HOMEWORK 8. SOLUTIONS

Problem 2.1.1. Given a set X and subsets Ay, As, A3, - -, let

Ay =limsup 4,, = ﬁ U A,

k=1n>k

and

oo
A_ =liminf 4, = | () 4n-
k=1n>k
Let fy, f— and f, be the characteristic functions of the set A;, A_ and A,,
respectively. Prove that fi = limsup f,, and f_ = liminf f,.

Solution. If z € Ay, then fy(z) = 1, and also for every k > 0 there exists n > k
such that = € A,,, that is, such that f,,(x) = 1. This says that sup,,~; fn(z) = 1,
and thus limsup f, (x) = limg sup,,>, fn(z) = 1. N

Conversely, if z ¢ A, then f,(z) = 0, and also that there exists kg > 0 such
that © ¢ A,,, for every n > ko; that is, f,,(z) = 0 for every n > ky. This implies that
SUp,, >, fn(r) = 0, hence that sup,,~ fn(z) = 0 for k > ko. Thus limsup f, () = 0.

The case of A_ = liminf A,, can be worked out in a similar fashion. You can also
apply a previous homework problem that says that liminf 4,, = X \lim sup(X\ 4,,).
Now xx\4, =1 — xa,. Therefore,

Xliminf A, = 1 — limsup(l — XA,L) =1-1- limsup(—XAn) = liminf x4, .

Problem 2.1.3. (a) Let f,, : X — R be a sequence of measurable functions.
Show that the set {ﬂc eX ‘ the sequencef,(z) converges} is measurable.
(b) Deduce that the set of points w € I for which the randomized series
k

k=1

converges, is a measurable subset of I.

Solution. (a) The sequence {f,(x)} converges if and only if it is a Cauchy
sequence. That {f,(z)} is Cauchy means that for every positive integer r there
exists an integer k such that |f,(x) — fm(x)] < 1/r, for all n,m > k.

Therefore, the set of points z € X such that f,(x) converges is

AU N Eor

r=1k=1nm>k

where the set
1
Bume = {2 X | 11(0) = funlo)] < 1}

This set is measurable. Indeed, the difference of two measurable functions is mea-

surable (Theorem 2.1.14 and Example 2.1.15), so f,, — f,, is measurable. Further-

more, the absolute value of a measurable function is measurable (Theorem 2.1.12
1
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and Example 2.1.13), so |f,, — fm| is measurable. Hence, by Proposition 2.1.2, the
set By, = {|fn(x) — fim(x)| < 1/r} is measurable. Since F is a o-field, the set
Mnm>k En,m,r is measurable, and so is Uy N, >k Enm,r» and sois Mooy Une s Nomsk Enmors
which is where fn(x) converges is therefore measurable.
(b) The series ), Ri(w)/k converges if and only if the sequence

n

fn(w) = Z Rkk(W)
k=1

Thus (b) is an immediate consequence of (a).

Problem 2.1.8. Let f : R — R be monotone increasing. Show that f is
measurable.

Solution. It has to be show that f~'(a,+o0) = {z € R ’ f(x) > a} is a Borel
set, for each a € R.
By definition, f : R — R is monotone increasing if « > y implies f(z) > f(y).
Given a € R, let
b=inf{z € R| f(z) > a},
with the convention that the infimum of the empty set is +oco.
Then
(b, +00) ifbe Rand f(b)=a
[b, +00) ifbe Rand f(b) >a
0 if b =400
(—o00,4+00) ifb=—-00
If b = 400, then (by the convention stated above) the set {f(z) > a} is empty,
and conversely.
If b = —o0, then f(z) > a for every x € R, and so f~!(a, +o0) = (—o0 + 00).
If b € R and f(b) = a, then f(x) > f(b) = a for > b because f is monotone
increasing and the definition of b.
If b € R and f(b) > a, then f(x) > f(b) > a if z > b, because f is monotone
increasing and definition of b.

fﬁl(a’ +OO) =



