) — F9(2) 21 Jr (w—2)kt dw
If |z— 20| < r1 <, then by Lemma 2.1.4 (Basic Integral Estimate),

210
(r _ r1>k+1

dw

K _ 05 < K _
[fa™(2) — F¥(2)| < o1 fvvearx| fa(w) — f(w)] 0
asn — oo. Therefore,f{¥ — £ uniformly on any closed subdisk @(zo;r), and sincez € U was
arbitrary, uniformly on compact subsetslbf O

The main result of this section is the following.

Theorem 2.2.16. (a) If f is analytic at %, then f is representable by a power series in a neigh-
borhood of 3.

(b) If f can be represented by a power series expanSifn a.(z— 2)" in a neighborhood of
then f is analytic atg

Proof. Part (a) follows from Theorem 2.2.14 (Taylor Series). To prove (b), note that each finite
sumyK_,an(z— 2)" is analytic onC, and that by hypothesis convergesfton some dis®(z;r),
uniformy on compact subsets. Thiiss analytic onD(z;r) by Theorem 2.2.15(Analytic Limit). [

Corollary 2.2.17. (a) If f(2) = S pan(z—20)", z€ D(Z;r), then

f(k)(z) = Ekn(n_ 1)---(n—k+ l)an(Z—ZO)n_k

n—=

fork=1,2,---.

(b) Any power series representation of f in a neighborhoodyahast coincide with the Taylor
expansion; that is, if

(2) = ian(Z—Zo)”

on D(zZp;r), then
1

= —fkK
for all k.
Proof. The sequencgk_oan(z—2)" — f(2) uniformly on compact subsets B(z;r). Therefore,
by Theorem 2.2.15 (Analytic Limit), O

Exercise 2.2.18.1f f is analytic atzy, then show that it is not possible thkaft(")| > kb for all
k=1,2,---, where(by) /K — o ask — o,

Solution. If so, then the coefficients of the Taylor seriesfoéit zg would satisfy lim supai/k = oo,
hence the readius of convergence&dt ,an(z— zp)" would be 0, a contradiction. O
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2.3 Applications

Theorem 2.3.1 (Cauchy’s Estimate) Let f be analytic on Dzy; R). Then, for0 <r < R,

110 20)] < e sup(| ()| | [z~ | = 1)

Thus, if f(z) = S gan(z—20)", z€ D(2; R), then
1
lan| < 5 sup[f(2)] | |z— 20 =T}

Proof. Apply Theorem 2.2.7 (Cauchy’s Integral Formula for a Circle} ¥ and then use Lemma 2.1.4
(Basic Integral Estimate). O

Definition 2.3.2. A function which is analytic on the whole plaiis called arentire function.
Theorem 2.3.3 (Liouville’s Theorem). If f is a bounded entire function, then f is constant.

Proof. Expandf in a Taylor series abouy =0, f(z) = S_panz", and apply Theorem 2.3.1 (Cauchy’s
Estimate) to obtain

o < o Sup(| (@) | l2—20] = 1.

If n> 1, then the right side converges to Oras» « becausef is bounded. Thereforé = ag is
constant. ]

Theorem 2.3.4 (Fundamental Theorem of Algebra)If P(z) is a polynomial in z of degree at least
1, then Rz) = 0 for some = C.

Proof. If Pis never O, then AP is entire. SincéP(z)| — « as|z| — «, 1/Pis bounded, hence constant
by Theorem 2.3.3 (Liouville’s Theorem). O

Exercise 2.3.5.Show that ifP(z) = 2" + a,_12""1 +--- + a9 is a polynomial of degrea > 1, then
|P(2)] — o as|z] — . In fact, show that ifzl| > max{1, 2n|a,_1|,--- ,2n|ap|}, then|P(z)| > |Z"/2.

Solution. Write

_ -1, %
P(z)_z”(1+ . + +z”>’

and let
M = max{1,2n|an_1|,---,2n|ag| }

If |z| > M, then|z/X > |z| > M for all k, and

lan—k| - |an—k| - lan-k| 1

12 ~ |2 T 2njank| 2n
Therefore
an-1 ao 1 1
T, “l<nz=Z=
' z e z”' =Mh=2
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and so
P > \z“|\1++ +""°]
an_1 do
> A 1— | == 4. 4+ =
> i1+ o+ 3))
. 17
il 2'

O]

If fis analytic on an open set containing a cirtland its interiolJ, then the values of onT
determine its values dd. We will show that ifSis a subset o which has a limit point inJ, then
the values off on Sdetermine the values dfonU.

Definition 2.3.6. Let f be analytic atzy with power series representatidiz) = 3 _pan(z— )"
Thenf is said to have aero of order matz if a, = 0 forn < manday, # 0.

This means that (z) = (z— z)™g(z), whereg is analytic atzp andg(z) # 0. A zero of order 1 is
also called asimple zero

Proposition 2.3.7. Let f be analytic on the connected open set U. Suppose that the set of zeros of f
on U has a limit pointin U. Then f is identically zero on U.

Proof. Let A be the set of points df which are limit points of zeros of. This is a closed subset of
U becasud is continuous. We will show that eithéris empty or elséA =U.

Suppose that there existgs< A.. Expandf in a Taylor series aboub, f(z) = S_oan(z—2)".
Suppose that not adl, = 0, and leimbe the least integer such tt&t # 0. Thenf (2) = (z— zp)™g(2),
whereg(z) # 0. By continuity,g(z) # 0 in a neighborhood df, contradicting thaty is a limit point
of zeros off. Thus ifz is a limit point of zeros off, thenf is identically zero in a neighborhood of
Zy. Thus, ifzg € A, there is a neighborhood af also contained ir\. O

Theorem 2.3.8 (Identity Theorem). Let f and g be analytic on the connected open set U.Hd
of a subset S of U which has a limit pointin U, thea=fg on U.

Proof. Apply the proposition to the functioh — g. O

Example 2.3.9.The power series
1+ 1,412
MR TEAR R
defines an analytic functiofi(z) in C. Previously, we have defined the exponential funcébn

z=Xx+1y, by
e’ = €'(cosy +isiny).

If zis real, theny = 0, and we know from calculus that the exponential funcgbis given by the
power serieg ,_oX"/nl. Therefore, the indentity theorem guarantees that

1
& = HFH zz+
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Proposition 2.3.10.If f is analytic on an open set containing the djgk- z| <r, then
[f(20)] < sup{|f(2)] | [z— 20| =1}

Proof. This is an immediate corollary of Cauchy’s Theorem for a Disk (Theorem 2.2.7) and the Basic
Integral Estimate. O

Theorem 2.3.11 (Maximum Principle). Let f be analytic and not indetically constant on the con-
nected open setd C.

(@) If D(zo;r) C U, then there exists;z D(zo;r) such that f (zp)| < |f(z1)].
(b) If M =sup.y |f(2)|, then|f(z)| < M, forall ze U.

(c) IfU is bounded andU is the boundary of U, then

|f(2)| < limsup|f(w)],
w—oU

forallzeU.
(d) IfU is bounded and f is defined and continuous on the closure of U | fiien < maxy | f|.

Proof. (a) If it is false, ther| f (zo +re')| < | f(z)| for all sufficently smalk. Theoren??implies

1 21 .
@) < o [ Ifzo+rehd
1 211
< o I
= |f(z)|

Thus .
/O (If(20)| — | f(z0+re")[)dt =0

for all smallr. Since the integrand is continuous and positive, it must be identically 0. Therefore,
there is a neighborhood af where| f| is constant. But theffi itself is constant on this neighborhood.
(a) implies (b): if| f (Zz0)| = M for somezy € U, then by (a) there exisig in U satisfying|f(z)| >
|f(20)|, contradicting the definition a¥1.
(b) implies (c): letz, be a sequence id such that f(z,)| — M. SinceU is bounded, the closure
of U is compact; therefore, after passing to a subsequence if necessary, thgeeUssuch that
Zn — 29. If zo € U, then|f(Z)| = M by continuity of f, contradicting (b); thereforey € 0U. Thus
M < M; and|f(z)| < M1 by (b).
(c) implies (d): becausé is continuous otJ, if z, is a sequence id converging to a poirtg in
U, thenf(z,) — f(z). O

The absolute value of a function may have a local minimum; for example at a point where it
vanishes. This is the only case in whihc it can happen.

Theorem 2.3.12 (Minimum principle). Let f be analytic on the connected open set U and assume
that f(z) # O0forall ze U.
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(@) If D(z;r) C U, then there exists z D(zy;r) such that f(z1)| < |f(20)].
(b) If m=infxy |f(2)|, then|f(z)| > m, for all ze U.
(c) IfU is bounded andU is the boundary of U, then

|f(2)] > liminf | f(w)],

w—0oU
forallze U.

(d) If U is bounded and f is defined and continuous on the closure of U | fiten) > minyy | f|
forallzeU.

Proof. Apply Theorem 2.3.11 (Maximum Principle) to the functionfl O

There are also maximum and minimum principles for the real and imaginary parts of an analytic
function.

Theorem 2.3.13.Let f be analytic and not identically constant on the open connected set U. If
f =u+iv, then u and v satisfy Theorem 2.3.11 and Theorem 2.3.12 on U.

Proof. The function exgd is analytic, never 0, and not constant'dn Since|expf| = expu, the
functionu satisfies both tha Maximum and Minimum principleslénThe same observation applies
to exp—if, whose absolute value jexp—if| = expv. O



Chapter 3

The Cauchy Formula

3.1 Logarithms

The exponential function was described in Section 1.6. This is an analytic mappingCexpC
whose image is the plane minus the origin. A branch of the logarithm on an open Subisét\ {0}
is a maph: U — C such that exp(z) = z. The elementary branches of the logarithm are of the form
logz=In|z| +16(z), whereB(z) is the argument af in (B9, 8¢ + 217.

