Math 501. Homework 3 September 17, 2009

q 1. Prove that a set is open if and only if it is a neighborhood of each of its points.
q 2. Prove that, in any metric space,

(a) every closed set is the intersection of a countable number of open sets.

(b) every open set is the union of a countable number of closed sets.

Solution.  (a) Let Y be a subset of the metric space. Forn =1,2,3,---, the set U, = Uyey B(y, 1/n) is open and
contains Y, and the intersection (>, U, = Y.

q 3. Prove that f is continuous if and only if it sends convergent sequences to convergent sequences.

Hint. We must show that if x,, is a convergent sequence in X and x,, — x, then f(x,) converges to f(x). Indeed,
X1, X, X2, X, - - - also converges to x, and if the sequence f(x;), f(x), f(x2), f(x), - -- must converge, it must do so to

f(x). o
q 4. Let f, g be a real valued continuous mappings on the metric space X.
(a) Prove that if f(xg) > O then there is » > 0 such that f(x) > O for all x in the ball B(xo, ).

(b) Prove that the mappings f + g, f — g, f - &, |f], max{f, g}, min{f.g}, and f/g if g(x) # O for all x, are continuous
on X.

q 5. Let (X, d) be a metric space.
(a) Let xp be a fixed point in X. Prove that the function f : X — R defined by f(x) = d(x, xp) is continuous.
(b) Let A C X. Prove that the function g(x) = d(x, A) is continuous, where d(x, A) = inf{d(x,a) | a € A}
q6. If f: X — Yis continuous at x, and g : Y — Z is continuous at f(x), then g o f is continuous at x.

q 7. Let X, Z be metric space and let d,, d;, and d,, be the metrics on X X Z given by

dr((x,2), (X', 2)) Vdx(x, X' + d(z,7' )2
dl ((x’ Z)’ (X’, Z/)) = dX(x’ )C/) + dZ(Z’ Z/)
doo((-x7 Z)’ (-x,’ Z’))

max{dy(x, x'), dz(z, 7))}

(a) Prove that d,, d; and d., are equivalent metrics on X X Z.

(b) Prove that the mappings px : X X Z — X and pz : X X Z — Z given by px(x,z) = x and pz(x,2) = z,
respectively, are continuous, where X X Z is endowed with any of the metrics ds, dj, or d.

(c) Let (x9,20) be a fixed pointin X X Z. Prove thati: Z — X X Z and j : X — X X Z given by i(z) = (x¢,z) and
Jj(x) = (x, z0) are continuous.

9 8. A mapping from one metric space to a second metric space is called open if it sends open subsets into open sets.
(a) Give an example of a continuous mapping that is not open.
(b) Give an example of an open mapping that is not continuous.
(c) Prove that if f : X — Y is a bijection with inverse f~! : ¥ — X, then f is open if and only if ! is continuous.

(d) Let X be a set with two metrics d; and d,. Prove that d, and d, are equivalent if and only if the identity
mapping id : (X,d;) — (X, d»), given by id(x) = x, is open and continuous.
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q09. Let f: X — Y be continuous.
(a) Prove that the set B = {x € X | f(x) = g(x)} is a closed subset of X.
(b) Prove that if f(x) = g(x) for all x in a dense subset of X, then f = g in X.

Solution.  (a) Let x € B. Then there is a sequence x, on B that converges to x. Because f and g are continuous,
lim f(x,) = f(x) and lim g(x,) = g(x), and because x, is in B, f(x,) = g(x,), hence f(x) = g(x). That is, x is
also in B.

(b) Bis closed (by (a)) and dense, thus B = X.

q 10. For amapping f : X — Z,let G(f) = {(x,2) € X X Z | f(x) = z} be the graph of f.

(a) Prove that if f is continuous, then G(f) is a closed in X X Z, where X X Z is endowed with any of the metrics
d», d; or d, from Problem 7.

(b) Is the converse true?

Proof.  (a) Since the metrics d;, d, and d, on X X Z are equivalent, they have the same open sets, so the same
closed sets. We can the use any of them to solve this problem. With d, it is very easy to verify that a sequence
(Xn,27) = (x,2) in X X Z if and only if x,, - xin X and z, — zin Z.

Let (x, z) be a point in the closure of G(f). Then there is a sequence (x;, z,) of points in G(f) such that
(Xn,20) = (x,2). This implies that f(x,) = z,, and also, by what was said in the previous paragraph, that
X, — x and z, — z. Since f is continuous, lim f(x,) = f(x), and thus f(x) = z. That is, (x, z) € G(f).

(b) Take X =Z = Rand the map f : X — Z given by f(x) = 1/xif x # 0, and f(0) = 1
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