MATH 650. HOMEWORK 7. SOLUTIONS

Problem 1. Let (X,J, ) be a probability space. Let Ay, A, ... be a sequence of
subsets of X belonging to JF.

(a) Show that if A1 D Ay D A3 D ---, then

p([) An) = lim p(Ay).
n=1

(b) Show that if Ay C Ay C A3 C ---, then

il U Ap) = nh—>Holo 1(An).
n=1

Solution (a) The sets By = A1 \ Az, By = A\ As, ... are disjoint, belong to F,

and - -
U B =41\ [ 4
n=1 n=1
To see this identity, let x € UfLO:l B,,. Then z € B, for at least one index n.
Thus ¢ € A, C Ay and z ¢ A,y1 D ﬂflozl A,,. The reverse containment: if
z € Ay \ ),y An, then = ¢ ()7~ Ay, and thus there is a smallest index n > 2
(because € A;) such that x ¢ A,,. Sox € A,_1 \ 4,, = B,,—1. Thus it follows
that

(0.1) K (U Bn) = p(A1) — HILHéC 1(Ay).
n=1

On the other hand

(97)

(o)
Z w(By) (because the B, are disjoint and p countably additive)
n=1

= Z (w(Ay) — p(Ang1)) (because B,, = A, \ A,+1 and p is additive)
n=1

= p(A;)— lim p(4,) (by calculus of series),
n—oo

which together with Equation (1) and the fact that p is a probability measure
(why?) gives (a).
(b) Let B,, = X \ 4,,. Then By D By D --+, as in (a). Thus

1 ﬂ B, = nlin;o 1(Br).
n=1

But 0;1.11 B, = X\UZO:1 Ay and p(By) = (X \Ap) = (X)) —pu(An) = 1—pu(Ay),
and (b) obtains.

Problem 2. Let X be a probability space and A,, measurable sets. Show that the
probability of liminf,, A is 0 if and only if the probability of limsup,, A, is 1.
1
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Solution By definition

o0

liminf A, = ] () A
" k=1n>k
and -
limsup A,, = ﬂ U A,
" k=1n>k

Thus taking complements

(limnsupAn)c =X\ (ﬂ U A,L> =J N&x\ 4 = lim inf A7

k=1n>k k=1n>k
and since m(X) = 1 it follows that

1 — p(limsup 4,,) = liminf A{.
n n
Problem 3. Let (X, J, u) be a probability space, and let Ay, Ao, ... be in F. Show

that
p(liminf A,) <liminf p(A4,) < limsup p(4,) < p(limsup A4,).

Solution If z,, is a sequence of real numbers then

lim sup z,, = lim (sup xn> and liminf z,, = lim <inf xn>
n k n>k n k n>k
so limsup,, x,, > liminf,, z,, and the middle inequality follows.

To prove the first inequality, let By = (,5, An. Then By C By C ---, and

Use; Bx = liminf,, A4,. Since X is a probability space, Problem 1 applies:
o0
1 (U Bk) = lim pu(By)
k=1
Moreover, By, C A, for every n > k, so u(Bg) < inf,,~x u(A,). Hence, by definition

of liminf, it obtains limy u(By) < liminf,, u(A,).
The third inequality is proved similarly.

Problem 4. Let (X, F, i) be a probability space. Show that if Ay, As, -+, A, are
independent sets from JF, then the sets A{, As,---, A, are also independent.

Solution It suffices to show that for any sequence of integers 2 < i; < ig--- <
ir < n, we have

p(AT N A 0N A ) = p(AT) (A ) - (A

Now, since A; U Af = X,

Ailﬂ”'ﬂAik = (AijAl)ﬂAilﬂ~~ﬁAik_

= (Afn4, N nA)JAin4, NN 4
is a disjoint union, so that taking measures
(A, N NAL) =p(ATNA, N NA ) +p(ANA,N--NA;,)

Since the sets Ay are independent, this can be written

p(Aiy) - p(Aiy) = p(AT N Ay O VA ) + p(Ax)p(Aiy) - p(Agy)
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and so
p(AfNA;,N---NA;,) =