In general, there are analytic functions which are branches of the logarithm but do not coincide
with one of the elementary branches. For examplelJIdie the open set depicted in the figure and

define
h( )_{ In|z +i8(z), 0<B<2m forzeU;

In|zl +i6(z), <6< 3m forze U;

Locally h coincides with one of the elementary branches ofj@p it is an analytic branch of log on
U. However, a single branch will not suffice since any elementary branch will be discontinuous on a
ray through the origin, and any such ray intersétts

Definition 3.1.1. LetSCc Candf : S— C\ {0} be continuous. The functian: S— C is acontinuous
logarithmof f if g is continuous o and exw(z) = f(z) for all ze S The function8: S— Ris a
continuous argumerdf f if 8 is continuous orsandf(z) = |f(z)|exp(iB(z)) forall ze S.

Continuous logarithms are closely related to continuous arguments.
Theorem 3.1.2.Let SC C and f: S— C\ {0} be continuous.
(a) If gis a continuous logarithm of f, thdng is a continuous argument of f.
(b) If 8is a continuous argument of f, thém|f(z)| +i6(z) is a continuous logarithm.

(c) If Sisconnected and gg» are continuous logarithms of f, thea g g, = 2min for some integer
n; if 01, B, are continuous arguments of f, thBp— 68, = 2rm for some integer m.

(d) If Sis connected andw € S, then
g(w) —g(2) = In|f(w)| —In[f(2)| +iB(w) —i6(2)

for all continuous logarithms g and continuous argumethts f.
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Proof. (a) f = expg = exp(Og+i0g) = | f|explg.

(b) exp(In|f| +i0) = | f|€® = f.

It follows that a non vanishing continuous function on aSéts a continuous logarithm if and
only if it has a continuous argument.

(c) If e% = €% = f, theng; — g2 is an integer multiple of fli. SinceSis connected, this multiple
is the same in all 08, Similarly if €% = &% = f /| f|.

(d) By (b), In|f| +i6 is a continuous logarithm df. By (c),g=In|f|+ 10+ 2rin for some integer
n, and the result follows. O

In general, a given function may not have a continuous logarithm.

Exercise 3.1.3.Let S= {|zl = 1} and f(z) = z. Show thatf does not have a continuous argument
function onS.

Solution. Let 8 be a continuous argument éfon S, so thatz = €% for |z = 1. Lety(t) = €,
0<t<2m Thene' = expiB(e'). Thent andB(e") are both continuous arguments ypfhence
8(e') =t 4 2rk for some integek. Lett — O to obtaing(1) = 2rk and lett — 1 to obtain(1) =
1+ 21k, and contradiction. O

However, ifSis a closed intervd, b, thenf will have a continuous logarithm.
Theorem 3.1.4.Let f: [a,b] — C\ {0} be continuous. Then f has a continuous logarithm on S.

Proof. Suppose that the image 6fis contained in a dis® which does not contain 0. Then there is
an analytic branch of the logarithm function bdefined orD, that is, there is a functioh analytic

on D such that exp(z) = z. Thereforeg(t) = h(f(t)) is an analytic logarithm of .

In general, cover the image dfby disks like above, and patch up logarithms. This is done as

follows. Since[a,b] is compact|f| has a minimunm > 0 on[a,b]. Form a partitiora =1ty < --- <

to = b such thatf(t) — f(tj)| < monf|tj,t;.4] forall j. Thenf(t) € D=D(f(t;),m) fortin [tj,tj 1],

and 0¢ D by definition ofm. With h as above we have(ft) = f(t) ont;,tj 4]. If €%® = f(t) for

to <t <ty ande®® = f(t) forty <t <t, thengo(ty) = ga1(t1) + 2min. Replacey; by g; + 2rin on
[t1,t2]. This produces a continuous logarithmfobn [to,t1]. Repeat the process inductively to obtain
a continuous logarithm of on[a, b]. O

Definition 3.1.5. Let f be analytic and never 0 on the openldetA functiong: U — C is ananalytic
logarithmof f onU if gis analytic onJ and exm(z) = f(z) for all zin U.

Theorem 3.1.6.Let f be analytic and nevdyon U. Then f has an analytic logarithm on U if and
only if the function f/f has a primitive on U.

Proof. If expg= f onU, then the chain rule impliey expg = f’, and hencd’/f =¢'.

Conversely, ifg is analytic orJ andg’ = '/ f, thenf exp(—g) has zero derivative dd and thus
f exp—gis equal to a constalh on each componertof U. Chooseca so thate™ = ka (the constant
ka # 0). Then expg+ca) = f onA. O

Analytic logarithms exists under fairly general conditions.

Theorem 3.1.7.Let U C C be a convex open set, and let f be analytic and néy®rU. Then f has
an analytic logarithm on U. More generally, if U is an open subset such fftat- O for every closed
path in U and every analytic function h, then every analytic function f which is rieeeilU has an
analytic logarithm on U.
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Proof. First consider the convex case.flf/ f is analytic orlJ, then Cauchy’s Theorem for a Convex
Set (Theorem 2.2.6) yieldgf’/f = 0 for every closed patlyin U. By Theorem 3.1.6f has an
analytic logarithm. m

Theorem 3.1.8.1f g is an analytic logarithm of f on the open set U, and a path in U, then

@,
|z d2= 9v(b) ~givta)

where[a, b] is the parameter interval of.

Proof. By the argument of Theorem 3.18,= f'/f onU. The result follows at once. O

3.2 The Index of a point with respect to a curve

Definition 3.2.1. If X is a topological space, @urve in Xis a continuous mappingof a compact
interval[a,b] in R into X, herea < b. We call[a, b] the parameter intervabf y and denote the range
of y by y*. Thusyis a mapping, ang" is the set of all points of the foriy(t), fora <t <b. We say
thaty is a closed curve if(a) = y(b).

Theorem 3.2.2.Lety be a closed curve such th@t y*. Let8 be a continuous argument gf Then

1
S (8() - 8(@))

is an integer, independent of the continuous argument chosen.

Proof. For eacht € [a,b], €91 = y(t)/|y(t)|. Thus

do-isa _ Y(0) [v(@)]

O C .

sincey is closed. It follows thaé(b) — 8(a)/2mtis an integer.
If @is another continuous argument, thegft) = 6(t) + 2ram for some integem, and the result
follows. O

Definition 3.2.3. Lety be a closed curve, argd a point not iny*. Let 8 be a continuous argument of
the curvey— 7. The index ofzy with respect toy is the integer

6(b) —6(a)

ind(z0y) = ——_

Intuitively, ind(y; zp) is the net number of revolutions gft) aboutzy, so sometimes it is caller the
winding number.

Lemma 3.2.4. Lety be a curve, VC C an open subset which contaigs Then there is a partition
a=tg<---<ty=banddisks B,---,Dn CV such thaytj_1,tj] C Dj, forall j =1,--- ,n.

Proof. Let e = dist(y*,C\V) > 0. By uniform continuity ofy, there is & > 0 such thatt —t'| <
implies|y(t) —y(t')| < &. Leta=tp <t; < --- <t, = b be a partition ofa, b] such thatt; —tj_1| <
forall j. LetDj =D(y(tj);e) CV, j=1,---,n. If tj_1 <t <tj, then|t —t;| < dand|y(t) —y(tj)| <&,
and thusy(t) € D;. O
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Theorem 3.2.5 (Index of a Point with Respect to a Path)Lety be a closed path,gza point not in
v*. Then

dz

. 1
ind(y; 20) = 2 72—z

More generally, if f is analytic oy* and 3 ¢ (f oy)*, then

ind(foy;z) = Z;I-'u/y f(le)(i)

Proof. Becausey* is compact, there is an open $etontainingy* such thatf — z is never 0 orVv.
(Indeed, because the gdtoy)* is compact and does not conta) there is an open sét which
contains(f oy)* but notz. It suffices to take an open sétc f~1(U) containingy* where f is
defined.) Construct a partitica=ty < --- < t, = b and disksDy,--- ,D, CV as in Lemma 3.2.4.
Then f —zy has an analytic logarithrg; on eachD;, and so, ify; is the restriction ofy to [t;_1,t;],
then

f'(2)

T — 20 92 910V(6) — 90v(t-0)).

Let 6(t) be a continuous argumenity(t)) —zo on [a,b]. Because;(y(t)) is a continuous loga-
rithm of f(y(t)) —zp on [tj_1,t;], it follows that

(¥(tj-1))

1 n
i D% T 2m 2,9V
zli['” 20l =Inf(v(tj-1)) — 2

+ie<tj>—ie<tjl>}

8(b) —6(a)
2n
= ind(foy;2)

Finally we consider the behavior of ifyz) asz varies.

Theorem 3.2.6.If yis a closed path, theimd(y; z), regarded as a function of z, is constant on each
component o€ \ y*, and equal td on the unbounded component.

Proof. The function indy; e) is analytic, hence continuous @n y*. But on any given component of
C\Y, ind(y; e) is a continuous, integer valued function, and is therefore constant.

Sincey* is compact, it lies on a bounded diBkwhose complemer® is connected; thub® lies
in some component @ \ y*. This shows tha€ \ y* has precisely one unbounded component.

By Theorem 2.2.13, ing}; z) — 0 asz — o, hence indy; e) must be 0 on the unbounded compo-
nent ofC \ y*. O
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3.3 Cauchy’s Theorem

The statement of the general form of Cauchy’s Theorem requires to integrate over objects slightly
more general than closed paths.

Definition 3.3.1. A cycleis a formal sums = nyy; + - - - + NkYk, Where theg; are integers and thg
are closed paths. The uninf:lyj* of the images of the individual paths formiogs denoted by™.

If fisa continuous function oyr, then define

k
f=YYa [ f.
/V gl J Yi

A cycley s said to beequivalent to Of
/ f=0
y

for all continuous functiong ony*. Two cyclesy; andy, areequivalentif the differencey; — vy, is
equivalent to 0.
Finally, the index of a point with respect to a cyclg = Z?:l njy; is defined to be

k
ind(y; 2) = JZlnj ind(y;; 2).

