Math 501. Quiz 4 Solution

Problem 1. Let X be a set and A C X a subset. Let 7 be the collection consisting of ) and of all subsets of X that
contain A.

(a) Prove that 7 is a topology on X.
(b) Find the interior and the closure of A in that topology 7.
Solution.  (a) 7 is atopology on X.

(a.i) @ € T by definition
(a.ii) X € 7 because A C X

(a.ii) If U and Varein 7, and if (1) A Cc U, and (2) A C V are both true, then A ¢ U N V, implying that
U NV eT.If at least one of (1) or (2) is false, then either U = @, or V = (, or both, and thus U NV = 0,
which is also in 7.

(a.iv) Let X c 7 be an arbitrary family. If some element of X contains A, then | Jycx U also contains A; if not,
then | Jyes U = 0. In either case, | yes U is in U.
(b.i) Because A C A, the set A is open. Hence the interior A° = A.
(b.ii) The closure of A is the intersection of all closed sets that contain A. Let F' be a closed set such that A C F.
Then X \ F is an open set that satisfies (X \ F) N A = 0.

If A # 0, then X \ F' = (), because any non-empty open set must contain A, and so F' = X. Therefore, if A # 0,
then A~ = X.

IfA=0,thenA” =A=0.
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