
HOMEWORK 8. SOLUTIONS

Problem 2.1.1. Given a set X and subsets A1, A2, A3, · · · , let

A+ = lim supAn =
∞⋂

k=1

⋃
n≥k

An

and

A− = lim inf An =
∞⋃

k=1

⋂
n≥k

An.

Let f+, f− and fn be the characteristic functions of the set A+, A− and An,
respectively. Prove that f+ = lim sup fn and f− = lim inf fn.

Solution. If x ∈ A+, then f+(x) = 1, and also for every k > 0 there exists n ≥ k
such that x ∈ An, that is, such that fn(x) = 1. This says that supn≥k fn(x) = 1,
and thus lim sup fn(x) = limk supn≥k fn(x) = 1.

Conversely, if x /∈ A+, then f+(x) = 0, and also that there exists k0 > 0 such
that x /∈ An, for every n ≥ k0; that is, fn(x) = 0 for every n ≥ k0. This implies that
supn≥k0

fn(x) = 0, hence that supn≥k fn(x) = 0 for k ≥ k0. Thus lim sup fn(x) = 0.
The case of A− = lim inf An can be worked out in a similar fashion. You can also

apply a previous homework problem that says that lim inf An = X\lim sup(X\An).
Now χX\An

= 1− χAn . Therefore,

χlim inf An
= 1− lim sup

(
1− χAn

)
= 1− 1− lim sup

(
−χAn

)
= lim inf χAn

.

Problem 2.1.3. (a) Let fn : X → R be a sequence of measurable functions.
Show that the set

{
x ∈ X

∣∣ the sequencefn(x) converges
}

is measurable.
(b) Deduce that the set of points ω ∈ I for which the randomized series

∞∑
k=1

Rk(ω)
k

converges, is a measurable subset of I.

Solution. (a) The sequence {fn(x)} converges if and only if it is a Cauchy
sequence. That {fn(x)} is Cauchy means that for every positive integer r there
exists an integer k such that |fn(x)− fm(x)| < 1/r, for all n, m ≥ k.

Therefore, the set of points x ∈ X such that fn(x) converges is
∞⋂

r=1

∞⋃
k=1

⋂
n,m≥k

En,m,r

where the set

En,m,r =
{

x ∈ X

∣∣∣∣ |fn(x)− fm(x)| < 1
r

}
This set is measurable. Indeed, the difference of two measurable functions is mea-
surable (Theorem 2.1.14 and Example 2.1.15), so fn − fm is measurable. Further-
more, the absolute value of a measurable function is measurable (Theorem 2.1.12
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and Example 2.1.13), so |fn − fm| is measurable. Hence, by Proposition 2.1.2, the
set En,m,r =

{
|fn(x) − fm(x)| < 1/r

}
is measurable. Since F is a σ-field, the set⋂

n,m≥k En,m,r is measurable, and so is
⋃

k

⋂
n,m≥k En,m,r, and so is

⋂∞
r=1

⋃∞
k=1

⋂
n,m≥k En,m,r,

which is where fn(x) converges is therefore measurable.
(b) The series

∑
k Rk(ω)/k converges if and only if the sequence

fn(ω) =
n∑

k=1

Rk(ω)
k

Thus (b) is an immediate consequence of (a).

Problem 2.1.8. Let f : R → R be monotone increasing. Show that f is
measurable.

Solution. It has to be show that f−1(a,+∞) =
{
x ∈ R

∣∣ f(x) > a
}

is a Borel
set, for each a ∈ R.

By definition, f : R → R is monotone increasing if x > y implies f(x) ≥ f(y).
Given a ∈ R, let

b = inf
{
x ∈ R

∣∣ f(x) > a
}
,

with the convention that the infimum of the empty set is +∞.
Then

f−1(a,+∞) =


(b, +∞) if b ∈ R and f(b) = a
[b, +∞) if b ∈ R and f(b) > a
∅ if b = +∞
(−∞,+∞) if b = −∞

If b = +∞, then (by the convention stated above) the set {f(x) > a} is empty,
and conversely.

If b = −∞, then f(x) > a for every x ∈ R, and so f−1(a,+∞) = (−∞+∞).
If b ∈ R and f(b) = a, then f(x) > f(b) = a for x > b because f is monotone

increasing and the definition of b.
If b ∈ R and f(b) > a, then f(x) ≥ f(b) > a if x ≥ b, because f is monotone

increasing and definition of b.