If U C Cis an open set, anglis a cycle withy* C U, theny s called a cycle itJ. Cycles can be
added in the obvious way, thus the space of cycles forms a commutative group, dengated by

Definition 3.3.2. A cycle o onU is homologous to 0 ok, writteno ~ 0( modU) if ind(o;z) =0
for all znot inU.

Itis clear that the space of cyclestihwhich are homologous to 0 modulbis a subgroup of the
group of cycles iiJ. This subgroup is denoted IB{U ), and the quotient group(U)/B(U) =H(U)
is called the first homology group &f with integer coefficients.

Theorem 3.3.3.Let U be a connected open subsePofThen H(U) is a free commutative group of
rank equal to the number of components of the complement ofFUrimus one.

The following technical lemma will be very useful for subsequent developments.

Lemma 3.3.4 (Fundamental Lemma).Lety be a closed polygonal path whose edges are parallel to
the coordinate axis. For a mesh consisting of all lines parallel to the axes which passes through the
vertices ofy. The complement of this mesh consists of regions of three types: bounded rectangular
regions R, --- , R, unbounded regions having three sides, and unbounded regions having two sides.
Chose pointsjzc Rj, and letyp be the cycle

k
Yo= ) ind(y;zj)0R;
=1

whereodR; is the closed path determined by the boundary pfdRented counterclockwise. Then
andyp are equivalent.
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Proof. First note that

m

(1) ind(yo; z) = Zlnd Y; zj)ind(0R;; z) = ind(y; z),
j

fork=1,---,m Also, if z € R,

indyoZ) — iind(wz;)ind(aRj:zk)
2
=0

ind(y; )

because, belongs to the unbounded componenCofy*.
Now suppose thatij; is an edge lying betweeR andR;. Suppose that ig— Yo, the edgeo;; is
traverses times € is an integer, possibly negative). Let= y—yo — cdR;. Then

(3) ind(o;z) =ind(y;z) —ind(yo; z) — cind(0R;,z) = —
by (1). Also by (1),
(4) ind(0;zj) = ind(y; z;) —ind(yo; zj) — cind(dR;, zj) = 0.

But gj; essentially does not appeawinthat is,o is equivalent to a cycle in which gj; does not
appear; thus in@; z) = ind(T; %) for all k by Theorem 3.2.5 and the definition of equivalent cycles.
Sincez andz; belong to the same component®f, t*, the indices ind;z) = ind(t; z;). By (3)
and(4), c= 0 so thatg;; contributes nothing tg— yo. Exactly the same argument, withreplaced
byz’j, shows that ib’ is an edge lying betwedR and an unbounded regid), theno contributes
nothing toy— yp. But aII edges of/— Yo are of the fornwjj or g{;, hencey—yo is equwalent to 0. O

Theorem 3.3.5.1f f is analytic on the open setd C, then [, f = O for every cycleyin U such that
ind(y; z) = O for every z in the complement of U.

Proof. Construct a partitiora =ty < t; < --- <ty = b of the parameter domain of and disks
Dy,---,Dx CU suchthay(t) € Dj fortj_y <t <t;. If y; is a polygonal path iD; fromz;_1 = y(tj_1)
to z; = y(tj) with edges parallel to the axes, then the integrall &bm z;_; to z; alongy is the same
as the integral along;. Thus we may assume without loss of generality thiata polygonal cycle
with sides parallel to the axes. By the lemmi&s equivalent to a cycle of the formngind(y; z))oR;,
whereR; is a rectangle with sides parallel to the axes, an@R;. If R; is one of these rectangles and
R; is not contained itJ, letzg € R; \ U. Sincez is not iny*, the segmenizy, zj] does not intersect
Y*, hencezg andz; lie in the same component af\ y*, and so indy; z;) = ind(y; o). By hypothesis,
ind(y; z0) = 0. Thereforey is equivalent to a cycle of the form = E'j:lind(w zj)0R;, where all
RjCU.

By the equivalence of ando and by Cauchy’s Theorem for a Convex Set (Theorem 2.2.6) we

obtain that |
f— mszX/ f—0,
/V ;1 J oR

as advertised. O
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Theorem 3.3.6 (First Cauchy Theorem).Let U C C be an open subset and letbe a cycle in U.
Then/, f = 0for every analytic function on U if and onlyiiid(o;z) = O for every z£ U.

Proof. The “if” part is Theorem 3.3.5. I is a cycle inU andfyf = 0 for every analytic function
onU, then indy;z) = O for everyz in the complement ot). For if zp ¢ U and indy; z) # O, let
f(z2) = 1/(z—2). Thenf is analytic orJ and, by Theorem 3.2.5, f = 2miind(y; z) # 0. O

Proposition 3.3.7.Let U be an open subset Gf The following properties are equivalent.
(1) IfoisacycleinU, therind(o;z) = 0 for every point z in the complement of U.
(2) The integralf, f = 0 for every cycles in U and every function f analytic on U.
(3) If f is analytic on U, then f has a primitive on U.
(4) If fis analyticon U and f has no zeros on U, then f has an analytic logarithm on U.

Proof. (1) implies (2). This is First Cauchy Theorem.

(2) implies (3). This is the Existence of Primitive Theorem (Theorem 2.2.4).

(3) implies (4). If f is analytic and has no zeros, théty f is analytic onU, and hence has a
primitive onU. Theorem 3.1.6 then implies th&athas an analytic logarithm du.

(4) implies (1). Ifzy ¢ U, thenf(z) = z— z is analytic and never 0 dd, hence it has an analytic
logarithm onUJ. Now

. 1 1
ind(o;29) = ﬁ/oz—zodz
0,

by Theorem 3.1.6, sincE/f =1/(z— z). O

These properties of an open $ktcan be described by yet another property which is somewhat
more topological.

Definition 3.3.8. An open sety c C is simply connected if botl) andP are connected.

Theorem 3.3.9.A connected open set U is simply connected if and only if the indés; z) = O for
every cycleo in U and every point z in the complement of U.

Proof. Suppose thaP\ U = AU B, the union of two disjoint open sets. One of these sets Bsay
contains the point at infinity, and thus the other is bounded. LetAlB) =& > 0. Cover the plane
by a net of squares of side 8/1/2. Choose the net so that certain pairt A lies at the center of one
of the squares. Consider the cycle

o= ZaRk

where the sum is taken over all of the squares of the net which have a point in commah itk
clear thato is disjoint fromB, by reasons of distance. It is clear that once cancellations are carried
out, the cycles is equivalent to a cycle which does not inters&cFinally, sincea belongs to exactly
one of the squares making opthe index indo;a) = 1.
Conversely, assume thdtis simply connected. Latbe a closed path id. Defining indy; ©) =
0, then indy; e) is a continuous function oR\ y*. Sincey* C U, P\U is a connected subset Bf, y*;
alsoo € P\ U sinceU c C. Therefore, ifz¢ U, thenzande belong to the same componentfy*,
therefore, indy; z) = ind(y; ) = 0. O
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The general form of Cauchy’s theorem can now be given.

Theorem 3.3.10 (Cauchy’s Integral Formula).Let f be analytic on the open setU. leebe a cycle
in U such thaind(o;z) = O for every z in the complement of U. IEQJ \ y*, then

, 1 f(w)
f(z)ind(o;2) = o /O—W_Zdw.
Proof. Letg:U — C be defined by

f(w—f(z) .
g(w){ Cw—z w2,
f'(2) otherwise.

Theorem 2.2.11 implies thatis analytic onJ and Theorem 3.3.5 implies th#fg = 0. Therefore,
1 [ fw) 1 1
ﬁ/G—Z_Wdz = f(z)ﬁ/cw—_zdw
= f(2)ind(o;2)

by Theorem 3.2.5. m



Chapter 4

Applications

4.1 Singularities

Let f be analytic orJ \ {7}, whereU is an open subset & andz, € U. In this casey is said to be
an isolated singularity of. The purpose of this section is to determine the behavidrraarz,.

Theorem 4.1.1 (Cauchy’s Formula for an Annulus).Let f be analytic on an open set U containing
the annulus 1 < [z— 2| <, where0 <r; <rp <o. Letl =|z—2z|=r;, i = 1,2, oriented
counterclockwise. Then fof K |z—zp| < ra,

1 f(w)
f(z)_z—m_ rzfrlwi—zdw'

Proof. By Cauchy’s Integral Formula,

. 1 f(w
f(2ind(F2—T1;2) = 21 Jp W(_)Zdw
2—11

By the properties of the index, iif < |z— zp| < ro,
ind(F2—T1;2) =ind(l2;2) —ind(lF;2) =1-0=1.
O

Theorem 4.1.2 (Laurent Series) Let f be analyticon U= {s; < |z— 7| < s}, where0 <5 < 5 <
o, Then f is given by
f(Z): Z an(Z_ZO)n7 Z€U7

N=—0o0

where
1 f(w)
an = 2Tu /r (W_Zo)n+l dW

andr is any circle of radius r, < r < s, and center g The series converges absolutely on U, and
converges uniformly on compact subsets.
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Proof. Chooses; < r1 <rz < s, and letl'; andl"; be the circlegw — 75| = r1 and |w — 25| = r»,
respectively. By Cauchy’s Integral Formula for an Annulus (Theorem 4.1.1) applied to azsoict
thatry < |z— 2| <1y,

1 f(w) 1 f(w)
"2 =25 rzw—zdW 21 rlw—zdW
If we Iy, then
Z_ZO‘:Z_ZO|<1,
W—Zg ro
so the series
1 1 e (z=2)"
_7 _ - _ 7+l
e (W—Zo)<1—Z Z°> ”;’(W %)
W—12p

converges absolutely and uniformly on compact subseis inzy| < rp, hence uniformly ori 2. By
multiplying by the bounded functlogﬁ f(w) (which preserves uniform convergence) and integrating

terms by term, we obtain
1/ fw = < n
ari | we = 3,2 )

1w
= 21 ) (W_ZO)n_l

The second integral is treated similarlywfe "1, then

where
dw, n=0,1,2,---

1

W—Zo' < r -
z—2 |z— 20|

and the series

converges uniformly ofi . Multiplying by zim_f(w) and integrating term by term,

_ L W gy Bn
21 Jr,w—2z L (2—20)"
where 1
bn= 55 ). fw)(w—-2)"*dw ~ n=1.2,:-
Replacing the inder = 1,2, - above by—n= —1,—2,--- and writing
ah=b = 1 f(w)(w—2) " tdw
" om

forn=-1,—-2,--- we obtain the expansion

L fw. < n
—5 rlmdw_ngl%(z 2)".
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Example 4.1.3.Replacingz by 1/zin the power series

1
&= 1+ 52+ 5 1z, |2 < oo
we have the Laurent series
11 11
1/z _ ...
e l+1lz+2!22+ 0< |z <o

Note that the series contains no positive powerg, @nd that it has an infinite number of negative
powers.
Note that the coefficiers_1 = 1; and according to Laurent’s Series theorem, that coefficient is

given by
_ 1 1/z
a= o /re dz

whererl is any positive oriented circle at the origin. Therefore,

/el/zdz:ZTu'.
g

This method of evaluating certain integrals will be developed further in subsequent sections.

