MATH 650. HOMEWORK 4. SOLUTIONS

1. Let X be an infinite set and let R be the following collection of subsets:
A € R if and only if A is finite or A¢ is finite. Let p be the following function on
R: u(A) =11if A is finite, and u(A) =1 if A° is finite. Is y a measure?

Solution.

You should check that R is a ring.

There are two cases to consider: (1) X is countable, and (2) X is uncountable.

Case (1) If X is countable, then p is not a measure. Indeed, write X =
{xog, 21,2, - }. Then the setsA; = {x;},7=1,2,--- belong to R, are disjoint, and
pw(A;) = 0. Furthermore, A = ;= A; = {x1,--- } is such that A° = {z,} is finite,
so also A € R. But u(A) = 1. Thus

w(A) =13 pu(4r) =0.
=1

Case (2) If X is uncountable, then p is a measure. The key observation is that
if A, B € R, and both are infinite, then they must intersect.

Let {A;}$2, be a disjoint collection of elements of R such that A = U2, A4; € R.

There are now two cases to consider: (2a) A finite, and (2b) A€ finite.

(2a) If A is finite, then all the A, are also finite because 4, C A. Thus pu(A) =
0= pu(4;).

(2b) If A€ is finite then A is infinite. In this situation, not all the A; can be finite,
for if they were, then A would be a countable union of finite sets, hence countable.
But then X = AU A€ would be the union of a countable set and a finite set, hence
also countable.

Hence at least one of the A; is infinite. But in fact exactly one of them is infinite
because of the key observation above. Thus in this case also

pA) =1=> pA)=1404+0+0---=1
=1