Example 4.1.4.The functionf (z) = 1/(z—i)? is already in the form of a Laurent series whaye- i.
That is

= an(z—i)", 0<[z—i| < oo,

wherea_, = 1 and all other coefficients are zero. From Laurent series theorem we concluddthat if
is a positively oriented circlez—i| =r, then

1 [0 n#-2
/r(z—i)n+2dz—{ oM, n=-2

Example 4.1.5.The function

-1 1 1
2= (z—1)(z—2) Tz-1 z-2

is analytic onC\ {1,2}. Itis analytic on the annul\; = {|z] < 1}, Ao ={1< |z < 2} andAg = {2 <
|zl < 0}, and it has a Laurent series on each of them. Their representation can be fund with the help
of the representation

o)

1
— = Z)z” |7 < 1.
1-z &

To find the representation g%, we write

f(z) = ! +} !
- 1-z 2\1-(z/2
and note thafz| < 1 and|z/2| <1 onAq,

PP R e Tty
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for |7 < 1.
As for the representation 0%, we write

ma:i<1é;@>+;<1223>

Since|l/z| < 1 and|z/2| < 1if1 < |7 < 2, it follows that
> 1 > 1

By replacingn by n— 1 in the first series, and then interchange them, we obtain

ZaZ”H 1<iz<2

700

This must be the Laurent series fbon the annulug\, because there is at most one such series.
The representation iA; is obtained in a similar way. First write

ma:i<LJ;@>+i(LiZa>

and note that if Z |z| < e, then|1/z| < 1 and|2/z| < 1. Therefore,

00 1 00 2n

f(z2) = i (1-2"H2", 2<|g <.

n=—oo

That is

) (20)

Remark. The coefficienta, of the Laurent expansion df is not necessarlly— forn> 0,
becausd is only analytic ors; < |z— 7| < s, and may not have an analytic extensmt’ﬂzte 20| < .
Theorem 4.1.6.Suppose that(k) = 3. ., bn(z—2)"onU = {s1 < |z— 7| < },0< 51 < 5 < 0.
Then b is given by

1 fw)
bn—z—m. r(W—Zo)”“dW'

That is, the Laurent expansion of f on U is unique.

Proof. The power series representifigonverges uniformly on compact subset&JofMultiply both

sides by

=71 and integrate ovelr to obtain

f(2) k-1
— 7 __dz = b / (z—20)" " *dz
Jaapm = 30

by the argument ir??. O



4.1 Singularities 35

Definition 4.1.7. Let f have an isolated singularity 3, so thatf has a Laurent expansion abayt
of the form .
f@= 3 an(z—2)"

N=—o
valid for 0< |z— 2| < r, for somer > 0.
-1
The sum of the negative powers of the Laurent series, thaﬁs,an(z— 20)" is called theprin-

n=—oo

cipal partof the Laurent expansion df aboutz.

If the Laurent expansion contains no negative powe(g-6fy), thenf is said to have a removable
singularity atzy. in this casef can be extended by settingf (z) = a.

If the principal part has finitely many non-zero term, that is, if

00

f(2) = (Z?g)m +ot (Z"’:O) +n;an(z— 2)"

anda_n, # 0, thenf is said to have a pole of ordaratz, ( a simple pole iim= 1).
In this cas€z— z5)™f(z) has a removable singularity i, andzlirzrg(Z— 20)"f(z)=a_m#0. In

this case, settind(zy) = « we obtain an analytic mapping bf into the Riemann sphere.
Finally, if the principal part of the Laurent series bhboutzy contains infinitely many non-zero
terms, thenf is said to have an isolated essential singularigpat

Lemma4.1.8.Let f have anisolated singularity ag,zand let M f,zy,r) = max{|f (2)| | |z—z0| = }.
If there are constants k 0 anda > 0 such that M f,zy,r) < kr=? for all sufficiently small r> 0,
then f has either a removable singularity gtar a pole of order< a.

Proof. The coefficient_,, of the Laurent series can be estimated by using the integral representation
la_n| < kr"™®
which converges to 0 as— 0 if n > a; thusa_, = 0 in this situation. O

Theorem 4.1.9 (Casorati-Weierstrass Theorem)Let f have an essential singularity aj.zThen
for any r > 0, the image of the punctured difk< |z— 7| < r is dense irC.

Proof. Justifying the thesis is equivalent to proving that for any complex numbehe function

9(z) = f(z)lw is unbounded in any deleted neighborhoodf

Assume thagis bounded oV = {0 < |z— 27| < b}. In particular,f(z) #wforall ze V, hencgyis
analytic onV. NowM(g,zy,r) < K, for some constari{ and all 0< r < b, by assumption. It follows

, . , 1
from Lemma 4.1.8 (witla = 0) thatg has a removable singularity at But onV, f(z) =w+ g—z;

therefore, ifmis the order of the zero af at 7, (settingm= 0 if g(z) # 0), then(z— z)™f(z) has a
removable singularity a. Consequently,

(z—20)"f(2) = ibn(z—zo)”, zeV

and it follows, after dividing by(z— zy)™, that f has either a removable singularityztor a pole of
ordermat zg, contradicting the hypothesis. O
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Theorem 4.1.10 (Classification of Singularities)Let f have an isolated singularity a$.z
(@) There is a removable singularity af i and only if f(z) approaches a finite limit as-2 z.

(b) Thereisapole ofordermaggm=1,2---)ifand only if(z—z,)™ approaches a finite non-zero
limit as z— zy, and in this case (z) — « as z— 2.

(c) There is an essential singularity af # and only if f(z) does not approach a finite or infinite
limit as z— z.

Proof. (a) The “only if” part follows from Definition 4.1.7; the “if"part follows from Theorem 2.2.11.
(b) The “only if” part follows from Definition 4.1.7; for the “if” part, note that {— z)™f(2)
approaches a finite non-zero limit, then- z,)™f (z) has a removable singularity & by (a), hence

is given byzobn(z— 20)" with by # 0. Thus, by dividing by(z— z)™, it follows that f has a pole of
&

orderm at zof
(c) The “only if” part follows from Casorati-Weierstrass Theorem (Theorem 4.1.9); the “if” part
from (a) and (b). O

The behavior of a complex functioh at o may be studied by considering the functigfz) =
f(1/z) atz=0.

4.2 Meromorphic Functions

Definition 4.2.1. The functionf has an isolated singularity et if and only if f is analytic on a set
|zl > r and the functiorg(z) = f(1/z) has an isolated singularity at= 0. Removable singularities,
poles, and essential singularitiesatre defined similarly.

Definition 4.2.2. A function f on an open subset of the Riemann sphie meromorphic otV if it
is analytic onJ except for poles and removable singularities.

Example 4.2.3.Let R(z) = P(2)/Q(z) be a rational function, whei@ andQ are polynomials. Th&
is a meromorphic function oR.

Theorem 4.2.4.1f f is meromorphic orP, then f is a rational function.

4.3 Calculus of Residues

In this section we present a technique which allows for rapid evaluation of intg@rfaizsherey is a
cosed path ity andf is analytic onJ except for isolated singularities.

Definition 4.3.1. If f has an isolated singularity &, the coefficiene_; of the Laurent expansion of
f aboutz, is called the residue df atzy, and denoted by ré§; o).

Lemma 4.3.2. Let f be analytic on U, {7}. Let R be a rectangle whose closure is contained in U.

If zo € R, then

1
res(f;zo):ﬁ aRf(z)dz
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Proof. We may replac@R by a circlel” with centerzy, by the First Cauchy Theorem (Theorem 3.3.6.
Then, Theorem 4.1.2,

1 N
2T“_/rf(z)dz = n:szT“, /r(z 2)"dz

by the calculation in the proof of the Cauchy Integral Formula for a Circle (Theorem 2.2.7.)

Lemma 4.3.3. Lety be a closed path i€, S a subset d whose closure is disjoint frogf. Assume
that whenever w is a limit point of S, therd(y;,w) = 0. Thenind(y;z) = 0 for all but finitely many
ze S.

Proof. The setA consisting of those satisfying indy;z) = 0 is an open subset & \ y* which
contains|z| > r, for r sufficiently large. Therefor€ \ A is compact. If infinitely many points o
belong toC \ A, thenShas a limit point inC \ A, contradicting the hypothesis. O

Theorem 4.3.4 (Residue Theorem)Let f be analytic on U except for isolated singularities at the
points W, wo,---. Letybe a closed path (or cycle) in U such thatl(y; z) = 0 for all z notin U, and
such that none of the vbelong toy*. Then

2i]_/yf :zind(y;wj)res(f?wj)-

Proof. First note that in¢y,w;) = O for all but finitely manyw;, hence the sum in the statement is
finite. Indeed, letS= {w;}. If wis a limit point of S, thenw ¢ U since all the singularities are
isolated; thus infl;w) = 0. Moreover, the closure @does not meef* because neithes meetsy*
nor the limit point ofSmeety*.

Letwy,---, Wy be the singularities for which irfg; wj) # 0. It may be assumed thais a polyg-
onal path with edges parallel to the coordinate axes and containgd {rw;,wo,---}. By a slight
modification ofy, if necessary, it may also be assumed that none ofvihe - ,wj, lie on the rectan-
gular grid induced by the polygonal path.

m
By Lemma 3.3.4, the pathis equivalent to a cycle of the forri ind(y; z;)0R;, and for each
=1

k=1,---,n, the singularityw lies in someR;. The grid may be taken so fine that no two singularities
among{wsy, - -- ,Wn} lie in the sameR;.
LetV =U\ {Wq:1,-- }. If the closure ofR; is not contained iV, letzy € R\ V. Sincez, ¢ V,
it cannot be iny* C V, and so the segme(t, z;] does not meef*. It follows thatzy andz; lie in the
same component & \ y*, and thus the indexes ifyiz0) = ind(y; zj). If zp jhU, then indy; zp) =0
by hypothesis; ifzy = wy for somek > n, then indy; zy) = 0 by the present construction. In any
r

casey is equivalent to a cycle of the form= Z ind(y; z;)0R;, where each rectangk has closure
=1

contained iV and none ofvy, - - - ,w, is in the Boundary OR;.
Thereforef is defined and continuous arf, and the equivalence af andy yields

r
f= / f.
/V ;1 oR;
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Each of the rectangles appearing in this sum contains at most one of the singulgritiesw,.
If wq € Rj, forsomek=1,---,n, thenindy, W) =ind(y; %) and [, f =2miregf;w;). If Rj contains
Nno W, thenfaRj f = 0. It follows that

2i}_/f — JZlind(y;w,-)res(f;Wj)-

. Logz .
Example 4.3.5. Evaluate the mtegrzaj[vlJr—geZ dz whereyis the curve:

The advantage of expressing an integral in terms of residues is that it is often possible to compute
the residues. There is in fact an explicit formula for the residue at a pole.
Theorem 4.3.6 (Residue at a Pole)if f has a pole of order m atgzthen

m-1

req f;z) = (m—ll)lzlmo <dzm_1(z—zo)f(z)).

In particular, if zy is a simple pole,

req f; zo) (z—120)f(2).

= lim
7—7
Proof. Multiply the Laurent expansion

a_m a_]_
f = ce
(2) (z—zo)m+ +z—zo

-+i%@—m“

by (z—z,)™, differentiatem— 1 times, and take the limit as— z. O

Lemma 4.3.7. Let f be analytic atgand have a zero of order m there. Théii ff has a simple pole
at z withreqf'/f;z9) = m.

Proof. Write f(z) = (z— 2)™g(z), whereg is analytic atzy andzp # 0. Then
f@_ m  d@
f2 z-z 92

Sinced' /g is analytic atz, the residue

)

regf'/f;z0) =m.
0

Example 4.3.8.If f has a pole of ordem at zy, then f’/f has a simple pole at with residue
re{ f'/f;z) = —m.

Theorem 4.3.9 (Argument Principle). Let f be analytic on the connected open set €, and lety
be a closed path in U such that f is ne®ony* and such thaind(y; z) = 0 for every z£ U. If zy, - - -
are the distinct zeros of f with multiplicities;m- -, then

ind(foy;0) = Z m;ind(y; zj).
]



4.3 Calculus of Residues 39

Proof. This follows directly form Theorem 3.2.5. Indeed,

/
ind(foy,0) = Ziu/yf((zz)) dz by Theorem 3.2.5

= Z req f'/f;z)ind(y; z) by Residue Theorem
]

= Y mjind(y;z)  bylemma4.3.7
]

O]

Remark. Intuitively, the number of times thédt(z) winds about the origin astraverses the pathis
the number of zeros df insidey*, each zero counted according to its multiplicity and its index with
respect toy.

If U is not assumed to be connected, then we have to add the hypothedissimatt identically
zero on each component of

Example 4.3.10.Let f(z) = (z—a)™ and lety(t) = €X', 0 <t < 2rmandk an integer. Therf has a
zero ata of multiplicity m. The index ofa with respect toyis 0 if |a| > 1 andk if |a| < 1. Therefore,
ind(f oy;0) = mkif |a] < 1 and 0 otherwise.

Theorem 4.3.11 (Generalized Argument Principle).Let f and g be analytic on the open set U,
with neither f nor g identically zero on a component of U. {éle a closed path on U such that f
and g are neved ony*, and such thaind(y;z) =0forallz¢ U. If z;,2,--- are the zeros of f with
multiplicities ny, - - -, and wi,Wo, - - - are the zeros of g with multiplicitiesiym, - - -, then

ind<£l oy;0> = Z njind(y; zj) — kaind(y; W).
]

Proof. Theorem 4.3.9 implies that

. f 1 r(f/g)
ind{ —o ,0 :7/ .
<g Y ) 2mi Jy f/g
But
(f/gf _t o
f/lg f g
and the result follows from the previous theorem. O

(z—1)(z— 3+ 4i)
Example 4.3.12.Let f(2) = z127
ind(f oy;0).

Solution The numerator has simple zerogzat 1 andz= 3—4i. The denominator has a zero of order
2 at—2i. The index of 1 and-2i with respect toyis 1, and the index of 3 4i is 0. The Generalized

Argument Principle yields

, and lety be the circle of center 0 and radius 3. Find

ind(foy;0) = 1-ind(y;1)+1-ind(y;3—4i)—2-ind(y, —2i)
— 140-2=-1
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Theorem 4.3.13 (Rouche’s Theorem)Let f and g be analytic on the connected open setU. Suppose
that f has zeros;z- - - with multiplicities n, --- and g has zeros w- - - with multiplicities m,---. Let

y be a path in U such thahd(y;z) = 0 for all z¢ U. Assume also thaf (z) — g(z)| < | f(z)| for all z

in y*. Thenind(f oy;0) =ind(goYy;0); hence

Y njind(y;zj) = Z myind(y; wk)
]

Thus f and g have the same number of zeros ingideounting index and multiplicity.

Proof. The hypothesis thdf —g| < |f| ony" implies thatf andg are never 0 oy*. Thereforef is
never 0 in some neighborhood gf. If h=1+ g%

|1—h| < dony*, so that the curvloyis contained in the dis®(1;1).
Now

theng = hf andh is never 0 ory*. In fact,

g_*t K
g 7 h

so that by Theorem 3.2.5
- o - /g
ind(gev.0) = ﬁ/*

/
2T|]/f 2111 h
= IndfoyO)—i—Ind(hoy'O)

Buthoyis a closed path lying in the didk(1, 1), and thus inthoy; 0) = 0 because that disk does no
contain O.
O

Example 4.3.14.A polynomial of degre@ > 0 has exactly zeros, counting multiplicity.

Example 4.3.15.Rouche’s theorem gives an easy proof of the following version of the maximum
principle: if f is analytic atzy, then there iz nearzy such that f(z)| > |f(z). For if |f(2)| < |f(20)]

in a disk|z—z| <r, thenf — f(z) and the constant(z) would have the same number of zeros
inside|z— zp| =r. Now f — f(z) has a zero aty, and the only way that(z) can have a zero is if
f(z0) = 0. This giveg f(z)| < 0, a contradiction.

Example 4.3.16.Show that all the zeros gf(z) = 2* + 6z+ 1 are inside the circlgg = 2. Moreover,

three of the roots are in4 |z < 2.

Solution The polynomialy(z) = Z* + 6z has roots at 0 and at= +/—6. For these, 1< |z = V6 < 2

Onl|zg =2, +6z+1 >16—13=3> |p(2) —q(2)| = 1. The zeros of(2) all have index 1 with

respect tgz| = 2. The zeros op(z) have index either 0 or 1, and the sum of theirs multiplicities is 4.
On|z =1, |p(z) —q(z)| = 1, and|q(z)| > |6z — 1 = 5. Thereforeq has exactly one root inside

|zl = 1. To show that there are three roots ik 1z| < 2, look at|z| = 1+ ¢ for smalle.

Example 4.3.17.1f f(z Zjaﬂzn is analytic on|z] <R, and ifag # 0, thenf cannot vanish on

2[R whereM(r) = sup|f(z)|.

< S e
M(R) + |aO| |z|=r
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Theorem 4.3.18.Let U C C be a connected open set whose boundary is a finite colleCtodisimple
closed paths. Let f be analytic @h=U UT, except for a finite number of poles in U, and moreover,

f is not zero or". Then

R =N-P,

2n Jr f ’
where N is the number of zeros of f in U and P is the number of poles of f in U, counted according
to their multiplicity. Herel™ is the cycle obtained by giving each compongeoitl” the orientation that

makes U to be locally on the left uf

4.4 Integrals

The Residue Theorem can be used for evaluating integrals.

Rational functions of sin and cos To evaluate

2m
R(cosB,sin6)d6
0

whereR s a rational function, we substituze= €° and note that

cose:} z+} and sirﬁ:i z—}
2 z 2i Z

so that the integral becomes

A HCHECHIL

Example 4.4.1.1f a > b > 0, then show that

2n 1 21
/o a+bcosede_ 2_p2

Solution The change of variable above yields

2n 1 2 1
——db6=— ———dz
/o a+bcosd ib/jiz=1(z—a)(z—PB)
where
—a+vaz—b? —a—vaz-b?
a=—— and B=—=——"-—"—.
b b
The singularities Of(z—a)ﬁ are simple poles at andp. Sinceaf3 = 1 and|alpha > |B|, only
the polea is inside|z| < 1. The residue Of¥ ata is
(z—a)(z—B)
. 1 1
M ae—p a-p
Therefore

2n 1 2 1
./o a+bcosede_2macx—[3'
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Improper Integrals Cauchy’s theorem can be applied to compute improper integrals, like

&) 7 ax

X

One defines the improper integrals of a real-valued functiomn of a real variable« > 0 which is
bounded near 0 by

R
/f ax=fim [ " f(00x

In general,f need not be absolutely integrable (cmoo), as the examplé(x) = sinx/x above.
To compute(1), consider the functiorfi(z) = €%/z, which is analytic orz# 0. LetR>r > 0 be
positive real numbers, and Igbe the closed path depicted below, oriented counterclockwise.

Then, since the index irfg 0) = 0, Cauchy’s Theorem implies that

/yf(z):o

Parameterizing in the obvious way, this integral can be written as

2 /réxdx+/ € dx

T . . T . .
—i/ efrsm6+|rcosede+i/ efRsmeﬂRcosede.
0 0

Now y
—r
/ ¢ dx+/ —dx 2i ﬂ(d

and lettingr — 0, the third integral in(2) has the limit—i fo d6 = —1i. Thus

2/ smxdx TH-/ RS|n6+|Rcosede 0.

Since this holds true for alR > 0, it also holds in the limit aR — «. We now show that the last
integral in(2) above approaches 0 Rs— co.
First note that

} e Rsin6+iRcosB ’ _ e—Rsme’

so that

/ne—RsinG—HRcosG de‘ < /ne—Rsine de = 2/1'[/2 e—RsinG de.
0 0 0

IfO <8< 1/2, then B/Tt< sinB. Thus

I[(1—e*R).

/2 . /2
2 TeRemfdp <2 [ e TIndp
0 — Jo R
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This converges to 0 & — o, and therefore

. Rsin
lim 2/ L(dx—n:O,
0 X

R—o

or .
* sinx I
—dx=—.
/o X 2
Example 4.4.2. Evaluate the integral
© 1
—d
/o xt1at

wherea > 0.

Solution. Since ¥ (x*+a®*) is even,

© 1 q 1 (@ 1 q
/o x4+ at Xzi/_wx‘ura“ X

The functionf(z) = z“ia“ has poles aad™* (k = 0,1,2,3) of whichadV* andad®"* are in

the upper half plane. Integrating along the boundary of a semicircle of r&kumsl center O in the
upper half plane, noticing thaf (x)| < 1/R* on |z = R, and lettingR —  we obtain

:\/ET[

1M 1 1 ; ;
- - — Torg . /4 . i /4 vet
2/700 x4+a4dx 22Tu (res(f,ae” )+req f;a€’ )) PR

4.5 The Open Mapping Theorem

The purpose of this section is to show that a non-constant analytic function maps open sets to open
sets, and that a one-one analytic function has an analytic inverse. The next theorem examines the
number of solutions of the equatidiriz) = w, wherew is fixed andz ranges over a neighborhood of

a zero off.

Theorem 4.5.1.Let f be analytic and not identically constant on the diglzdx ), and assume that
f has a zero of order k apzChoose 1 < r so small that neither f nor’fis zero o0 < |z—zy| < ry,
and let m= min{|f(2)| | |z— 20| = r1}. If 0 < |w| < m, then the equation(£) —w has exactly k
solutions z in Bz, rq).

Proof. Note that such; must exists, for otherwise eithéror f' has a limit point of zeros, hendeis
identically constant oD(z, ).
Lety(t) =z +r1€t, 0<t < 215 Then|f(z)| > m> |w| ony*. Apply Rouche’s Theorem té and
g= f —wto obtain
ind(foy;,0) =ind((f —w)oy;0).

By hypothesisf has a single 0 insid¢ (that is, in|z— 2| < r1) of multiplicity k. By the Argument
Principle,
ind((f —w)oy,0) = kjind(y;z)
]
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where theg; are the zeros of —w insidey*, andk; is theirs respective multiplicity.

Because infl; zj) = 1, if there are fewer thak such points, thek; > 1 for at least one indek,
and thereforf —w has a zero of order greater than ZatThis inn turn implies thaf’(z;) = 0. This
leads to a contradiction because the only point ingideheref’ = 0 is atz, and f(z)) —w=w #
0. O

Theorem 4.5.2.Let f be analytic and not identically constant on a diskr) and suppose that f
has a zero of order k atpz Then there is an open setdd D(z,r), with z € U, such that for each
zeU, z# 2,

(@ f(z2) #0,and
(b) there are exactly k points in U \ {7y} such that {Z) = f(2).

Proof. Let r; andm be as in previous Theorem 4.5.1. Llét= D(z,r;) N f~1(D(0,m)). If z€
U\ {2}, thenf(z) # 0, by the choice of, and|f(z)| < m by the choice olJ. Theorem 4.5.1
implies that there are exactkypointsZ in D(z,r1) with f(Z) = f(z). Since|f(z)| < m, all suchZ
belong toU \ {z}. O

Corollary 4.5.3. Let f be analytic atg If f'(z) # 0, then there exists a neighborhood gt which
f is one-one. If f(zy) = 0, then f cannot be one-one in any neighborhoodyof z

Proof. Apply Theorem 4.5.2 td (z) — f(2); note thatf (z) — f(z) has a zero of order 1 at= z if
f'(z0) # 0, and a zero of order 1 atz=z, if f'(z) = 0. O

Theorem 4.5.4 (Open Mapping Theorem).Let f be analytic on the open set d C, and not
identically constant on any component of U. TherUf— C is an open mapping.

Proof. It must be proved that ¥ is an open subset &f, thenf (V) is an open subset &. Letzy €V
and defingy(z) = f(z) — f(z). LetD(z;r) C V and construct; andmas in Theorem 4.5.1. (Note
thatg is not identically constant oB(zo;r).) It follows from Theorem 4.5.1 th&(0,m) C g(V). But
thenD(f(z),m) C f(V), forif [w— f(z)| < m, then there is a poirgtin V such thag(z) = w— f(2),
and thereford (z) = w. Thusf(V) is open. O

Lemma 4.5.5.Let U and V be open subset s©f f a one-one mapping of U onto V, with inverse
g. Assume that (1) f is continuous, (2) g is differentiable, and (3% geverO on U. Then f is

differentiable and f=

g’of'

Theorem 4.5.6.Let f be analytic and one-one on an open set U. Thehig analytic on the open
set f(U).

Proof. Sincef is one-one, it is not identically constant on any componett dfiencef (U) is open
by the Open Mapping Theorem. Also by the Open Mapping Theores,f~1 is continuous on
V = f(U). Because of Theorem 4.5.2] is never 0 orlJ. The result follows from the previous
lemma. O

The next theorem gives a more explicit description of the nature of an analytic function near a
zero of ordek.
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Theorem 4.5.7.Let f be analytic and non-constant on U. Let&zU and set {zp) = wp. Let k be the
order of the zero of £ wp at z. Then there exists a neighborhood V @frzU, and analytic function
¢ onV such that

(@) f(2) =wo+ (¢(2)<forallzinV.
(b) ¢’ has no zero on V, anfl is a one-one mapping of V ontd@r).

Proof. It may be assumed thbk is a convex neighborhood @, so small thatf (z) # wp for all zin
U\ {z}. Then there is an analytic functignonU such that

f(2)—wo = (z-20)0(2)

for all zin U and such thag is never zero otJ. Thereforeg' /g is analytic onU, and sinceJ is
convey, it has an analytic logarithmonU. If ¢(z) = (z— zp) exph(z)/k, then(a) holds for allzin
u.

Also ¢(zp) = 0 and, because this is a simple zejtizy) # 0. The rest now follows at once from
the Open mapping Theorem. O

Exercise 4.5.8.Let f be analytic aty, with f(z) =0 andf’(z) # 0. Letl = {|z— 29| =r}, where
r is chosen small enough so thiats one-one on the disR(z; s) for somes > r. If h is analytic on
D(z;s) and|w| < min{|f(z)| | ze '}, then prove that

h(f~1(w)) = ;ﬂ/rh(z)f(]:)(i)wdz
In particular,
_ 1 f'(2)
f 1(W)_ﬁ rzf(z)—wdz
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Chapter 5

Conformal Mapping

5.1 Preservation of angles

5.2 Mappings of a disk into another

Lemma5.2.1.1f |a) <1 and f(z) = 12_7;2, then f is a one-one analytic map of@1) onto itself.

Furthermore, ifla] < 1, then f maps the circlez] = 1 one-one onto itself.

Proof. The function is a linear fractional transformation, so it is one-one. Sajce 1, f is analytic
onD(0;1). If |zl = 1, then|z—a| = |7||1—aZ becausa = 1/z, hence|f(z)| = 1. The inverse off
o a . - ,
is given byg(w) = %v' Thusg is of the same form a$, and so it is one-one arid(w)| = 1 if

|w| = 1. It follows thatf maps|z| = 1 one-one onto itself.
By the Maximum principlef mapsD(0; 1) into itself, and so doeg. But if f(D(0;1)) c D(0;1)

andg((D(0;1)) ¢ D(0;1), thenf(D(0;1)) = D(0;1). O
. _ R(z—12) . . , ,
Exercise 5.2.2.If f(z) = o where|zp| < R, thenf is a one-one analytic mapping of the disk

D(0;R) onto the diskD(0; 1); also, f maps the circlézl = R one-one ontdz| = 1.

Theorem 5.2.3 (Schwarz’s lemma).Let f be analytic map on @,1) satisfying|f(z)| < 1 and
f(0)=0. Then|f(z)| < |7 for all z in D(0;1), and|f’(0)| < 1. Furthermore, if/f(z)| = || for
some g+ 0, or if | f'(0)| = 1, then f is of the form (fz) = az for some complex number a wjgh= 1.

Proof. Letg(z) = f(Zz) z+#0;9(0) = f’(0). Thengis analytic onD(0;1). If r < 1, then|g(z)| < 1/r

for |z =r, so alsdg(z)| < 1/r for |z <r, by the Maximum Principle. Letting— 1, it follows that
|9(2)| < 1if |7 < 1, hence thaltf ()| < |Z].

If |9(z0)| = 1 for somezy # 0, theng must be constant by the Maximum Principle. If this happens,
f(z) = azfor someawith |a] = 1.

In view of the power series expansion

_f@_ . 90O

it follows that|f’(0)| = |g(0)| < 1. Equality|f’(0)| = 1 implies thatg(0)| = 1, hence thaf(z) = az
as before. O

Z+ .-
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Corollary 5.2.4. Let f be an analytic mapping of (D;R) into D(0; M), with f(zg) = wp. Then

'M(f(z)—Wo)
M2 — W5 f(2)

‘ R(z—2)
— 7z

for all z in D(O;R).
Proof. Let T (z) andS(w) be the mappings defined by

T = R0

Theng = So f o T~1 is an analytic mapping dd(0; 1) into D(0; 1) with |F(0)| = S(f(T~1(0))) =
becausd ~1(0) = zp. By Schwarz lemmalF (2)| < |z for |2 < 1, and hencé¢S(f(2))| < |T(2)] f
|7 <R

M (W — w
and  Sw) = )

Remark. If equality holds at one point other thay, thenSo f o T~1(z) = azfor somea with |a| = 1,
and sof (z2) = S 1(aT(2))).

Definition 5.2.5. Fora with |a| < 1, let

z—a
l1-az

¢a:

Theorem 5.2.6.Fix a in D(0;1). Then¢, is a one-one analytic mapping of(D; 1) onto D(0;1)
which carries|z| = 1 one-one onto itself. Furthermore, the inversegis ¢_,, and

1
1—-[af?

0a(0)=1—[al’,  ¢4(a)=

Proof. The mappingpa, is analytic on the whole plane, except for a pole &, Wwhich lies outside
D(0;1). Straightforward substitution shows that

d_aoda(2) =z
O

An extremal Problem Suppose that andb are complex numbers satisfyingl < 1 and|b| < 1.
How large canf’(a)| be subject to the conditions thhats analytic onz| < 1, |f(z)| < 1 andf(a) =b?

To solve this problem, put

g(z2) =dpofod_a.
Theg s analytic onz| < 1, it is bounded afy(z)| < 1, andg(0) = 0. Apply Schwarz lemma to get
|g'(0)| < 1. By the Chain rule,
g'(0) = dp(b) f'(2)9" a(0)

and therefore
—b|?
laj?”

/
@) < 1=
Equality can occur if and only ifg(0)| = 1, in which case(z) = Az for someA with |A| =1, and

f(2) =0 b(Aba(2)).
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Remark. Note that no smoothness condition was imposed on the behavioneér|z| = 1 (such
as continuity onz| = 1). Nevertheless, the functions which maximjZ&a)| are actually rational
functions. Note also that the extremal functions rigp; 1) onto (not just into)P(0; 1) and that they
are one-one. This would motivate the proof of the Riemann mapping Theorem.

At this moment we show how this extremal problem can be used to characterize the one-one maps
of a disk onto itself.

Theorem 5.2.7.Suppose that f is and analytic one-one mapping of the unit di{k1p onto itself.
Let a be such that(f) = 0. Then there is a constait |A| = 1, such that

f(2) = Ada(2)
for all zin D(0;1)

Proof. Letg be the inverse of, defined byg(f(z)) = z. Sincef is one-onef’ has no zero obJ, and
sogis analytic orlJ. By the Chain Rule,

g0 f'(a) =1
The solution to the extremal problem appliedftand tog yields

1

/ < / < _ 2.
@<yt WOI<1-fa

Therefore equality must hold. Now apply the solution to the extremal problembnt. O

5.3 Normal Families

Definition 5.3.1. LetU be an open subset . Denote byA(U) the space of all analytic functions
onU, and byC(U) the space of all continuous functions frasmto C.

We will study metric properties of these spaces. They have a topology, uniform convergence on
compact subsets &f. That is,f, — f if for every compact s& C U, the sequence of numbers

IIfn— f|lk =sup|fn(z) — f(z2)] = 0 asn— co.
zeK

In fact, this topology is that of a metric space. To define the corresponding distance, let
Kh={zeC||zZ <nand|z—w|>1/nforallwe C\U }.

Then theK,, form an expanding sequendé,(C Kn.1) of compact subset d&f, and|J,Kn =U.
Furthermore, ifK is a compact subset &f, thenK is bounded and is at positive distance from the
complement ol ; henceK C K, for sufficiently largen.

If f,ge C(U), define

i 1 ff—dllk
221+ f gl

This is a metric because X X

<
1+x4+y =~ 14X

forallx,y >0, so

X+Yy < X i Yy
14+x+y~ 1+x  1+y



50 Conformal Mapping

Theorem 5.3.2.Convergence i€(U ) with respect to the metric d is the same as uniform convergence
on compact sets.

Proof. Suppose thal(f,, f) — 0. Then||f; — f||x, — 0 asj — o for eachn. If K is a compact subset
of U, thenK is contained in somk,. Hence||f; — f||x <||f; — f||k, = 0 asj — o« also.
Conversely, supposig — f uniformly on compact subsets 0f. Givene > 0, chooseéN such that

1 . N
Z\‘ on < &. Then choosd so thatj > J implies
n>

i — fllk €
—— < - forn=1212--- N.
I+(fi—fll, 2
(Note that if this inequality hold fon = N it also holds forn > N becauseK, C Ky, if n<m.) It
follows thatd(f;, f) <eif j > J. O

Remark. The same argument shows tHd}} is a Cauchy sequence &(U), that is,d(fp, fr) — 0
asn,m— oo, if and only if f, — f, converges to 0 uniformly on compact subsetbof

Example 5.3.3.Look at fn(z) = 2" and f,(z) = nz

Theorem 5.3.4. With respect to the metric d the spa€éU) is complete, andd(U) is a closed
subspace of(U).

Proof. If d(fn, fm) — O, then for eaclz€ U, {f,(2)} is a Cauchy sequence of complex numbers (the
setK = {z} is compact). Defind (z) = lim, f(2).

If K C U is compact and > 0, then|fy(z) — fm(2)| < € for all zin K, providedn,m > N. Fix
n> N and letm — oo to obtain|f,(z) — f(z)| < & for all zin K and alln > N. This says thaf, — f
uniformly onK.

ChoosingK to be a closed disk about a pointlihgives continuity off, and thus completeness

of C(U).
Theorem?? showed that iff1, fo,---, are analytic functions ot and f, — f uniformly on
compact subsets &f, thenf is analytic onJ, that is,A(U) is closed inC(U). O

Theorem 5.3.5 (Hurwitz’s Theorem). Let{ f,} be a sequence iA(U) such that § — f uniformly
on compact subsets of U. Suppose that the closure of the disk Dis contained in U and that f is
not zero onz— zy| = r. Then there is a positive integer N such that, for altiN, f, and f have the
same number of zeros in(&;r).

Proof. As remarkedf is analyticorlJ. Lete =min{|f(2)| | |z—z| =r}. ChooseN sufficiently large
so that ifn > N, then|f,(z) — f(2)| < € < |f(2)| for |z— Z| = r. The result follows from Rouche’s
Theorem. O]

Corollary 5.3.6. Let U be connected and, f~ f uniformly on compact subsets of U. If theafre
neverOon U, then f is either nevel or identicallyO on U.

Proof. If f(z) =0 andf is not identically O, there is a closed digk- zp| < r such thatf is not O on
|z— zo| =r. It the follows from Hurwitz’s Theorem that, for sufficiently largethe functionf, must
have a zero iD(z;r). O

Corollary 5.3.7. Let U be connected and, f~ f uniformly on compact subsets of U. If theafre
one-one on U, then f is either one-one or identically constant on U.



5.3 Normal Families 51

Proof. The fact that a functior is one-one ot may be rephrased by saying that for eagin U,
the functionf — f(z) is never 0 orJ \ {z}.

Choose a poirgg in U and sety, = f,— fn(z0). Theng, is analytic orlJ and converges uniformly
on compact subsets bf\ {2} to f — f(z). Each functiorg, is never zero ot \ {7y} because each
fn is one-one. The séf \ {z} is connected, so that the Corollary above implies thatf(z) is
either identically constant or never 0 bn If f — f(z) is identically constant ol \ {2} for a single
2, thenf is constant ol . Sincezy was arbitrary the result follows. O

The next task is to identify the compact subsetsA¢t) ). This requires the introduction of a
notion of boundedness for subséts_ A(U), and to show that i is bounded, any sequence of
functions inF has a subsequence which converges uniformly on compact subkkt3 bis will lead
to the result that a subset dfU ) is bounded if and only if it is compact.

Definition 5.3.8. A setF C C(U) is bounded if there i$ € €(U) andR > 0 such thad(f, fo) <R
forall f € &.

That is, a seff C C(U) is bounded if for each compact subgetC U,
sup([|fllk | f € F} < co.
This means that the functions $hare uniformly bounded on each compact subsét .of

Definition 5.3.9. A subset¥ C C(U) is equicontinous &t € U if for every e > 0 there isd > 0 such
that for allze U and allf € F, if |z— 2| < 8, then|f(z) — f(20)| < €.

Theorem 5.3.10 (Bounded implies equicontinuous)Let ¥ be a bounded subset dfU). ThenF
is equicontinuous at each pointin U.

Proof. Letr > 0 be such that the closed digk— zp| < r is contained irJ. If z Z € D(z;r/2) and
f € &, then Cauchy’s Integral Formula for a Circle appliedte- {|z— 75| = r} implies that

f(z)— f(Z) = Zm/ [_—le}dw

_ f(w)
N 2Tu r(w—z)(w—z’)dw'

If M =sup{||f||r| f € F}, thenM < « by the hypothesis and so

f(2) - ()\<*IZ i|M(/2)

from what the proof follows. O

Theorem 5.3.11.LetF C G(U) be equicontiuous on U. If,fis a sequence iff such that f — f
pointwise in U, then f is continuous on U, and in fagt-$ f uniformly on compact subsets of U.

Moreover, if f,(z) — f(z) only for the points z in a dense subset of U, then in fact) tonverges
to a limit f(z) for all zin U, and, by the above, the limit f is continuous in U apd f uniformly
on compact subsets of U.
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Proof. LetK be a compact subsetof, and lete > 0. If ze K, then there is a disR(z) € U such that
if Z € D(z), then|g(z) —g(Z)| <¢/3forallgin F. In particular) f,(z) — fa(Z)| <€/3forn=1,2,---,
and sq f(z) — f(Z)| < &/3, implying continuity off atz and thus irJ.

BecauseK is compact, there are finitely many poirts- - - ,z, in K such thaK C U?“:l D(z).
Foreachj=1,---,m,

11(2) = (2] < [f(2) = F(Z) [+ 11(z) = fa(Z)| + [ fn(z}) = fa(2)]-

If ze K, thenzis in one of the disk®(zj) and so the first and third terms in the sir) are each
at moste/3, for alln. The second is less than or equakl@ if n is sufficiently large, say > N;,
by pointwise convergence. It follows thatrf> max{Ny,---,Ny}, then|f(z) — f(z)| < € for all
zec K. O

Theorem 5.3.12 (Montel's Theorem).LetF be a bounded subset dfU). If { f,} is a sequence in
F, then there is a subsequeng®, } which converges uniformly on compact subsets of U (to a limit
function f which is analytic on U).

Proof. Let S= {z,2,--- } be a countable and dense subsei ¢for example, all points it whose
real and imaginary parts are rational numbers). Bec&usebounded, there is a constavif such
that|f(z1)] < My for all f € F. Therefore there is a subsequerfgg f1,--- of {f,} such that the
sequence of numbefd1,(z1)} converges to a limitv;. Repeat the process with the pomtand the
sequencH fi,} to obtain a subsequendgy, f2p,- -+ of {fin} such that{ fon(z2)} converges to a limit
w,. Continue in this fashion to obtain a subsequefice fi 2, - - - of the sequencéfy_1,} such that
fin(z«) approaches a limity asn — oo.

Letgn(z) = fan(2), n=1,2,---. Then for eackk, gk, 0k+1, - - - is a subsequence df;, fxo,--- and
thusgn(z) — wx asn — o, for allk=1,2,---. Previous theorem implies that there is a function
which is analytic orJ and such thag), — f uniformly on compact subsets Uf. O

Theorem 5.3.13 (Compactness Criterion)Let ¥ C A(U). ThenJ is compact if and only iff is
closed and bounded.

Proof. Compactness of a subset of a metric space is equivalent to the fact that every sequence in the
subset has a subsequence which converges to a point in the subset.

If ¥ C A(U) is closed and bounded, then Morera’s Theorem shows that every sequé&hbeasn
a subsequence which converges to an analytic fundtierd (U). Since is closed,f € F.

Conversely, suppose thétis compact. Any compact subset of a metric space is closed. To show
boundedness, Il € U be compact. Then the mape C(U) — || f||k is continuous, so it takes
compact sets to compact subsets of the reals. O

Example 5.3.14.LetU be an open subset of the plane andfi&ie the collection of analytic functions
f onU WhIF:h have nqn-pega’uve real part. Th&rnis compact. Use the mapping— i—jr: of the uper
half plane into the unit disc.

Compactness considerations typically arise in extremal problems. It will be more appropiate to
formalize this as follows.

Definition 5.3.15. Let F be a subset dt(U ). A continuous mapping: ¥ — C is called a functional
ond.
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ThusJ : F — C is a functional ifJ(f,) — J(f) for every sequencé, in ¥ whihc converges
uniformly on compact setstbe 7.

Example 5.3.16.LetU C C be an open set and Iet € U. The mappingl( f) which associates to an
analytic functionf onU the derivativef’(zp) is a functional onA(U). More generally, the mapping
f — (" (z) is a functional onA (V).

Theorem 5.3.17.Let F be a (non-empty) compact subset®t ) and let J be a functional off.
Then there exists € F such that

3(H) = 13(9)|

for all g € F. (Non-empty is needed becauistd = «.)

Proof. Sinced is compact and is constinuous, the imag&J) is a compact subset &. Thus

M = sup;.4|J(f)| < o and, by the definition of supremum, there is a sequeiada F such that
|3(fn)| — M. SinceT is compact, this sequence has a subsequence which converges uniformly on
compact subsets &f to somef € F. Then|J(f)| =Ilim,|I(fn)| =M > |I(g)| forall g € F. O

Theorem 5.3.18.LetF be a non-empty compact set of analytic functions on Uy ¢f @, then there
exists g inF such thatd'(z)| > |f'(z)| for all f € F.

Proof. The mappingf — |f’(z)| of F into the reals is a fucntional d#. O

Theorem 5.3.19.Let U C C be a connected open subset. Lgg2J, let b> 0 be a fixed real number,
and letF be the collection of analytic one-one functions f on U such ¢hgg. |f(z)| < 1 and
|f'(z0)| > b. ThenF is compact.

Proof. It is clear thatF is bounded. We must show thdtis closed, that is, iff, € F and f, — f
uniformly on compact subsets, thére . It is immediate that sup, |f(z)| < 1. Because thé, are
one-one on the connected &ktthe Corollary to Hurwitz’s theorem implies thétis either one-one
or identically constant ob. Since|f/(z)| — |f'(z0)], then|f'(z)| > b > 0, excluding the possibility
that f be constant. O

5.4 The Riemann Mapping Theorem

In this sectionJ will denote an open, connected, and proper subsél sfich that every function
f which is analytic and never 0 dii has an analytic square root dh This is true ifU is simply
connected in the sense that every analftighich is never 0 ot has an analytic logarithm da.

The idea of the proof is as follows. The familyof all functions which are one-one and analytic
onU and|f| <1 is compact. Fix a pointg € U and try to find a function irf# which maximizes
the dilation| f'(z)| atzy. This extremal problem can be solved because the faimiycompact and
J(f) =|f'(z0)] is a continuous functional ofi. The solution to this problem is then shown to map
the open sdt) onto the unit disk.

Lemma5.4.1.LetU be an open connected proper subset sfich that every analytic function on U
has an analytic square root. Then there is a one-one analytic mapping of U into the unit(@isk D
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Proof. Fix a pointa ¢ U. By hypothesis, there is a functidnanalytic onU such thah?(z) = z— a,
necessarilyh is one-one because- a is one-one. By the Open Mapping Theoremn(lJ)) contains
an open diskD(z;r). Note also that OiD(z;r), for if so, thenh(z) = 0 for somez € U, hence
z=aec U, acontradiction. It follows that(U) D(—z;r) = 0, for if h(z) =w € D(—zo;r) for some
zc U, then we can find' € U such thah(Z) = —w. But thenh?(z) = h?(Z), which implies thaz = Z

and thatw = 0, a contradiction.
kr

h(z) + 2o

Lemma 5.4.2. LetJ be the collection of one-one analytic mappings of U int@R). Let g ¥, and
let z) be a fixed pointin U. If g is not onto, then there is a functioa & such that f'(z)| > |d'(z0)|.

Therefore|h(z) + 2| > r for all ze U. Definef(z) =

, where 0< |k| < 1. O

Proof. If ais noting(U) and|al < 1, thend,ogis never 0 orJ. Thus there i$1 € A(U) such that
h? = ¢,0g0. Sinceg, andg are one-one, so I sinceh?(U) c D(0;1), we haven(U) c D(0;1). That
ishe J.

Let f = ¢poh, whereb=h(z). Thenf € Fand

g=0 aoh’=0 a0 (¢ bof)>=0 a0Sod pof
whereS(z) = Z2. LetT = ¢_,0So ¢_p. Then by the Chain rule
d(20) = T'(f(20))f'(20) = T'(¢(h(0))) t'(20) = T'(0) t'(20)-

Now T is an analytic mapping dd(0; 1) into itself which is not one-one (because the square root
Sis not one-one). By the extremal problem considered earlier applied tothe mapamajthe points
0 andT(0), |T'(0)| < 1—|T(0)|? < 1, with equality if and only ifT is one-one. Therefore

19'(20)| = [T'(0)[[ f(20)| < [ (20)I-
O

Theorem 5.4.3 (Riemann’s Mapping Theorem).With U as above, there is a one-one analytic map-
ping of U onto the unit disk M; 1).

Proof. Lethbe a one-one analytic mappingdfinto D(0;1). Pickz € U and letb= |h'(z)| > 0. Let

F be the collection of one-one analytic mappindJointo D(0; 1) such that f'(z)| > b. Last lemma
implies thatF is not empty, and Corollary to Montel's Theorem (which requires connectedness)
implies that¥ is compact. Thus there is a functidne & such that f'(z)| > |¢'(z)| for all g € &..

If fis not onto, then because the Lemma above there axist§ such thatg'(z)| > |f'(z)| > b, a
contradiction. O]

Theorem 5.4.4 (Simply Connected Sets).et U be a connected open subseCofThen the following
are equivalent.

e Every analytic f which is never 0 on U has an analytic square root.
e U is homeomorphic to @;1).

e Every analytic non-zero f has an analytic logarithm on U.
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Proof. (1) implies (2) IfU # C this is the Riemann mapping Theorem.Uf= C, defineh(z) =
2/(1+12)).

(2) implies (3) If f is analytic and nowhere 0 dB(0;1) or onC, thenf’/f has a primitive on
D(0;1) (or onC) because the unit disc (or the plane) is convex. Thhas an anlytic logarithm.

ForU # C, pick an analytic one-one mdpof U ontoD(0;1). If f is analytic and never O dd,
theng = f oh~1is analytic and never 0 dR(0, 1), so there is an analytic functidd on D(0; 1) such
thate® = g. ThenGohis analytic inU ande®"? = g(h(z)) = f(z) for all z€ U.

(3) implies (1) Done. O

5.5 The Schwarz-Christoffel Formula

5.6 Complex Dynamics



